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PREFACE 


The present work is an expansion of a course of lectures 
which I have annually delivered for some years past at 
Queen’s College, Oxford. 

Its primary object is, as was the case in the lecture room, 
that of explaining with all the clearness at my command the 
leading principles of invariant algebra, in the hope of making 
it evident to the junior student that the subject is attractive 
as well as important, and that its early difficulties are only 
such as he can readily surmount. Lucidity in mathematical 
works has often suffered from undue compression. My 
constant aim has been to guard against such a possibility 
here. In a book of moderate size dealing with a great subject 
much must remain unsaid, if the fundamental considerations 
are to be presented with the thoroughness and the perspicuity 
necessary to enable the student adequately to realize them, 
and give him the interest in them which will prepare him to 
pursue for himself the study to which they introduce him. 

But, while the interests of the beginner have thus been 
given precedence, I am not without hope that the mathe- 
matician who is not new to the higher algebra will, especially 
in the chapters near the middle of the book, find in its pages 
matter of value to him as an aid to his researches. In some 
branches of the theory, which though of really elementary 
character are of comparatively recent investigation, as for 
instance in much of the algebra of differential operators, it is 
believed that a welcome supplement to previous treatises is 
offered. 

The title ‘ Algebra of Quantics ' is perhaps one of my own 
introduction. It probably needs no defence, and can hardly 
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fail to convey the right meaning. The mathematical world 
has now for half a century associated the algebra of invariants 
and covariants with the name of Cayley, and with his 
* Memoirs on Quantics/ so that it may perhaps be regarded 
as appropriate that a new work, appearing in the year which 
has seen the close of the labours of the renowned author of 
those memoirs, and dealing with their subject, should bear 
a name which recalls his memory. 

To Salmons Higher Algebra and his other works it is 
impossible to say how much I am indebted, both for direct 
reference and for guidance to the use of other authorities. 
Fa^ de Bruno’s Fm^mes Binaires has also been constantly 
before me. Of Clebsch’s BiiUire Formen and Gordan’s In- 
variantentheorie less use has been made, as their symbolical 
method, and their successful application of it to the great 
problem of the investigation of complete irreducible systems, 
have been reluctantly passed over with little more than an 
allusion in the following pages. A scanty chapter or two 
on this subject would have been utterly inadequate, and 
inconsistent with the general plan, as stated above, of an 
introductory treatise which prefers to omit rather than to 
obscure by condensation. A whole work which shall present 
to the English reader in his own language a worthy exposition 
of the method of the great German masters remains a 
desideratum. 

The reader will not, however, find that the present work 
is a compilation from othei*s which have preceded it, great 
as has been the help which those others have afforded. 
(Constant recourse has been had to the original authorities, 
particularly of course to Cayley’s series of memoirs, and to 
Sylvester’s writings in the Cambridge and Dublin Mathe- 
matical Journal, the American Journal of Mathematics, and 
elsewhei*e. 

No bibliography of works and memoirs on the subject has 
been introduced. All mathematicians who wish to go deeply 
into the study of original authorities will have in their hands 
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Dr. F. Meyers ‘Bericht liber den gegenwartigen Stand der 
Invariantenthoorie ' in the ‘ Jahresbericht der Deutschen 
Mathematiker-Vereinigung ’ for 1890-91, which is so full 
and thorough a bibliography and analysis of what has been 
done, especially in the later period of the history of the 
invariant theory, that it is hard to see how more can be 
desired. With regard to the originators of particular results, 
the difficulty continues, and has grown with the multitude of 
investigators, which was felt by D]*. Salmon when he wrote, 

‘ I can scarcely pretend to assign to their proper authors the 
merits of the several stops ; and, as between Messrs. Cayley 
and Sylvester, perhaps these gentlemen themselves, who were 
in constant communication with each other at the time, would 
now find it hard to say how much properly belongs to each.’ 
To the difficulty with regard to Cayley and Sylvester may in 
particular be added that of discriminating between wffiat in 
Salmon’s work should be ascribed to them or others at all 
and what to Salmon himself. Throughout the following 
pages discoverers’ names are very frequently attached to 
results ; but it is too much to hope, though all care has been 
taken, that there are not cases in which the names given are 
those of authors in whose writings the results in question 
have certainly occurred, rather than those of the authors who 
first gave them. 

I am indebted to several friends for suggestions and other 
help. Among them there is one, Mr. J. Hammond, M.A., one 
of the most distinguished of living researchers in the higher 
Algebra, to whom my especial thanks are due for a manuscript 
on the binaiy quintic which has been exceedingly helpful. 

Some students, approaching the subject for the first time, 
will be advised to omit Chapters VII to XI till part of what 
follows them has been read. 

E. B. ELLIOTT. 


Oxford, 

September, 1895 . 



PEEFACE TO THE SECOND EDITION 


In preparing this new edition my aim has been, as before, 
to express principles clearly, with a directly didactic purpose, 
and to exhibit salient conclusions which have been derived 
from the principles hy the use of those methods which are 
often characterized as distinctively English. The old arrange- 
ment, and the old numbering of articles, have been nearly 
always retained. A good deal has been added ; and the 
additional has sometimes been stated with a brevity which 
in the original matter was deliberately avoided in the effort 
never to be obscure. Pains have been taken to insert the 
additions in places where they assist the argument, or at any 
rate do not impede its flow. When this has been found 
impossible or seriously difficult, a practice much resorted to 
in the first edition has been further adopted ; and facts of 
interest or utility have been stated, with guidance to ways 
of obtaining them, in examples. 

In two Chapters, V and XV, rearrangement has not been 
avoided. In the former I had neglected an important con- 
sideration ; and in the latter stress has now been laid on 
facts of which the importance has only begun to be appreciated 
since the first edition appeared. 

Altogether, fully one-eighth has been added to the book ; 
but the skill of the staff* of the University Press has kept the 
volume within its old bulk — without, as I trust, making it 
difficult to read. 

A need to which I called attention in the preface to the 
first edition has been satisfied by Messrs. Grace and Young 
in their Algebra of Invariants. I have therefore, with easy 
conscience, said little more than before about the powerful 
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symbolic method which, in its parallelism to the English 
method of always keeping in view explicit forms, and bring- 
ing to bear upon them knowledge about linear differential 
operators and about enumerative arithmetic, has been called 
distinctively German. In such additions as I have made to 
my mention of that method I have as a rule adopted, not the 
usual symbolism, but a modification of it which stands in 
direct relationship to the calculus of differential operations. 

My hope is that the work will still appeal, as I am glad to 
think it has in the past, to the beginner in Higher Algebra ; 
will give him real interest in the subject, and provide him 
with sound knowledge in one of its departments. In 
endeavouring to improve this second edition, which is the 
last I shall live to produce, and is probably definitive, I have 
continued to think mainly for him, and to picture him as 
one better prepared for being led on from the simple — it 
may be the crude — to the elaborate, than for first receiving, 
and then applying, comprehensive theory. But I further 
trust that the book will retain, for some time to come, 
a certain value as one to be referred to by men and women 
who, while occupied with the continued advancement of 
Pure Mathematics, will need to look back upon and utilize 
the labours of those pioneers of modern Algebraic Theory, 
who adorned the latter half of the nineteenth century, and 
have now passed away. 


E. B. ELLIOTT. 
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TO 

THE ALGEBRA OF QUANTK 8 

CHAPTER I 

riUNcrrLEs and diuect methods. 

1. Qualities or Forms. A function of any number of 
variables x, //, which is rational, integral, ami homo- 
geneous in those variables, is called a (/uaritlr in //, .... 

The coefficients in a quantic arc constants as far as a;, //, ... 
are concerned. The idea of the variability of Xy //, Zy is 
rarely introduced. We call them variables only to have 
a distinctive name for them. 

If there arc only two variables .r, y, the quantic is spoken 
of iis a htnary quantic ; if three x, ?/, c, as a ievnury quantic ; 
if four, as a quaternary quantic; and so on. If there are 7 
variables, where q is any number, we may call it a q-ary 
quantic. 

The degree of a quantic in the variables x, y^ c, ... is 
generally spoken of as its order. Qualities of the first, second, 
third, fourth, . . . , pi\\ orders arc called briefly it near ^ qiiadraticny 
cublcSj quartics, ... p-ie 8 . 

Thus for instance ax^ ■\-Zhx'^y -\-dy'^ is a binary 
cubic, and ax^ -f hy^ ■\-c.z^ 2 fyz 2(yzx -f 2hxy is a ternaiy 

<[uadratic. 

By some English and most foreign writers the word Form 
is used as synonymous with and instead of the word Quantic, 
Both words being well established, they will be used almost 
indiscriminately in this work. 

Attention will often be concentrated on binary quantics 
alone. The binary ^i-ic will almost invariably be considered 
in the form 

1.^.0 

which it is usual shortly to symbolize by 

It is of course clear that, if a^y a^y a^y aj, are capable 
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of receiving any values whatever, this is neither more nor 
less general than the form 

which it is the custom to denote by 

(^0» ^I> ^2> ^3^ ^p) 2/)**' 

The advantages gained by use of the first form, in which 

the numerical coefficients 1, power 

of a binomial are explicitly introduced as factors of the 
coefficients in order in the binary p-id, will become apparent 
in the sequel. 

Analogous advantages arc gained in general, when quantics 
in higher numbers of variables are being dealt with, by the 
explicit introduction of multinomial coefficients. Thus in 
the general (/-ary 2>-ic in the variables x^, ... it is 

convenient to consider each coefficient to be the product 
of a factor denoted by a letter, to which any value whatever 
may bo assigned, and the coefficient of the corresponding 
term in the expansion of {x^+x,^ 4- ... ■hx.y. 

When speaking of the coe^ients in a binary quantic 
(0(,, (q, 0^, (a;, 2/)^ we as a rule mean tq, ... 

and not a^^y o “ ••• 5 analogously for quantics 

in higher numbers of variables. 

2 . Linear transformation. If in a quantic wo replace 
eaclx of the variables by a sum of multiples of first powej-s 
of an equally numerous set of new variables — if for instance, 
the variables originally involved being x, y, 0, we sub- 
stitute for them according to the scheme 

X I Y + n Z4-..., 

2 / = Z'A"4-m'F+n'Z4-..., 
z = rX-hnYY+)t"Z~\-..,, 


where there arc just as many of A, F, . 2 ^, ... as of x, y,z ^ — 
wo are said to make a linear subbtitution in the quantic, or 
to linearly transform the quantic ; and the new quantic in 
Xy Yy Zy ... which we obtain is spoken of as a linear trans- 
formation of the original quantic. 

The determinant . 7 i 


. Vy m', n'y ... 

I ... 
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2 ] 

whose constituents are the coefficients, in their natural order, 
of the new variables X, F, in the expressions for the old 
ones a;, ?/, 0, ..., and which accordingly consists of as many 
rows and columns as there are variables in either set, is 
called the determinant or modtdiis of the substitution or of 
the transformation. It will often bo convenient to denote it 
by a single letter. The letter which will as a rule be chosen 
is M. 

The original variables x,y, z, ... are as a rule taken to bo 
all independent. It is unlawful then to substitute for them 
any expressions in terms of new variables which are not 
all independent. Now if A'', Y, .». arc all independent the 
linear expressions 

I AT -f- m 1 ih Z “f" . . . , 
r A4 m' 


are or are not all independent according as the modulus M 
does not or does vanish. We must impose then on the 
generality of the coefficients in a lawful scheme of linear 
substitution the one limitation that the modulus M do not 
vanish. 

We are now in a position to define invariants and covariants. 

3. Invariants and Covariants. 

An invar taut of a single qnantic is such a function of the 
coefficients in that quantic, that it needs at most to be mul- 
tiplied by a factor which is a function only of the coefficients 
in any scheme of linear substitution, to be made e(|ual to 
the same function of the corresponding coefficients in the 
quantic into which the given quantic is transformed by that 
scheme. 

An invariant of tivo or more quantics in the same variables 
is such a function of the two or more sets of coefficients in 
those quantics, that it needs at most to be multiplied by 
a factor which is a function only of the coefficients in any 
scheme of linear substitution, to be made equal to the same 
function of the con*esponding coefficients in the quantics into 
which the given quantics are transformed by that scheme. 

A covariant of a single quantic, or of two or more quantics 
in the same variables, is a function of the variables and of 
the coefficients in that quantic or those quantics which has 
the like property ; namely that of needing at most to be 
multiplied by a factor which is a function only of the 
coefficients in any scheme of linear substitution to be made 
equal to the same function of the new variables and of the 

B % 
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cone.sponding coefficientB in the quantic or qualities into 
whicli the given quantic or quantics are transformed by that 
scheme. 

For instance, let tlio binary />“ic 

(a„, «1. ••• «r) («. VY 

be transformed l)y the linear substitution 

= / A' -I- m F, y = VX + m'F, 

and become 

... A„) (A', Fj^ 

where yl,, ... arc functions of tq, tq, ... and 
Z, 7/1, 77i': then /(a^j <^'25 “• invariant if an 

identity holds of the form 

y (yi (j, -d I , A 2 , . . . A|,) = ^ {/ i ^ j I > 

and ••• 2/) ^ covariant if an identity 

holds of the form 

A, F) 

= ^ (/, 7 //, 7 / 1 .') A(rio, (q, /q, ••• /y)- 

Again if the same substitution transforms another binary 
quantic in y 

O^o f > ^2 > * * • p') v)^ 

into 

/(tq, c(j, ... ((p, aj, f//, ... a'y) will be an invariant of the y/-ic 
and the ^-ic jointly if an identity holds of the form 
/(doj d2,...yly, d(, , A,, ...A j/) 

= 0 (Z, 7)q cq, ... /q, (q', ^q', ... a' p), 

and F (q, ... /q, /q', c//, ... //'y, x, y) will be a covariant if 
an identity holds of the form 

F{A,,, Aj, ... Ap, A/, A/, ... AV, A, F) 

= 0 (Z, 7/q Z', 7)t') /q, ... (q, o/, o/, a;, y). 

It will be noticed that covariants include invariants as 
a particular case. 

4. In every case the factor depending only on the co- 
efficients in the scheme of substitution in the identity which 
expresses the fact of invariancy or covariancy is as a matter 
of fact a power of the modulus M, In particular for any 
invariant or co variant of a hi nary (quantic or binary quantics 
the 0 (Z, 7 / 1 , Z', 77i') above is a power of bn/ — I'm, It is 
a departure from usual practice not to state this as a require- 
ment in detining invariants and co variants. It will probably 
be granted that the departure is a proper one, for the necessity 
is a proposition which can and will be proved hereafter, and, 
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were tlierc any functions such as contemplated in the delini- 
tions for which the factor was other than a power of the 
modulus, their property would be none the less appropriately 
described as invariantic. The fact that there are not really 
such functions is one of suflicient interest in itself and of 
sufHcient importance in its applications to deserve proof and 
prominence. 

No limitation requiring functions defined as invariants and 
covariants to bo rational and integral has been imposed in 
the definitions. There are in fact irrational and fractional 
functions which have the property of invariancy and co- 
variancy, as well as others which are lational and integral. 
The main quest in this work will be however for invariants 
which are rational and integral, and for co variants which are 
rational and integral both in the coefficients and in the 
variables, and the words hivariunt and comriitnt will as 
a rule be used as meaning ml tonal inietjml Lnmriant and 
rational inieyral covaviant. 

There is a greater completeness in a system of rational 
integral invariants and co variants than is at first sight appa- 
rent, in that all invariants and covariants can bo expressed in 
terms of such as are rational and integral. The present is not 
the stage at which to attempt to prove this fact, but the case 
of co variants of a single binary /;-ic may bo mentioned as 
an instance. It will be seen in Chapter 111 that there cannot 
be more than p independent covariants, including the p-ic 
itself and invariants. In terms of /> which arc independent 
any other can be expressed. Also in Chapter X a system o{ p 
independent covariants will be found which are all I’ational 
and integral. It will follow that all other co variants, including 
such as are irrational or fractional, can be expressed in terms 
of them. 

5. A little careful consideration will show that we ought 
not to be surprised at the existence of invariants and co- 
variants. Consider for instance a binary quantic. It is 
equivalent to a product of linear factors, to grant which is 
only to grant the fundamental theorem of algebra that every 
rational integral equation has a root, and therefore p roots 
if its order is p. A relation in the coefficients of the quantic 
will be equivalent to the expression of some special fact with 
regard to those linear factoi*8. In particular there will be 
some relations which express kinds of interdependence among 
two or more factors which are not altered by the application 
of a linear transformation of the variables. Such a relation 
will necessitate the corresponding relation among the co- 
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eflicientw in the transformed quantic. In otlier words the 
function of the coetficierits of the given (|uantic whose 
vanishing gives the relation in question must be a factor of 
the same function of the corresponding coefficients of the 
transformed quantic. 

Thus in particular the vanishing of the discriminant of 
a binary quantic is the condition, sufficient and necessary, 
that the quantic may have two identical linear factors. Now, 
if it has, so clearly must the result of replacing in it x and y 
by IX + 11 i y and I'X + m'Y. Consequently, if the discriminant 
of the given quantic vanishes, so too must that of the linearly 
transformed quantic. In other words the first discriminant 
must be a factor of the second. That the remaining factor 
must be a function of Z, l\ m' only is to be expected 
because, the discriminant being homogeneous, and each co- 
efficient in the transformed quantic being linear in the 
coefficients of the untransformed, the degrees of the two 
discriminants in the coefficients of the untransformed quantic 
are the same. It will presently be proved that the dis- 
criminants of all quantics, and not of binary quantics only, 
are invariants. 

Again, by thinking of the eliminant or resultant of two 
binary quantics we can realize that invariants of two or more 
quantics jointly are with equal reason to be expected. The 
vanishing of the eliminant of two binary quantics is the 
necessary and sufficient condition for those quantics to liave 
a common factor. If they have, so equally must their linear 
transformations. In other words, if the eliminant of two 
binary quantics vanishes, so must that of the two transformed 
quantics. The former eliminant is then a factor of the latter. 

6 . To convince ourselves of the a priori reasonableness of 
expecting covariants to exist, ^\o shall do well to avail our- 
selves of geometrical representation. 

Let us take axes of Cai-tesian coordinates inclined at any 
angle, which it is best to regard as unknown, since otherwise 
wo may bo in danger of introducing or implying its value in 
functions with which wo deal, and so bringing in ideas not 
attbrded by the quantics and transformation that are before 
us. The factors of a binary quantic or quantics correspond 
each to a straight line through the origin, the straight line 
in each case whose equation is obtained by equating to zero 
the factor under consideration. 

J^et us now consider what is effected by the linear substitu- 
tion X = IX -fmF, y = I'X regai'ding the substitution 

not as implying a change of axes but as expressing Uie co* 
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orclinate.s of one point (.r, //) in terms of those of another 
(X, Y) with regard to the same axes. Tlio first point (.r, //) 
being definite, so is tlie second (A^, Y). Moreover to difierent 
pmnts {Xy y) on a straight line through the origin correspond 
difierent points (A"', F) on another lino through the origin, for 
Y/X is uniquely determined in terms y/x» In fact we have 

y r+m'.F/A , F Ly/x-U 

X I + m . Y/X X m ~ m . y/x 

Now the student of geometry will recognize from this that 
the two lines on which {Xy y) and (A'^, 1 ) lie have a definite 
homographic or projective correspondence for given values of 
ly m, I'y m\ The effect then of the linear transformation is to 
replace points on lines through the origin by corresponding 
points on projectively corresponding lines through the origin. 

The pencil of lines representative of any given binary 
quantic or quantics is accordingly replaced by any linear 
transformation by a projectively corresponding pencil of lines. 
Is there any other pencil of lines associated with the first 
pencil, whose projective correspondents are associated with 
the second pencil exactly as they themselves are with the 
first? If so, then the equation of their correspondents may 
bo formed either by applying the linear transformation to 
their equation or by forming an equation from the trans- 
formed quantic or quantics in precisely the same way as their 
equation was formed from the given quantic or quantics. 
In other words, the derived quantic which ecpiated to zero 
gives their equation, and that derived in like manner from 
the transformed quantic or quantics, are identical, but for 
a possible factor independent of the coordinates. Such 
a derived quantic will be a covariant if only the factor 
involve merely the constants 1, 7H, /', m' of the transformation 
and not also the coefficients in the quantic or quantics. But 
the factor must be of no dimensions in the coefficients of th(^ 
quantic or (juantics, for each coefficient in the transformed 
quantic or quantics is homogeneous and of one dimension in 
them. Thus it is to be expected that what is required will be 
the case. 

Now as a rule there are of course lines associated with 
a given pencil in such a way that if they and the pencil are 
replaced by others by projective transformation the character 
of the aasociation is preserved. In particular harmonic pro- 
perties are unaltered by projective transformation. 

Thus, for instance, it suggests itself that a binary quadratic 
and a linear form have jointly a linear co variant, namely the 
harmonic conjugate of the linear with regard to the quadilatic 
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— see Ex. 6 below : or again that two binary quadratics have 
jointly a quadratic covariant, their common pair of harmonic 
conjugates — see Ex. 7 below; or once more that a binary 
cubic has a cubic covariant, composed of the three harmonic 
conjugates of the three factors singly each with regard to the 
other two factors — a fact which will be established later. 


7. We have now suggested to us a number of classes of 
functions which are likely to be invariants and covariants, and 
which may be examined by the direct method of substitution. 

Ex. 1. To verify that ac — W is an invariant of the binary quadratic 
aa?" + 2 -f of which it is the discriminant. 

If by the substitution x = IX y = VX 

-{■2hxy becomes A X‘^ + 2 BX Y-{-C 

we have A = dP >\-2hlV 

B = aim + h {Imf + I'm) + cl' m', 

C = am^ + 2 hmm' 

Hence at once 

AO--IP = {Pm'^-^2ll'mm'+mH'‘^) {ac 
= AP{ac-h'^), 

Ex. 2. Verify that the eliminant ah' -- a' b is an invariant of the 
two binary linear forms ax-\-hyy a'x-\-h'y. 

A ns, AB'^A'B = M {ah' - a'h). 

Ex. 3. Verify that the eliminant ah'^ —2ha'b' ca'^ is an invariant 
of the quadratic and linear forms + c//, a'x-^-h'y, 

Ans. AB'^-^2BA'B'+OA'^ = M\ah'^-2ba'b' + cd% 

Ex. 4. Verify that ac' + a'c^2bb' is an invariant of the two binary 
quadratics ax^ -f 2 bxy -f aV -f 2 h'xy + c y^. 

Am, AC' + A'C-2BB' = 3P{ac' + a'c---2hb'). The vanishing 
of this invariant is the condition that the two quadratics denote pairs 
of harmonic conjugates, or that if the first quadratic be written 
a{x--ay) (oJ— the second must be of the form 
a" {x - ayf -f b" {x - (^yf. 

Ex. 5. Verify that ae— + is an invariant of the binary 
quartic -f 4 ho(^y -f 6 cx'^y^ -f- 4 dx^ -f ey*, 

Ans. + 3I*{ae^ibd+S c^). 

Ex. 6. Verify that b' {axYby)’^a' {bx + cy) is a covariant of the 
binary quadratic and linear forms + 2 6a;y + cy^ a'x + b'y. 

Ans. B'{AX-\^BY)-A'{BXi^CY) 

^ ■=, M{ b' {ax + by) — a'(J)x + cy) } . 

This covariant is the harmonic conjugate of the linear with regard to 
the quadratic form. 
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Ex. 7. Verify that {ah' -—a' b)x'-{-{ac' - a' c)xy-\- (be' ~~h'c)y^ is a 
covariaiit of the two quadratics ao(?-{-2hxy -{-cy-y a V -f 26'xy -f 
Ans. {AP/ - + ( ^(7' - A'C)X Y +{BC'~ B'G) 

= M[ {cd/ -f- («6*' — a' c)xj + (^c' — b'c)y ^ } . 

This covariant is the common pair of harmonic conjugates with regard 
to the two quadratics. 

Ex. 8. Verify that (ac — 4-(6(Z--c®)^^ is a co- 
variant of the binary cubic 

A ns. (AO- + (AD- BC)X Y+(BD- C^) 

= J/ ^ { (ac - V A- (ad- hexy -j- (6^7 - | . 

8. Several of the above examples are particular cases of 
general facts, the proof of which will next occupy us. 

Thus Example 1 is a particular case of the general theorem 
that the discriminant, or eliminant of the various first partial 
differential coefficients, of any quantic whatever, is an invariant 
of that quantic. 

Again, Examples 2 and 3 are cases of the general fact that 
the eliminant or resultant of any number of quantics in as 
many variables is an invariant of those quantics jointly. 

Examples 6 and 7 are cases of the theorem that the 
Jacobian or Functional Determinant (§ 10) of any number of 
quantics in as many variables is a covariant. 

Once more, Example 8 is a case of the fact that the Hessian 
of a quantic, i.e. the Jacobian of its first partial differential 
coefficients, is a covariant of the quantic. 

9. Eliminant of linear forms. We may at once prove 
a first extension of Example 2, that the eliminant of any 
number of linear forms in that same number of variables is 
an invariant of those linear forms. 

Let there be n variables iTj, ajg, linear 

forms be 

"b ^22^2 + . . . *f 

and let the scheme of linear substitution 

‘b ^12^2 "b 

X^ — I 21 + ^22 ^2 "b • ♦ • "b ^2» » 


"b ^n2^2 4* « • • "f* Inn ’ 
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transform them into 

+ ... + 

‘^1*1 ^1 "f" JI2 ^ 2 "i" • * * "f* W»J ^ n* 

Then we see at once that, each of r and s being any number 
between 1 and 7h inclusive, 

Aj.g = ^ri^its 4“ ^^-2^28 4" ^^V3^3s 4" • • • 4" ^rn^ns 5 
SO that, by the ordinary theorem for the multiplication of 
determinants, 


-^115 

^]2? • 

• ^In 


^']15 

^/j2 5 

... 


^115 

^125 • 

• l\n 

-^21J 

-^225 • 

‘ ^2»i 

= 

^'21 5 

"i;a> 

... r/gn 

X 

^215 

^22’ • 

■hn 

^nl J 

-4,12 5 • 

. . ,,,1 


^'ni5 

«„2> 

• • • ^nn 


^«15 

4i25 • 

• • ^ nn 



^^115 

^'12 5 • 

» 

II 

(l2ii 

^^225 • 



(fnv 




10. Jacobians are covariants. If u, v, iv, ,,, are any number 
of quantics in that same number of variables a;, y, 0 , . . . , the 
Jacobian or Functional Determinant of u, w, ,,, is the deter- 
minant 


c)U 

i)U 



iy ’ 

Yz 


iv 

'bv 



Tz 

^VJ 

i)l(> 



i,y’ 

Jz 


which it is usual more shortly to write 

^ (Uf V, w , ...) 

y,z, ...)‘ 

That it is a co variant of u, v, iv, may be seen as follows. 
If in any function n of ir, z, ... we substitute for these 
variables according to the linear scheme 



10] 


JACOBIANS ARE COVARIANTS 


n 


X — l\ “f" "Wl \ + '71^ “h . . . , 
}j = l'X^77i'Y + n'Z + ,.., 
c = rZ+m"F+7^"^+..., 


in this way expressing it as a function of Z, Y, , we have 
at once 

()U 'by bu bz 

O' ^ ■ O ■ O ■ O 

^bu y,bu ,.,bu 

= + + /'V 

bx by bz 

all the differential coefficients being partial. 

Similarly 

bu bu ,bu .,bu 

= m . -f m' — 4- ^ , 

bY bx by bz 

b 70 bu ,bu „ bu 

^ ai + •••’ 

&c., &c. 

Thus, by the rule for multiplication of determinants of the 
same order, 

Z, 791, 79 , . . 

l\ m\ n\ .. 

r, 79l'^ 7l", .. 


bu 

c)U 

bu 


by^ 

bz ' 

bv 

bv 

bv 

bx ’ 


bz 


i)W 

bw 


l>y' 

bz 


bx by bz 

bx by bz 


m 


bu 


, bu 


- 4- 771 H 771 


by 


,^71 

bz 


779- 4- 771 ^ 4-771 4" 

bx by bz 


bu 

^16 

bu 

O’ 

O’ 

O”” 

c)7; 



o’ 

O’ 

O’"' 


Sw 

3 It! 

O’ 

O’ 

O’"* 
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And this, transposing the right and left-hand sides, is 
^ (u, V, {n,v,tv , ...) 

^(A, F,A,...) ~ z,,.,y 

where on the right % v, . .are expressed in terms of x, y, 0,. . . 
i.e. in their original forms, and on the left in terms of 
Xf F, i.e. in their transformed forms. Thus the Jacobian 
of ^6, V, IV is a CO variant. 

Covariants, as stated already, include invariants as a par- 
ticular case. When the J acobian does not involve the variables 
it is an invariant. This is the case when u, v, w,.., are all of 
the first order in x, y^ 0,,., . Thus the present result includes 
that of the preceding article. 

Ex. 9. Obtain from this result examples 2, 6 and 7 of § 7. 

Ex. 10. Obtain a linear covariant of the ternary quadratic and 
two linear forms 

ax’"' + by‘^ -f- -f- 2 fyz + 2 + 2 hxy^ 

ti! X + ?/ 2/ -f c 0, 
a"cc -f- V'y -f- d'z ; 

and interpret it geometrically, by taking for A" and Y the two linear 
forms, or otherwise. 

Ans. (h'c" — l/'c') (ax + hy -f yz) -f (cW' — (/'o') {hx -f by + fz) 

+ (a'r-a"6')((/^+/2/ + o0). 
The polar of the intersection of two straight lines with regard to a conic. 

Ex. 1 1. Two ternary quadratics and a linear form have a quadratic 
covariant. 

Ex. 12. Obtain and interpret geometrically a linear covariant of the 
quaternary quadratic and three linear forms 

ax^ + hy^^ + c’0^*+ dio^ 4 2fyz -f- 2 gzx 4 2 hxy 4- 2]yxic + 2 qyio + 2 rc?/;, 
a'x-\- yy-\- c'0+ 

6"y4- c"0 4- d"w, 

11. Hessians are covariants. To prove that the Hessian 



b^U 

b'^tt 


bx by ’ 

bx bz 



b^U 

bx by ’ 


bybz 


b^U 

b^U 

bx bz ’ 

by bz ’ 

bz^ 


of a quantic u in the variables a;, 3/, 0, ... is a co variant of u. 
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A natural but erroneous form of argument must first 
be guarded against. The Hessian of u is the Jacobian of 
'bii/'dx^ *••• Hence by the last article it is a 

co>v^ariant of the system of quantics 'bii/'bx, 'hu/'by, 'bu/'bz^ ... . 
It would be unjustifiable hence to conclude that it is a 
covariant of u, for when u is transformed by a linear sub- 
stitution ... are not transformed into 

'da/'^Xy '^u/'^Y, 'bu/'<^Z, .... 

A correct method of proving the theorem is the following. 
Multiply the Hessian written above by the modulus 


ly Di, Uy 

l\ m\ n y 


, or My 


of the transforming linear substitution. Using the facts, 
employed in § 10, that, when the operations arc on any 
function of Xy ;y, ^3^^, ... upon the right, and on its equivalent in 
terms of A, 7, Z, ... upon the left, 


A = z A + ^ + i" + ... , 

c^A ^x ^z 


= 7)1 r f- 771 — + m ~ 

dx oy dz 




+ 


&c., &c. 


we see at once that the product may be written 


ix 

n: 

^“A 


2^z^ 


w 


i^X 

Vy’ 

Tz' 


2 

7^ 

Xz' 

T^Z 


— j 

7x 

Tiu 

Jy’ 

Tilo 

7z 


or, since the order of differentiations in such an operator as 


dX 


T^x 


= +^' 
\ dx T^y 


7z 


+ 


/ 
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may be interchanged, that it may be written 

c) ^ ^'16 ^ IVj 

'bx 

^(j <)X <) F ^y ^Z 

^ c^U ^ ^ i)U 

c)JSl ^F T^z ^Z 


Now multiply again by if, taking this time columns with 
columns in forming the product. The same equivalences of 
operators as before tell us that the result is 



a^u, 



axar’ 

ax Vz 

a- It 

a^M. 

a“u 

^xaf’ 

’ 

ayaz 

a-tt 

y^u 

y^w 

VXYZ’ 

ay aJ’ 

YZ‘- 


Thus upon multiplying the Hessian of the untransformed 
quantic by if the square of the modulus, we have obtained 
the Hessian of the transformed. The Hessian is then a co- 
variant. 

When the quantic u is binary only the Hessian is 

Ex. 13. Apply this result to prove Ex. 8 of § 7. 

Ex. 14. If the covariant (ac — ¥)x^’\-{ad~-hc)xy + {bd-c^)y’^ of the 
binary cubic + is broken up into factors 

(^>£C + qy) {p'x 4- q'y), and if these factors are taken for X and F, so 
that the formulae of linear transformation are 

^^ q'X-qY -p'X+pY 

m'-p'q' vq'-p'q 

show that the cubic takes the form AX^ + 

Ex. 15. Hence solve the cubic + 35aj^ + 3 co? + df = 0. (Cf. § 200.) 

Ex. 16. Find a covariant of degree 2 in the coefficients and order 4 
in the variables of the binary quartic (a, h, c, d, e) {x, y)*, 

' A ns. {ax^^ + 2 bxy + cy^) {cx^ -f 2 dxy -f ey^) — + 2 cxy 4- dy^. 
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Ex. 17. Find a covariant of degree 2 and order 6 of the binary 
quintic (a, 6, c, e, /) (cc, yf. 

Ex, 1 8. The Hessian of a binary quariic which has a cubed factor 
is*the fourth power of that factor, multiplied by a function of the 
coefficients, (fiayley,) 

A ns, Take the cubed factor for A"®. 


12. Discriminants of Quadratics. The Hessian of a 
quantic, proved above to be in general a covariant, is in parti- 
cular an invariant when it is free from the variables. This is the 
case when the quantic is a quadratic in any number of variables. 

We have accordingly the proof of a first generalization of 
§ 7, Ex. 1, namely that the discriminant of any quadratic is an 
invariant of that quadratic. For the Hessians of the binary, 
ternary, and quaternary quadratics 

A- 2hxy 

ax^ -f -f cz'^ + 2 fyz + 2 gzx + 2 hxy^ 

ax^ + + cz^ + cZ'ir + 2 fyz f 2gzx + 2 hxy 

+ 2px'W -f 2 qyw -f 2 rziv^ 


are, after rejection of the numerical factors 2^, 2^, 


a, h 


a, h, (j 


a, h, (j, p 

hj c 

) 

fi, / 

} 

K l>, f, q 


'J> /. 


U> f, r 



Ih q, r, d 


and, quite generally, that of the (^-ary quadratic 


n = q M = ^—1 n = q 

ClfifiXfi “1“ 2 

n = l m = l M = m+1 


is, after rejection of the numerical factor 2^, 


aji, 

^ 12 ’ 

« 13 . • 


<^ 12 > 

^22 5 




® 23 > 

« 33 .- 



« 2 ,. 

CO 

iQ 



Now these are the eliminants of the first partial differential 
coefficients, each divided by 2, of the various quadratics; 
i.e. they are the discriminants of the quadratics. 
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13. Bliminants are invariants. Let the q quantics 
u, V, 'u;,... in q variables a?, 0 ,... become F, IF,... 

when 2 ?, ... are replaced according to the linear scheme 

X I X +m Y n Z , 
y=^l'X-^m'Y+n'Z+..., 


Let R [a, b, a \, . .) denote the eliminant or resultant of u, v, w ,, . . , 
and R {A, 5, A'j ...) that of U, F, IF, ..., a and A, b and 
J5, a' and ^1', ... being corresponding coefficients in iintrans- 
formed and transformed quantics. It is to be proved that 
R (a, by a\,,,) is an invariant of u, v,w, , 

We will first show that if R [A, By A\..,) = 0, then either 
R (a, by a'y...) = 0 or M = 0, and conversely that, if either 
R (a, by (/,...) = 0 or ikf == 0, then R (Ay By A',.,.) = 0. 

If R (Ay By A\,..) = 0, there must be some set of values of 
Xy YyZy... y not all zero, which make i!7 = 0, F = 0, TF = 0,... 
simultaneously. The equations of transformation just written 
give us a corresponding set of values oi XyyyZy...y which make 
u = 0, v — Qy wz=0y.,. simultaneously. If these values of 
XyyyZy... urc not all zero, it must follow that R (a, by a', . . .) = 0. 
On the other hand if all are zero, we must have 

I y m y n y ... =0, 

V y m' y Ti' , ... 

V'y m'\ 7 /', ... 

i. e. M = 0. 

Again, if R (a, b, a\...) = 0, there are values Xy y, Zy... y 
not all zero, which make u = 0, = 0, 7(;=o, ... simul- 
taneously, and, unless if = 0, the equations of transformation 
determine from these a set of values of X, Yy Zy , not 
all zero, which make i!7 = 0, F= 0, . IF = 0,... ; so that 

R{Ay By A',...)=0. 

Lastly, if if = 0, whether R (a, &, a\...) be zero or not, 
give to XyyyZy... in the equations of transformation the values 
0, 0, 0, . . . , which of course make u = 0, 7 ; = 0, w = 0, . . . . 
Because if = 0 the equations are satisfied by values of X, F, 
Zy...y not all zero ; and these make U ^ Oy F = 0, IF = 0, ... , 
so that R (Ay By A\...) = 0. 

Thus the condition i? (A, J5, 0 expresses exactly 

the same special state of things as do the alternative con- 
drtions if=0, R (a, b^ a',...) = 0. 

Hence, assuming, as we shall prove in the next article^, that 
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the algebraic function M is not resoluble into simpler algebraic 
factors, but not assuming the unproved fact that R (a, 6, a',...) 
is not so resoluble, 

R {A, B, A \ .» .) = power of if x (a, a', . . ,), 

where F (a, 6, a', .•O? ^ a',...) or a power of it, 

is at any rate a product of powers of all the factors of 
R (a, ce', ...), supposing for safety that it may have simpler 
factors. 

This result is proved for all linear substitutions. It holds 
then for every particular linear substitution. Now take 
/, 'H/", ... all units and the other coefficients in the scheme 

all zeros, so that the scheme becomes simply aj = X, 2/ = F, 
2 ;=.^,..., and if= 1, while A^ B, ^'...are merely a, 6, 
a \ . . . : then our general result gives 

R (a, by a',,,.) = F {a, 6, a',.,.), 
so that F (a, 6, is really the eliminant of v, ... 

itself. 

Consequently the general result is 

R (A, jB, A ', ,..) = power of if x Ji {a, h, a',...), 
which proves that the eliminant R (a, &, is an invariant. 

We now give the proof that if is irresoluble. 

14. The modulus irresoluble into factors. Let us use 
a double suffix notation, and suppose, if possible, that 

^11) ^12> 

^21) ^22’ ^23 » 

^31 J ^32 » ^33 J • • ' 

can be written as a product of two rational factors 0<^>. 

The determinant is of the first degree in every constituent. 
Thus Iji cannot occur in both factors 0, 0. Suppose that it 
occurs in 0, 

In the expansion of the determinant no term occurs in 
which is multiplied by any constituent belonging to its 
row or its column. Thus (p can involve no constituent be- 
longing to the first row or the first column. Let be 
a constituent which does occur in 0. By similar reasoning 
no constituent belonging to the rth row or sth column can 
occur in 0, 

Thus two constituents, and cannot occur either in 

0 or in 0. But the expansion of the determinant involves 
every constituent. Our supposition that M can be written as 
a product of factors 0^ is therefore untenable. 

1431 c 
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15. All discriminants are invariants. Of this proposition, 
already proved for quadratics, a general demonstration will 
now be given. 

If u be. a quantic in q variables z,,,, we have to prove 
that its discriminant, i.e. the eliminant of its q first partial 
derivatives , is an invariant of u. 

The scheme of linear substitution being the usual one, w^e 
have, as in § 1 0, 
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Now, in accordance with the definition, the discriminant 
A (-4, B, ..;) of the transformed form of u will vanish if and 
only if ... are made simultaneously to 

vanish by some set of values, not all zero, of X, Y,Z^ ,,, , But 
the above equivalences tell us that this will be the case if and 
only if either (1) '<^u/'bx^ '^'^/'^yy ... can be made simul- 

taneously to vanish by values of ic, 2 /, 5 ?, ... not all zero, i.e. if 
the discriminant A (o, 6, ...) of the untransformed oi vanishes, 
or (2) if the determinant of the coefficients on the right, i.e. M 
the modulus of the substitution, vanishes. 

It follows therefore, since M is irresoluble, that 
A (A, -B,...) = power of M x Y{a, 6, ...), 
where A' (a, 6,...), if not A (a, 6, ...) itself or a power of it, is 
at any rate the product of powers of the factors into which 
we might allow the possibility of A (a, />,...) breaking up. 

Apply however the general result to the case of the par- 
ticular substitution ic = X, 2 / = I^, ~ , for which if = I 

and il = a, j5=&, &c. It becomes 

A (a, 6,...) = A' (a, 

Thus our general conclusion is that 

A (-4, = power of ilf x A (a, 

Consequently the discriminant A (a, 6,.r.) is an invariant. 

16. Determinant expressions for powers of Im^— Fm. For 
purposes of direct proofs that large classes of functions in 
determinant form are invariants and co variants of hinaroj 
quantics, a simple theorem, due to Faa de Bruno, as to a 
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certain class of determinants, is of great utility. The first 
three cases of the theorem are 


Z, m I = Im' 

i\ m' 1 


Zm, 

2ll\ Im'+Vm, 2mm' 
l'\ m'2 


(Zm' — Z't«)^, 


Z^, Z^m, Zm^, 

3 IH\ 2 ZZ' m + Z^m', 2 Zy> 17)Z' + Z'm^, 3 

3 ZZ' Z' 2 + 2 Wm\ I'm! ^ + 2 Z'mm', 3 m-rji' ^ 

Z'^ Z'^m', Z'77^'^ 


(Zm' — Z'm)® ; 


and the general theorem is that the determinant whose first 
row consists of the constituents 


Z’’, ... m’*, 

and whose other rows are obtained in succession by operating 


on the constituents of this first row with 
1 

772 


7 / ^ ^ 






is a power, namely the \t (7^+ l)th power, of Zm'— Z' ni. 

It will be readily seen that we might equally write down 
first the last row 

l'\ Z'*’2m'2,... Z'm'^-i, m'^ 

and obtain the other rows in succession upwards by operations 
on it with 


Z 





1 

1 . 2 



m 




1 



For the constituents in the («+ l)th column, read downwards, 
are the coefficients of the various powers of t in the expan- 

by Taylors theorem; and the same, read upwards, are the 
coeflBcients of powers of r in the expansion of 

{Tl + iy~^{Tm + my. 

We speak below of the two modes of forming the deter- 
minant as the first and second ways of writing it down. 

The first case of the theorem is immediate. The second is 
at once proved by adding to the first row —m/m' times the 
second and mym'^ times the third : and the third case is easily 
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proved in a similar manner. The general theorem is an easy 
exercise on the theory of Lagrange’s solution of linear partial 
differential equations, as we proceed to show. 

By the ordinary rule for differentiation of products we 
know that the result of differentiating a determinant of the 
rth order can be written as a sum of r determinants, each 
obtained by differentiating the constituents of one row, leaving 
the constituents of all the other rows unaltered. Now operate 
on the given determinant, thinking of it as written down in 

its first way, with result is a sum of r 

determinants all of which vanish. For the result of operating 
on any row except the last is to produce a numerical multiple 
of the following row, and the result of operating on the last 
row is to produce a row of zeros. If then D denotes the 
determinant, we have 




+ m r — = 0. 
dm 


Hence by Lagrange’s theory D involves I and m only in the 
connexion Zm ~ Vm, 

Again, think of I) as written down in its second way, and 
operate on it with Z ^ -h ^ . We obtain in like manner 


I 




0 , 


so that D involves Z' and m' only in the connexion Im' — I'm, 

Thus JD is a function of lm'-—l'm only; and, being homo- 
geneous, must consist of a single power of Im'—l'm, with 
a possible numerical factor. But this numerical factor is unity, 
as we see for instance by taking Z = m' = 1, Z' = 771/ = 0, for 
which Zm' — I'm is unity and D consists of a principal diagonal 
of units with all other constituents zero. 

That the power of Zm' — I'm is the (?’+ l)th follows from 
the fact that D is of dimensions r (7^+1) in Z, m, Z', m'. 


17. As a typical application of this theorem let us prove 
that 


d^u 

dx^^ dx^dy^ dx^dy^ 


d^u d^tb d^U 
dx^dy^ dx^dy^^ dxdy^ 
d'^'W d^U d^U 

dx^dy^^ dxdy^^ dy^ 
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is a CO variant of a binary qnantic u, or in particular an in- 
variant if u is a quartic. 

We will multiply twice, taking columns with columns, by 
the determinant expression above for (?m'— VmY, i.e. M^, 

The first multiplication produces, since 
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and the second multiplication of this, with the order of differ- 
entiation in each constituent changed, produces 

'b^Vj b^u 

bX^' bX'^bY' bX^bY'^ 

b^U b'^U b'^U 

bX^^bY’ bXbY^ 

b^U b^U b^U 

bX'^bY^^' bXbY^' W~^ 

Thus the fact stated is proved. 


Ex. 19. Prove that ^ ^ 

bj c, d , 
c, cZ, e 

i. e. ace + 2 bed — ad"^ — bh — c^, 
i§ ail invariant of the binary quartic (a, b, c, d, e) (a?, y*. 

Ans. Factor J/®. This important invariant, usually denoted by 
t/, is called the Catalecticant of the quartic. 

Ex. 20. Obtain a covariant of the third order and degree of the 
binary quintic (a, 6, c, d, e,f) 2/)®* 

Ans. Its so-called canonizant 

aX’^-by, hx^cy^ cx-^-dy 
bx-^cy, c.T + dy, dx + ey . 
c.T-fdy/, dx + ey, ex-\-fy 
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•ove that 

'*^60 5 


^42 > 

^33 


^42 > 

^33^ 

'^24 

^^42 > 

*^3 3 > 

^^ 24 > 

^J5 

^33 5 


^15 > 

^06 


is a covariant of a binary quantic u of order greater than 6. 

Ans. Factor 

Ex. 22. Prove that the catalecticmit 
a, h, c, d 
hi c, dj e 
c, di e, f 



! d, 

«. /. >j 

1 

is an invariant of the binary scxtic {a, b, 

c, d, e, 

Ex. 23. Every binary quantic of even ( 

order 2 

catalecticanty of degree w + 1 . 



Ans. Factor 

l+l)^ 



Ex. 24. Prove that | 


b’^u 

b'^ti 



bxby^ 




bH 




bx by ’ 




b’^W 

b^W 



i>xdy’ 

w 

is a covariant of three 1 

}inary qualities u. 

, V, w. 

A 71 S. Factor ]\P. 




Ex. 25. Obtain and 

geometrically int 

ciqoret t 


a, 

b, c 



a', 

b\ c' 



a'' 

h", c" 


of three binary quadratics 



{a, h, c) {x, y)-, («', V, c 

■') (*, y)\ («", 6 

Ans. Criterion oi 

' an involution. 


Ex. 26. Prove that 

b'^u 

b^U 

b“U 



bx by ' 

bf 


b'^V 

b^V 

bi^V 


Vxr 

bxby ’ 

V 


y\ 


a;’* 


is a covariant of two binary qiiantics u, v, 
Ans. Factor M^fAP = M. 
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Ex. 27. Deduce Ex. 7 of § 7, 

Ex. 28. Prove that 














y\ 

-xy, 

x‘^ 


is a covariant of a binary quantic w. 

Ans, Factor AP. Multiply first by the determinant expression 
for and then by AI in the form 

I, 0 
l\ m', 0 . 

0 , 0 , 1 

Ex. 29. Prove that 




^^:,2 > 

u,, 


'^32 ’ 


^J4 

"^32 > 


^14) 


f, 

-Xlf, 




is a CO variant of a binary quantic u, 

Ans, Factor Multijdy first by the determinant expression 
for i/®, and then by that for J/^. 

Ex. 30. Prove that ^ 

h, c, d, e 

V, d, e, f 

2 /^ -xf, x-u, — 

is a covariant of the binary quintic (a, 6, c, cZ, e, /) (x, f/f. 

Ex. 31. Pi-ove that this covariant of the quintic is, but for sign, the 
same as the canonizant (Ex. 20). 

Ans, Show that the form of Ex. 30 multiplied by 
1 , 0 , 0 , 0 
07, y, 0, 0 
0, X, y, 0 
0, 0, X, y 

is the form of Ex. 20 multiplied by ~y®. 

18. Intermediate invariants and covariants. From a given 
invariant or covariant of a quantic can always be derived 
a series of invariants or co variants, as the case may be, of two 
or more qu antics of the same order. in the same variables. The 
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method may be illustrated by the deduction of the result of 
Ex. 4 (§ 7) from that of Ex. 1. 

By the substitution ic = ZX + mF, y = VX -f m^Y let 
ax^-^2hxy’]-cy^ and + transformed into 

JZ^ + 25ZF+CF2 and A'X^+2B'XV+0T^ respectively. 
Then, whatever constant k be, 

(a 4 ka') + 2 {h + W) xy ^ {c-\- he') 
is transformed into {A + hA')X^ + 2 4- kB') XY + (C^+ kG') Y^, 

Consequently, by Ex. 1, 

(A + kA') {G + kC) ~ (5 + kBy 

= AP{{a + ka') (c + kc') ~ + kh')'^] ; 

^AG^B ' + k (A G' + AV^2 BB^) + {A'G' - B' '^) 

= AP { ac — h^-]-k (ac' + a'c — 2 bh') + k^ {a! e — V } . 

This is true for all values of k. The multipliers of different 
powers of k on the two sides must then be separately equal 
each to each. Accordingly 

AG—Br‘ = AP(ac — h% 

AG' + A'G-2BB' =^M^ac'-Ya'c-2hV), . 
A'G'-B'^ = AP{a'c'-}/^), 

Of these three equalities the first and third are merely 
expressive of the fact of invariancy from which we started. 
The second however gives us the additional fact that 
ac' 4- a'c ~ 2 hh' 

is an invariant of the quadratics 

ad^ + 2hxy 4 * cy^, a'x^ 4 * 2h'xy 4 - c'y'^ 
jointly. It is said to be the invariant intermediate between 
ac ~ and a' c' — h'‘^. 

This result is one of great historic interest. With Boole's 
discovery of it in 1841 the era of systematic investigation 
in the algebra of invariants began. In his original memoir 
(Cambridge Math, Journal, Vol. Ill) he showed how to find 
from any discriminant the intermediate invariants between 
the discriminants of two quantics of the same kind and order. 

For another well-known example of the method reference 
may be made to the investigation (Salmon’s Conic Sections, 
6th. ed. § 370) of the intermediate invariants 0, G' between 
the discriminants A, A' of two conics (ternary quadratics). 

19. The method is clearly one of perfectly general applica- 
tion when we are given any invariant or covariant whatever 
of any quantic whatever. Let P be any invariant or any 
CO variant of a g-ary p-ic in which the coefficients are a, b, c, . . . 
and the variables x,y,z,,,,. Consider also another g-ary jp-io,, 
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in the same variables, whose coefficients in the same order are 
a', 6', c',.— Put for 0 ^, fc, c,..., in P, a + fo/, h-^kh\ c + 
and expand in powers of h. The multiplier of every power 
of h in the result is an invariant or covariant, as the case may 
be, of the two g-ary ^-ics, and the same function of the constants 
in the scheme of linear substitution is present as factor in the 
relation expressive of its invariancy or covariancy as in the 
relation which expresses the invariancy or covariancy of P. 
The multiplier of the highest power of h which occurs is P', 
the result of replacing a, c,.,. by a\ h\ in P, and the 
multipliers of other powers of k are invariants, or covariants, 
intermediate between P and P'. 

The general form of the invariants or covariants thus 
derived from P is 


V\ 



+ c 




for this is, by Taylor’s theorem, the coefficient of Id', Or, again, 
it may be written 



where i is the degree in the coefficients a,h,c,,,, of P, The 
values 1, 2, 3,.... i — l of r give the intermediates between P 
and P\ The values 0 and i give P and P' respectively. 
Greater values of r than i are unproductive, for the differential 

operation + ... repeated more than i times 


annihilates P. 

In like manner invariants and covariants of systems of 
more than two quantics of the same order in the same 
variables aie derived from invariants and covariants P of 
a single quantic of that type. We have only to put in 
P, for a, a + + h + k^l)^-\-kJ} 2 + ••• i and 

similarly for r, rf, ..., to expand according to powers and 
products of powers of k^, , and to take the multipliers of 

these powers and pi’oducts separately. We thus obtain that, 
for any positive integral or zero values of rj, v^y whose 
sum does not exceed i, 





ba 


is an invariant or covariant of the system of q-Sivy j[>-ics 
whose coefficients in the same order are a, 6, c,.., ; ; 

> ^ 3 ’ ^ 3 » > •••> according as P is an invariant 

or covariant of the first g-ary p-ic. The corresponding 
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invariants or co variants of the second, third, &c. 

g-ary jp-ics, as well as their intermediates, and the corre- 
sponding invariants or covariants of triads, &c. of g-ary jp-ics 
chosen from among the entire system, are all included. 


20, The method admits of a limited application to quantics 
of different orders in the same variables ; namely to the case 
when the order of one quantic is a multiple of the order of 
every other quantic of the system. For instance, if two 
quantics u, v in the same variables are of orders p'p, p respec- 
tively, and if a, 6, c,.,. are the coefficients in u and a, /8, y,... 
the corresponding coefficients in then the functions 




'be 


where P is any invariant or covariant of u, are invariants or 
covariants of u and and therefore of u and v. 


Ex. 32. From the invariant ae--^h(l-\-Zc^ of the quartic 
(a, 6, c, (/, e) {x, yY 

obtain an invariant of that quartic and the quadratic {a\ h\ c') (a;, yY 
of the first degree in the coefficients of the quartic and of the second 
in those of the quadratic. 

Arts, — 4 -f 2 (a V -f- 2 c — 4 6'c'6 4- Factor 


Ex. 33. If jP is an invariant or covariaut of («(,» ,,, Up) {x, y)^, 

prove that the functions 




for values of r between 1 and i—l inclusive, where ^ is the degree of 
P in cfp, are invariants of the ^^-ic and the linear form 

fa; + 7] y jointly. 

The importance of evectants, as the functions obtained in this 
manner from invariants are called, will be seen hereafter. 


Ex. 34. From any invariant or co variant of several quantics of the 
same order in the same variables the operation 


, b b , b 


repeated till a vanishing result is obtained, produces a series of 
invariants or covariants, as the case may be. Here a, 6, c, ... and 
a', b\ c', . . . are corresponding coefficients in any two of the quantics. 


Ex. 35. The effect of replacing a', 6', c', . • • by a, 5, c . . . in an invariant 
or covariant of two quantics «/, v of the same order in the same 
variables, where a, 5, c, . . . and a', 5', c', . , . are corresponding coefficients 
in u and v, is to give an invariant or covariant of u alone, or else 
a vanishing result. 



CHAPTER II 


ESSENTIAL QUALITIES OF INVAKIANTS. 

21. In the present chapter we shall, at the expense of 
some repetition hereafter, confine our attention to invariants, 
reserving till the next the analogous consideration of 
covariants. 

Except where otherwise stated, rational integral invariants 
are alone dealt with, the words ^ rational integral ’ being as 
a rule omitted. 

And first we consider invariants of a single quantic only. 

Let us denote constantly by u the quantic under considera- 
tion, by p its order in the variables, by q the number of those 
variables, by small letters a, h, y,... the coefficients and 

variables in its original form, and by capitals A, B, (7,..., A, F,... 
the corresponding coefficients and variables in the transformed 
form to which it is . reduced by a linear substitution. Also let 
us, except where otherwise stated, consider the scheme of 
linear substitution to be perfectly general as in § 2, and denote 
by Z, m, . . , l\ ... the assemblage of the coefficients of X, F, . . . 
in the expressions for x, y, .... These coefficients wc will 
speak of as the constants of the substitution, or of the 
transformation. 

Taking the identical equality 

F{A, B , ...) = ^{l, m, ...I', m ', ...) F{a, b, ...), 
which expresses that F{a, 6,.,.) is an invariant of u, our 
immediate aim will be to prove 

(1) that F{a, 6, ...) is necessarily homogeneous, and 

(2) that (f) (Z, m, m', ...) is necessarily a power of the 
modulus M of the transformation, defined in § 2. 

A knowledge of the first fact must precede a proof of the 
second. 

22. An invariant necessarily homogeneous in the co- 
eflacients. Wo shall speak of the dimensions of a homogeneous 
function of the coefficients in these coefficients as its degree 

' I should have preferred to use the older term order for this characteristic. 
But the practice of speaking of a function (in particular of a covariant), 
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If possible let the invariant F(a, by ...) consist of a sum 
of parts 

H^{ayhy ...) ■¥ H^{ay 6,...)+ J/g (a, ...) + ... 

of different degrees .... 

Since F{ay o, ...) is an invariant for all possible schemes of 
linear substitution, it is so of course for a particular scheme. 
Let us express the fact of invariancy for the scheme of 
substitution 

X = xXy y = \ Yy z = XZ , , 

which, it is to be observed, has only the effect of multiplying 
the p-ic u by X^^ and replacing a?, 2 /, 2 ;, ... by X, F, ... . The 
coefficients JS, (7, ... in the transformed ^-ic have then in 

this case the values X^'hy X% Any homogeneous 

function of degree i in them is accordingly X^^* times the same 
function of a, e, 

Thus, if y^r (A) is the form taken by </)(Z, m, ... T, ...) for 
the particular substitution we are using, the identical equality 
expressive of the invariancy gives us 

Xfy^ Lfi (a, &,...) + Xf'^P (a, &,...) + L ?3 (a, &,...) + ... 

- ylr{X) {H^{ayb...)-hH^(ayby...) + H^{a,hy,..)+ ...}. 

This is an identity, true for all values of a, 6, ... . Conse- 
quently the terms of each degree in a, 6, . . . on the left are the 
same as the corresponding terms in each case on the right. 
Hence we must have simultaneously 

X^\P = yjr (A), X^^P = yjr (A), &c., &C., 

which are inconsistent if ... are different. The sup- 

position was therefore unsound, and the invariant X((i, b, ...) 
is of the same degree i throughout. 

The proof holds for irrational invariants. 

23. The factor a power of the modulus. The formulae of 
the general linear substitution 

X = IX + 7)1/Y + 'tiZ + . . . , \ 

2/ = rx+m'F+7/Z+...J 

z = rX-^in"Y+n"Z+ ..., f ^ 


may we know, by solution for X, F, , be reversed and 
written 


whose dimensions are i in the coefficients and tsr in the variables, as of 
degree i and order tar has of late become almost universal. Wliile regretting 
this, I feel bound to adopt it consistently throughout. 
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X = ii/-» 


Z = M- 


iM 









+ 

H' 

y 

+ 

sr 

0 

4- 

i>M 





IM 



om 
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y 

-f 



+ 

hM 


}>M 







+ 

^n' 

y 



z 



...J. 

...j. 


where M denotes the modulus 

Z, m, n, ... 
l\ m\ n\ ... 
Z", m", ... 


...(2) 


and (cf. § 2) must not vanish, 

Lookinjor upon the formulae of substitution for x.y^Zy ... in 
terms of X, Y, Zj ... as those of the standard substitution, we 
may speak of the formulae for X, F, . in terms of j/, 0 , . . , 
as those of the reversed substitution. The reversal of the 
reversed substitution reproduces the standard substitution. 
The modulus of the reversed substitution is the reciprocal 
of the modulus of the standard substitution, as immediately 
follows from the known fact (cf. Burnside and Panton’s 
Theory of Equations, 4th ed. § 146) that the determinant 
reciprocal to a given determinant of q rows and q columns 
is its ( 2 - l)th power. 

Our present object is to prove the factor ...) 

in the equality (§ 21) expressive of the fact of invariancy 
of X (a, 6, ...) to be a power of if. We have seen in the last 
article that F (a, b, ...) is homogeneous in a, b, ... , and there- 
fore F (A, B, ,,,) homogeneous in A, B, .... Now A, B, ... 
are homogeneous and of degree in Z, m, ... V, .... For 
our quantic u is transformed from the form 
ax^+pbx^'^'^y'^ 

to the form AX^ -hpBX ^"^ F + . . . 

by the scheme (1) in which x^y, ... are homogeneous and 
linear in Z, m, . . . Z', m', . . . , so that x^, x^-^y,,., are homogeneous 
and of degree p in Z, m, . . . Z', m', , ... Thus F {A, B, . . . ), being 
homogeneous, and of degree i say, in its arguments J., jS, ... , 
which are all homogeneous and of degree p in Z, m, . . . Z', m\ . . . , 
is itself homogeneous, and of degree ip, in Z, m, ... Z', m', ... . 
Seeing then that it is equal to 

(j> (Z, m, ... Z', m', ...) F {a, b, ...), 
where the second factor X (a, 6, . . . ) is free from Z', m', . . . ; 
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we conclude that (j) (I, m, ... I', m', ...) is homogeneous and oF 
degree ip in its arguments. 

We now use the fact that the effect of the reversed sub- 
stitution (2) is to bring the g-ary p-ic u back from its second 
form AX^‘ ... to its first ... . The invariant equality 
F{A, B, ...} = ... l\m\ ...) F{(t, h, ...), ... ( 3 ) 

applying as it does to all linear transformations of all 7-ary 
7>ics, must hold when we interchange a, . i . and A, B, . . . , 
and replace ly ... ... by the corresponding coefficients 

in the scheme (2). Thus 


F{ayh,.,.) 


M-“’ (j> ( 




...M- 

,^hM 

hi ’ 

hi' ’ 

b m 

/bM 

\bl 

hM 

’ hi''-'- 

hM 

hm’ 

bM 
b m' ’ 




...w 


in virtue of the homogeneity of degree ip possessed by the 
function 0 , Accordingly, by combination of ( 3 ) and ( 4 ), wo 
arrive at the identity 


... l\ ... 


it * 


Vm ' ’ 




Thus breaks up into two rational integral factors, of 
which 0 {ly m, . . . Vy 771 , . . .) is one. But (§ 14 ) M has no factors 
but unity and itself. Consequently 0 {ly 7 », 771', ... ) is 
a power of if, or a numerical multiple of such a power. 

Suppose then that 

</) {ly my ... l\ m\ ...) = hM^\ 

By ( 5 ) it follows that , . 

(IM ijf 

’ ll' ’-im’ k ' ' 


But i^M/^ly <)i//ir, ... 'bM/^my bM/bm\ are all of 7— 1 
dimensions in /, 77 ^, ... T, 77/, ... , so that the dimensions in 
Z, 771 , ... Vy m'y ... of the second (j> arc 7 — 1 times those of the first. 
Hence ip-^r = (7 — 1 ) i* e. o' = 7^7/7. 

Accordingly the equality expressive oi‘the fact. that F((fy 
is an invariant is of the form 

F{AyBy..,)^lc]\PP/^F{ayhy...)y . 
where k is a numerical constant. That this constant is neces- 
sarily unity we see at once by application to the case of the 
swkstitution x = X,y = Y, z = Z,..., 

for which A, are the same as a, 6, , and J/ = 1. 
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We have proved, then, completely that if JP(ce, 6,..,) is an 
invariant of a g'-ary 2^-ic it is necessarily homogeneous, and 
that, if its degree is the identity expressive of the fact of 
its invariancy is 

F{A, = 

The proof holds for irrational invariants, if we raise the two 
sides of (5), before reasoning from that equivalence, to such 
a power ^ as to make ixip, the index of the power of J/, an 
integer. 

24. A consequence of the above is that, i being the degree 

in the coefficients of any rational integral invariant, ip/q 
must necessarily be integral. For the left-hand member 
F (A, ...), when expressed in terms of a, &, ... and 

/, m, ... l\ ... , is rational and integral in ly m, ... T, m', ... 
as well as in a, 6, ... , So too must the right-hand member 
be. Thus ifW? is rational in Z, m, ... l\ m\ .... But M is not 
a power of any rational function, seeing that it has no factors 
but unity and itself* Hence ip/q is an integer. 

The particular form which this conclusion takes when (/ = 2, 
i.e. for the case of binary quantics, should be at once noticed. 
It is that i and p cannot both be odd. Hence the theorem : 

No binary quantic of odd order can have any invariant of 
odd degree* 

In the next few articles an interpretation will bo given to 
the integer ip/q^ first in the case g = 2 of binary quantics, 
and afterwards generally. 

It will be seen, in fact, that there is another characteristic 
which is constant throughout an invariant, and ecjual to this 
integer ; namely, its weight* 

25. Weight, In the binary ^-ic 

(ao.«i.«2. •••«!-) 

we have, as is usually done, given to every coefficient a suffix 
equal to the defect below the order of the index of the 
power of X which it multiplies. 

This suffix is, it will be remembered, in each case equal to 
the dimensions, in the roots of the equation in x/y obtained 
by equating the pAo, to zero, of the symmetric function of the 
roots which is equal to the ratio of the coefficient in question 
to the first coefficient a^* Or, if we choose, as we may, 
to regard as merely denoting a number a^ of abstract 
units, and so as being of ho dimensions in the roots, we 
may say that the suffix attached to every coefficient exactly 
measures the dimensions in the roots of that coefficient. The 
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suffix or degree in the roots of a coefficient is designated its 
weight. 

The weight of any product of coefficients is the sum of the 
weights of its various factors, i. e. the sum of their suffixes, 
and measures the dimensions in the roots of the product in 
question. A repeated factor in a product must be reckoned 
as many times as it is repeated in estimating the product's 
weight. Thus, for instance, the product a/a/<y/.,.is of weight 
/)r + 0*8 + -f . . . . 

An invariant of degree i of a binary p-ic has been proved 
to be homogeneous, i. e. to consist of a sum of positive and 
negative numerical multiples of products of i factors chosen 
from among a 2 ,...Up, repeated factors being allowed. 

The theorem now to bo established is that all these products 
have the same weight \ip. 

A function which is thus of one weight throughout is said 
to bo isoharic. 


26. An invariant of a binary quantic is isobaric. Apply 
(c(o, a„ a^, ... (7p) {j', yY 


the particular linear substitution x ^ X, y — XY, of which the 


modulus is 


1 , 0 

0, A 


= X. 


This transforms the quantic into 

(«(,, GjA, ... a^A”) {X, ly. 

Consequently, if F(aQ, is an invariant of degree i, 

the identity expressive of the fact, viz. 

A^, A.^, ...Ap) = M^‘1’ F(a^, a„ a^, ...a,), 

tolls US that 


F(aQ, a^X, ... a^X^) = X^^^Fia^, ... Qp). 

The right-hand member here is entirely of degree ^ip in A. 
So therefore must the left be. Now the term on the left 
corresponding to a term 

in F{a^, ... a^) 

is K-A^KAr 

i. e. • • *. 

Consequently for every such term 

pr + (r8 + r^+ ... = 

‘ Thus F{aQ, a^^.,.ap) is isobaric throughout, the constant 
weight of its terms such as a/a/a/ ... being ^ip. 
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This applies even when the invariant is irrational, for an 
irrational invariant may be expressed as a sum, not necessarily 

finite, of terms to which the reasoning may be applied. 

• 

Ex. 1. If = 2n or 2n+ 1 there is no term in any invariant of the 
binary jp-ic which has not at least one of a^, « 2 , ... a„ for a factor. 

Ex. 2. Every invariant vanishes for a binary ;;--ic which has 
a linear factor raised to the rth power if 2r>]). {Cdyley.) 

Ans. Take the linear factor for F. It will hereafter (§ 165) be 
proved, conversely, that if every invariant of a binary jo-ic vanishes, 
the^-ic lias a linear factor raised to the power ^ (i? + 1) or ^ + 1, 

according as p is odd or even. 

27 . Weight generalized. A like method and the analogous 
conclusion apply in general to a quantic in q variables. Of 
these variables call one, singled out as the last, co, and the 
others a;, y, 0, . . . . 

In our ^'-ary p-ic let the suffix given to each coefficient be 
the index of the power of co which it multiplies. Thus, for 
instance. 


the coefficients of 

have the suffix 0, 

55 

^0), y^' ^0), ^0), ... 

„ 1, 

)5 


2, 

5 ) 

00)^""^, . . . 



and the coefficient of co^ has the suffix p. 

Our definition of weight is that every coefficient is of weight 
measured by its suffix, and that every product of coefficients 
is of weight measured by the sum of the suffixes of its various 
factors. 

Our ideas of the import of weight according to this 
definition are made more definite by supposing that the 
result of equating our q-^vy p-ic to zero is a relation in g — 1 
quantities of the same kind, ir/co, y/(a, 0/0, .... To be in- 
telligible, and not imply more relations than one, it must be of 
the same dimensions throughout in that kind of quantity. 
For this to be the case the coefficients which multiply products 
of p factors ... without w, those which multiply products 

of 0) and p — 1 factors x, y, 0, ..., those which multiply and 
p — 2 factors x,y,z, ,,, y and so on, must be of dimensions in that 
kind of quantity which form an ascending arithmetic pro- 
gression of common difference unity. If then, as implies no 
real loss of generality, we choose to regard the first class of 

1431 D 
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coefficients as of no dimensions in the kind of quantity, the 
dimensions of the other classes will be 1, 2, 3, respectively. 
In other words, the dimensions of the various coefficients are 
measured by the suffixes assigned according to the convention 
from which we started. The idea of such dimensions is then 
identical with that of weight. 

28. All invariants isobaric. We can now prove the con- 
stancy and equality to ip/q of the weight, defined as above, 
for all terms of an invariant of a j-ary p-ic. 

Transform the quantic by the substitution 

a: = X, 2/ = Yy z = Zy,,, 60 = XX 2 , 
which leaves every variable unaltered except co. Its modulus 
is A. 

The coefficients in the transformed quantic are at once seen 
to be the same as those in the untransformed, except that those 
with suffixes 0 , 1, 2 , 3 , ...2^ are multiplied by 1, A, A^, A’^, ... A^^ 
respectively. Thus, if 
an invariant of degree i, we have 

F {Qq^ 6 q, ... , > ^2^ 5 ^2^ ’ *•* ’ (^pA ) 

= ... , Oj, 61 , ... , a^y h^y ... , eg. 

Here the left-hand member must be, like the right, a multiple 
of a single power, the ip/q\hy of A. The index of every power 
of A which occurs as multiplying a product in the expanded 
left, and consequently the weight of every product of co- 
efficients in Fy must therefore be constant and equal to ip/q> 

This applies even when the invariant is irrational. 

Ex. 3 . E-very term in any invariant of a ^'-ary j^;-ic must contain 
at least one factor with a suffix less than r if qr >p. 

Ex. 4 . No quadratic in more than two variables can have any 
invariant which does not vanish when the quadratic breaks up into 
two linear factors. 

Ex. 5 . Every term in any invariant of a 5^-ary 2>-ic must contain 
at least one factor with a suffix greater than r if qr<p. 

29. Absolute invariants. For integral invariants the 
degree i, and consequently the weight ip/q, are essentially 
positive and different from zero. Thus the power of M in the 
equality expressive of invariancy 

F{Ay By.,.)^M^P/^F(ay by,..) 

is essentially a positive power. We cannot then discover any 
integral function of the coefficients of a quantic which is what 
is called an abholute invarktnty that is to say a function of the 
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coefficients which is absolutely equal to the same function of 
the coefficients in the transformed quantic. For an absolute 
invariant the power of M above would have to be or the 
weight ip/q, and consequently the degree % would have to 
be zero. 

If, however, a quantic has two or more distinct integral 
invariants, i.e. two invariants which are not powers of the 
same invariant, it will have one or more absolute fractional 
invariants. For, if (a, 6, ...) and (u, &,...) are two inva- 
riants of the same degree i of a ^-ary ^-ic, we have 

F,{A, B,,..)==M^MF,(a, i,...), 

and F,(A,B,,.,)=.M^P/<^F,{a,h,...); 

so that F^(A, B, (a, 6, . . .) 

F.,(A,B,..,) ~ ’ 

which show^s that the ratio of F^ to F.^ is an absolute invariant. 
Again, if A\(a, 6, ...) and A’ 2 (u, are of different degrees 

ip igj L. C. M. of ij and Then and 

F/^^^ are two distinct invariants of the same degree and 
their ratio is an absolute invariant. 

For instance, we have seen (§ 7, Ex. 5) that 

I = ae-- 4:hd-\’ 3 

is an invariant of the binary quartic {a, h, c, d, e) {x, y^. Its 
degree is 2 and its weight 4, w^hich is rightly equal to 2.4/2. 
We have also seen (§ 17, Ex. 19) that the same quartic has 
another invariant 

J ^ ace -\-2bcd — ad^ — h^e—c^ 

of degree 3 and weight 6. and are then both of 
degree 6 and weight 12, and are distinct from one another. 
If then and J' are the same functions of the coefficients 
in the quartic obtained from the given quartic by a linear 
substitution for x and y I and J are of the coefficients 
in the given quartic, 

/'3 ^ Jfl2 p ^ p 

so that is an absolute invariant of the binary quartic. 

30. Limit to the number of independent invariants. A 
binary p-ic has p — ^ independent absolute invariants, if p 
exceeds 3, and none if p does not exceed 3. The first part of 
this statement is one which cannot well be proved at the 
present stage; but it may be seen as follows that p—3m 
a superior limit which the number of independent absolute 
invariants cannot exceed. 


D a 
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Let A.j,f ... A^) (X, Yy be the transformed quantic 

obtained from (^o, ctj, a 2 > ••• ^p) (^j VY linear substi- 

tution 

ir = ZX -f mF, 2/ = Z'Z+ m'F. 

Its coefficients Aq, A^y A^, A^ are at once expressed as ;:> + 1 
functions of Ug, ... and the four letters Z, niy l\ m\ 

If p does not exceed 3 it is impossible to eliminate Z, m, l\ in' 
and obtain a relation connecting A^y A^y ... with a^y,,,ap 
alone. If, however, p exceeds 3 it is possible, by elimination 
of ly m, I'y m'y to obtain 3 independent relations which must 
subsist between A^y A^y A,^,^ a<nd a^y a^y ... a^y but 

no more. If, as is in fact the case, these — 3 relations can 
be thrown into such a form as to express p — ^ equalities of 
functions of a^y a^, ag, ... to the same functions respectively 
of A^y A^y ilg, ... Apy those p — 3 functions are absolute inva- 
riants ; but there cannot be more than that number which are 
independent. 

It now follows that if p does not exceed 3 there cannot be 
two independent invariants which are not absolute, and that if 
p exceeds 3 there cannot be more than — 2 which are inde- 
pendent. For, as seen in the preceding article, any two 
independent invariants determine an absolute invariant, so 
that two, or more than — 2, independent invariants would 
determine one, or more than — 3, independent absolute 
invariants. 

We must not, however, form the erroneous conclusion that, 
when p— 2 independent rational integral invariants have been 
discovered, every other rational integral invariant can be 
expressed as a rational integral function of these — 2. The 
system of — 2 invariants is algebraically complete, but another 
may be a function of them, as it must be, without being 
a rational integral function of them. For binary quantics of 
the first four orders there are, as a matter of fact, algebraically 
complete systems, 0, 1, 1, 2 in number, in terms of which all 
other invariants can be rationally and integrally expressed, 
but for the fifth, sixth, &c., orders there is no corresponding 
simplicity. For instance, the binary quintic has 3 ( = p-2) 
independent invariants of degrees 4, 8, 12, and these are the 
invariants of lowest degrees which it possesses. They form 
an algebraically complete system. But there is another inva- 
riant of the quintic of degree 18. This must be a function of 
the three first, but it is perfectly clear that it cannot be 
a rational integral function of them, for the degree 18, which is 
not divisible by 4, cannot be expressed as a sum of multiples 
of degrees chosen from 4, 8, 12, which are all divisible by 4. 
It is found to be the square root of a rational integral function 
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of ihe three. Because it cannot be expressed rationally and 
integrally in terms of irreducible invariants of lower degrees 
it is said to be itself irreducible, 

• That the number of irreducible invariants of a binarjr 
is finite for all values of ^ is a proposition of some difficulty 
which was first established by Gordan. The number, though 
finite, is not known to follow any simple law for all values 
of^>. Proofs of the finiteness due to Hilbert will be given 
in a later chapter. 

31. Invariants of two or more quantics. So far in this 
chapter wo have been dealing with invariants of a single 
qu antic only. With regard to invariants of a system con- 
sisting of two or more quantics in the same variables the 
methods of §§ 22 to 28 establish with equal ease the following 
theorems. 

(1) In any Invariant of r quantics of orders ... p,. in 

the same q variables, the sum 

S {ili) = + / 2 P 2 + . . . + irPr 

is constant for all terms, ... being the degrees of any 
term in the coefficients of the various quantics respectively. 

This is established as in § 22. 

(2) The factor, depending on the constants of the trans- 
formation only, by which the invariant has to be multiplied 
to make it equal to the same function of the coefficients in 
the transformed quantics, is where M is the modulus, and 

to = 

This is established as in § 23. 

(3) The whole weight, i.e. the sum of the r weights in the 
sets of coefficients of the r quantics, is the same for every 
term of the invariant, and equal to tv the index of the power 
of M in (2). 

This is established as in §§ 26, 28. 

It also follows that, for a rational integral invariant, the 
sum 2 {ip) is necessarily divisible by q ; for the weight, a sum 
of integers, must be integral. 

32. It will be observed that there is nothing in these 
conclusions to prevent our contemplating the existence of 
invariants of two or more quantics, which, though isobaric 
(i.e. of constant weight throughout), are not homogeneous, 
either in the sets of coefficients of the various quantics 
separately, or on the whole. Nothing in the above indicates 
that i^^i^, are constant throughout the invariant, or oven 
that 2i is constant. 
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To contemplate such non-homogeneous invariants is, how- 
ever, unnecessary, for the different parts of such an invariant, 
which are homogeneous on the whole and also separately in 
the coefficients of every quantic of the system, are separately 
invariants. 

The proof of this may with ease be stated generally. It 
will perhaps be made all the clearer by considering an 
example only. 

Suppose the fact to have been noticed that 
{ aV - 3 hit! 6' 2 + 3 cii! 2 V - dh' 3 } 4 

-f { (ac — h^) V 2 _ (^ad — he) a! V + (M — o! 2 } 
is an invariant of the binary cubic and linear forms 
ax^ + 3 hx^y + 3 cxif + dy^, 
a'x + h'y, 

in that, denoting as usual coefficients in the transformed 
quantics by capitals, 

The invariant consists of a part of degree 4 in the coefficients 
of the cubic and 12 in those of the linear form, and a part 
of degree 6 in the coefficients of each form. 

Now A, J5, (7, D are of the first degree in a, 6, c, cZ, and 
A\ B' of the first degree in a\ ?/, involving besides, in each 
case, the constants Z, m, T, m' of the transformation only. 
The left-hand member of ( 1 ) contains then, like the right, terms 
of partial degrees 4, 12, in a, h, c, d and in a\ ?/, and terms of 
partial degrees 6, 6. Consequently, the equality being an 
identity holding whatever a, 6, c, rf, a\ V are, the terms of 
partial degrees 4, 12 on the left and right must be equal, and 
also those of partial degrees 6, 6. In other words, 

{ a h'^ — 3 ha' -f- 3 ca'%' — da^ ] ^ 
and { {ac — h"^) i '2 _ {ad — hc)a'b' -f {bd — c2) a' 2 ) 3 

are invariants separately. 

A simple quantic has, we know (§ 22), homogeneous in- 
variants only. 

33. We lose then no completeness by considering only 
those invariants of two or more quantics which arc homo- 
geneous in the different sets of coefficients separately as 
fundamental. Non-homogeneous invariants are linear func- 
tions of such homogeneous invariants as have the same whole 
weight. Thus with regard to a complete system of invariants 
of two or more quantics we have the conclusions : — 
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(1) That they are homogeneous in the coefficients of every 
quantic of the system separately, so that also, if ip igi ••• fl-re 
the degrees of any invariant in these sets of coefficients, the 
whole degree is constant, viz. 

(2) that they are isobaric on the ivholey any one being of 

weight = ( 7 ” 1 + . . . + 

(N.B. — ^There is no reason to expect them to be isobaric in the 
coefficients of the quantics separately.) 

(3) That the factor which has to multiply an invariant to 
produce the same function of the coefficients in the linearly 
transformed quantics is M^. 
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ESSENTIAL QUALITIES OF COVARIANTS. 

34. In accordance with the remark in § 4, the considera- 
tion of covariants which are rational and integral both in the 
coefficients and variables is fundamental. By the word ‘ co- 
variant’ we, as a rule, mean ‘rational Integral co variant.’ 
The conclusions which follow apply for the most part also to 
CO variants which are irrational or fractional, but this will be 
stated where it is important to observe that it is the case. 

It is well in the first place to see that we may confine 
attention to covariants which arc homogeneous in the vari- 
ables— to covariant quantics, in fact. 

35. A covariant which is not homogeneous in the vari- 
ables is a sum of other covariants which are homogeneous in 
them. 

For in the relation 

/(A, JB, ..., A, F, ...) = ...Z', m', ...)/(a, x, 

which expresses that f(ii, rr, y, ...) is a covariant, the 

terms of order w in a;, 2 /, ... on the right can produce, upon 
putting ic = LY -I- mF-f . . . , y — T X-f F-f- . . . , , . . , terms of 
order th only in F, . . . ; and no other terms on the right 
can produce terms of order cr in X, F, ... . Consequently, the 
relation being an identity, these terms must be identical with 
the terms of order tsr in X, F, . . . on the left. In other words, 
if the covariant/ is not homogeneous in a?, 2/» , its various 

parts of different orders mx^y, ... are separately covariants. 

This applies also to irrational and fractional covariants, 
which by expansion can be expressed as sums of parts, not 
necessarily finite in number, arranged according to their 
orders in the variables. 

The proof deals equally with co variants of one and co- 
variants of several quantics. In the next few articles for 
greater clearness covariants of a single quantic are alone first 
considered. 

36. Homogeneity in the coefficients. By the order of 
a covariant, now regarded as homogeneous in the variables, 
is meant its order or degree in those variables. By degree is 
meant, as in the preceding chapter, degree in the coefficients.^ 

> See the footnote to § 22. 
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If possible let the covariant /(a, , iP, t/, ...)» same 

order throughout, be a sum of parts of different degrees 
ip ^ 2 * ^PPly identity expressive of the covariancy 
to* the case of the particular linear substitution a; = A X, 
2 / = A F, .... As in § 22, the coefficients A, 5,... in the 
transformed quantic are in this case A^o, A^ft, while the 
variables A, F, ... in the transformed quantic are A""^ • • • • 

Thus if Hr is the aggregate of those terms in / (a, 6, . . . , a;, t/, . . .) 
which are of degree and of order tsr, the corresponding 
terms in / (A, , X, F, ...) are Av^’"^ Hence, by 

exactly the same argument as in § 22, if \j/ (A) is what 
0 (?, w, ... r, m', ...) becomes for the particular values of 
4 m, ... r, m', ... which we are considering, y// (\) must be 
equal separately to — The assump- 

tion that ij, igj hf ••• different is then untenable. 

Thus, while we lose no real generality by requiring a co- 
variant to be of constant order throughout, we are compelled 
also to require a covariant of a single quantic whose order is 
the same throughout to be of the same degree throughout. 

Were we to prefer to deal with a co variant having parts of 
different orders cr^, tsTg, ... as a single covariant, rather 
than as a sum of co variants of orders tsrj, cTg, tsrg, ..., our 
conclusion come to as above would be that the degrees 
hi h’ hi ••• those parts respectively are connected with 
their orders by the erjualities 

• 

Those conclusions apply to irrational and fractional co- 
variants. 


37. The factor a power of the modulus. 

The proof that the factor 0(Z, m, ... ...), in the rela- 

tion (§ 35) which expresses the fact of covariancy of a co- 
variant, is a power of the modulus M proceeds exactly as in 
§ 23. If IS is the order and i the degree of the covariant 
/(a, 6, ... a;, ...), the power is the (ip~OT)/gth, ip--m being 

now the degree of the left-hand side /(A, S, ..., Z, F, ...) in 
the constants of transformation Z, m, ... l\ m\ ... , when it is 
expressed explicitly in terms of those constants and 

a, 6, ... , X, 2 /, ... . 

Thus, if we adopt the notation K {a, ...)^(aj, ?/, ...)^ 

denote a covariant of degree i and order m, the fact of its 
being a covariant is expressed by 

7^ (A, i?, . . .)* (X, F, . . .)^ = K (a, 6, . . .)' {x, y , . . .)^. 
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All this applies as well to irrational and fractional covari- 
ants as to those which are rational and integral. 

If the covariant is rational and integral we can at once 
draw the conclusion, as in § 24, that the index (ip-w)/? cannot 
be fractional. It is perhaps well, however, to adopt a different 
order, and by introduction of the idea of iveight to ascertain 
first the import of the integer, or zero, to which it is equal. 

38. Weight in the case of a binary quantic. As in § 25, 
the weight of a coefficient in the binary ^-ic 
(^0, ... a^) {x, yf 

is its suffix. For present purposes we do best to say further 
that X and y have weights 1 and 0 respectively. This is in 
accordance with the idea developed in § 25 that weight 
measures dimensions in a suppositious kind of quantity of 
which x/y contains x/y units, and in which 
being of 1, 2, ... ^ dimensions in the values of x/y which make 
the quantic vanish, are of 1, 2, ...j> dimensions respectively. 

With this enlarged conception of weight wo may see as 
follows that K (^Q, ... (x, a covariant of the binary 

29-ic, is of constant weight f {ip + w) throughout. 

As in § 26, take for scheme of linear substitution the 
particular one 

03 = A, 2/ = X F, 

of which the modulus M is A. If 

(A„ A,, ... A,) (Z, Yy 

is the transformed quantic, the values of A^, A^, ... A„ are 
now (Xqj ^ 1^5 ••• as in § 26, every product of 

powers of Aq, A^, ... is the same product of powers of 
aj, ... multiplied by A raised to a power whose index is 
the weight of the product. Moreover, every product Z*‘ F®^“’‘ 
of powers of X and F is equal to i.e. to the 

corresponding product of powers x'y^^'' multiplied by a 
power of A whose index is the weight of the product di- 
minished by tsT its order. Thus in the identity 
K (Ao, A„ ... A,y (Z, F)- = AH‘>-) Z K, ... aj {x, y)-, 
every term on the left is, for this substitution, the correspond- 
ing term in Z ... {x, y)^ multiplied by A^~®, where 

10 is the weight of the term. The identity then tells us that 
for every term 

so that w = i {ip + tsr) for all terms. A covariant is then 
isobaric. 

So far this applies to irrational and fractional as well as to 
rational integral covariants. 



39] WEIGHT A POSITIVE INTEGEE 48 

39. For rational integral covariants the weight is a sum of 
positive integers, and is therefore itself a positive integer. 

Thus -I {ip + tsr) is necessarily a positive integer. 

It follows that the index of the power of M in the equality 
expressive of the covariancy of a rational integral co variant 
is integral, or zero, for it is 

k (ip—'®’) = \ == iv — 7sr^ 

i.e. is the excess of one positive integer over another. 

Moreover it cannot be a negative integer. For, v.^ being 
the weight of the covariant, 'io — 'bj is the weight of the 
coefficient of in the covariant, and this coefficient being 
a rational integral function of a,), (Xg, ... whose weights 
are zero and positive, cannot have a negative weight. 

This assumes however that in a covariant of order bt the 
term in must necessarily occur. This is the case. Were 
it otherwise the co variant would have y for a factor. Now 
were it possible for yF (a, 6, . . . , y) to be a covariant we 
should have, for any linear substitution whatever, 

YF{A, JS, ... , X, Y) = F(a, oj, y\ 

which would necessitate that FF(J., 5, ... , X, F, ...) have y, 
i.e. VX +m'F, for a factor, whatever m' be. Now this is 
an absurdity, for F F(J., J5, ... , X, F) has only tzr linear factors. 

From the fact that — ts-) is integral, or zero, we draw 
at once the conclusion that ip and tjj must be either both odd 
or both even. Hence arise the following theorems. 

(1) JXo binary quantic of even order p can have a covariant 
of odd order ist. 

(2) No covariant of a binary quantic can be of even degree 

1 (in the coefficients) and of odd order ts7 (in the variables), 

(3) No covariant of a binary quantic of odd order p can be 
of odd degree i and even order isr. 

In particular, from (1) and (2) no covariant linear in the 
variables can belong to a binary quantic of even order, or be 
of even degree in the coefficients. 

Ex. 1. Every term in every coefficient of any covariant of a binary 
2 y-ic must contain one or more of the first r coefficients ... 

of the p-ic as a factor if 2 ir > z/? -f isr. 

Ex. 2. Every covariant of degree i and order w must vanish for 
a binary p-\c which has a linear factor raised to the rth power if 

2 ir > ip -f OT. 

Ans. Take the factor for Y, 

Ex. 3. Every term in the coefficients of ... 

in a covariant of order bet and degree i of a binary p-ic must contain 
at least one of ... as a factor if ir— — w). 
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Ex. 4. If the coefficients in a binary p-ic have such values that 
the i^-ic has a linear factor raised to the rth power, a covariant 
of degree ^ and order must have that factor to the pth power, 
where p = tV— - st). {Cayley.) 

Ex. 5. If the degree i and order t*j of a covariant of a binary p-ic 
are connected by the relation — 0, show that the covariant can 

only be the ith power of the 7 >-ic, or a numerical multiple of that tth 
power. 

A 71 S. The coefficient of i. e. must be a\ for its weight 
must be zero. Also by Ex. 4 the tth power of every linear factor of 
the p-ic must be a factor of the covariant. 

Or thus. The zth pow(‘r of the p-ic is a covariant ; and there 
cannot be another covariant with for its first term, as otherwise 
by subtraction a covariant with y for a factor could be formed. 

Ex. 6. If the coefficient of the highest power of x in a covariant of 
tlie general binary ^^-ic is known, the order w is determinate, and 
the covariant unique. 

40. Weight in general. With regard to a qu antic in q 
variables x, y, z , the estimation of weight explained in 
§ 27 requires the supplementary idea that x, y.z,,,., all the 
variables except the last one g), have weight unity, while co is 
of weight zero. This being so the weight of the ^-ary ^-ic is 
p throughout. The examination for weight of a covariant 
of degree i and order tD- proceeds exactly as in § 38, by 
the method of § 28, The conclusion is that the weight 
tv is constant throughout the covariant, being given by 

^w-vs _ gQ ^ -erj/g. 

This applies to covariants which are not rational and 
integral as well as to those which are. For rational integral 
covariants we have the further fact that tv is a positive integer, 
and consequently that tu—'ST=: {ip — w ) /g is an integer or zero. 
Moreover that it cannot be a negative integer is proved exactly 
as in § 39, by showing that the terms free from w in a covariant 
cannot all be absent. 

Ex. 7. If the terms free from co in a covariant are known, the 
covariant is unique. 

Arts. Otherwise a co variant with co for a factor could be 
formed. 

Ex. 8. If tsT = so tliat V) = tsr, the coefficients of the terms free 
from CO in a covariant involve only the coefficients of the terms free 
from CO in the p-ic. 

Ex, 9. In this case of ot = the terns free from co in a covariant 
of a g-ary g^-ic constitute a covariant of the (g— l)ary g?-ic, obtained 
by replacing co by zero in that g-ary jp*ic. 
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A'iis. Apply a linear substitution which leaves co unaltered and 
expresses the other variables x, ?/, xj/ linearly iu terms of 

Y, , 'J'. The terms free from co are then transformed by 

a (^ ~ 1 )ary substitution. 

Ex. 10 . Hence, bypassing in succession to (<7 — 2 )ary, (<7 — 3)ary, ... 
binary ^;-ics, deduce from § 39, Ex. 5, that a covariant of the 
^'-ary j 3 -ic for which zs ^ ip has for its term in x alone or 

a numerical multiple of this. 

Ex. 11 . Hence, by returning in succession from a binary, to a 
ternary, a quaternary, ... and at length a ^-ary, ^-ic, show from 
Ex. 5 and Ex. 7 that a covariant, of a < 7 -ary ^-ic, for which ot = ip, 
can be only the tth power of that (^-ary ^j-ic, affected at most by 
a numerical multiplier. 

41. Absolute eovariants. An ahsolnte co variant is one 
which is exactly equal, without any factor which is even 
a power of if, to the same function of the coefficients and 
variables in the linearly transformed quantic. Thus, if the 
function K be an absolute covariant, we must have, in the 
identity 

K {A, 5, . . .)^ (Z, F, , . .)^ = if K (a, h , . . .)' {x, y , . . .)^ 

= 0, i.e. 

Now 'It;— OT is the weight of those coefficients in the co variant 
which multiply products of the variables whose weight is -sr, 
i.e. products into which the last variable w does not enter. 
The only rational integral absolute co variants are then those 
in which the coefficients of products of the variables into 
which the last co does not enter are of zero weight. In par- 
ticular, for a binary quantic, the coefficient of must be 
a function of zero weight of and so must be 

a mere power of or a numerical multiple of such a power. 
In § 39, Ex. 6, it has been seen that such a covariant can only 
be a numerical multiple of a power of the binary quantic of 
which it is a co variant. And in § 40, Ex. 11, the correspond- 
ing fact has been given for quantics in general. Thus powers 
of quantics are the only rational integral absolute covariants 
of those quantics. Further light will be thrown on this fact 
in future chapters. 

Fractional absolute covariants may, however, bo seen to 
exist, as were fractional absolute invariants in § 29, whenever 
there are two or more distinct integral covariants, powers of 
the same covariant not being regarded as distinct, for each of 
which ip—'UT does not vanish. If, for instance, K and K' are 
two covariants of a g-ary p ic, whose degrees are i, i' and 
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orders uj, ct' respectively, and if {jl is the least common multiple 
of the integers — then the ratio of 

is an absolute covariant. 

For example, it will be seen later (§ 45, Ex. 13) that the 
binary cubic 

{a, h, c, d) {x, yf 

has, besides its quadratic covariant (§ 7, Ex. 8) 

{ac — l)^) + {ad — he) xy 4- (hd — c^) y^, 

a cubic covariant 

{a‘^d — 3 ahe + 2h^) 0 (y^+ ,,, . 

For these two covariants ^{vp—'sr) has the values 2, 3 re- 
spectively. The cube of the first divided by the square of the 
second is then a fractional absolute invariant. 

42. Limit to the number of independent covariants. A 
limit to the possible number of independent covariants and 
invariants of a binary quantic may be found as follows. 

In the equations of linear substitution 

OJ = ZX + mF, y = VX + m'Y, 
in the expression for the modulus 
M = InY 

and in the + 1 equations, in the two sets of coefficients and 
I, m, l\ m\ which are obtained by expressing the identity of 
(Ao, Ai, ... A^) (X, Y)^ with {a^, ... a,,) (oj, yy\ 

i.e. with (rto, a^, . . . a^,) {IX -f mF, I'X + m'F)^, 
we have altogether p + 4 relations connecting the old and new 
coefficients, the old and new variables, the modulus AT, and 
I, m, m\ The elimination of these last four leaves exactly 
p independent relations as all that can connect only the old 
and new coefficients and variables and M. 

For instance, the first three equations 

X = ZX + mF, y = VX -fm'F, M = Im'—Vm^ 
suffice to determine three of I, m, l\ m\ the last three say, in 
terms of the fourth I and x, y, X, F, AT, and lead to no relation 
free from I, m, V, m\ The expressions for m, l\ m' inserted 
in the remaining 2 ^ + 1 equations, produce from them p + l 
equations involving one unknown ?, the old and new co- 
efficients and variables, and M, By elimination of I from 
these, exactly p independent relations in coefficients and 
variables and M follow. 

Now if there were more than p independent co variants, 
including the quantic itself and invariants, there would be 
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more than p independent relations in coefficients and variables, 
old and new, and M ; viz. the more than p equalities of the 
several co variants and invariants, multiplied by proper powers 
of M, to the same functions of the new coefficients and variables. 
The number p is then a superior limit to the possible number 
of independent covariants and invariants of a binary ^-ic. 

As a matter of fact p is not only a superior limit to the 
number of algebraically independent co variants and invariants, 
but the exact number of a complete system. The present 
however is not the stage at which to prove this important fact. 

The warning of the latter pai't of § 30 should be repeated. 
When p co variants and invariants, algebraically independent 
of one another, are known, any other covariant or invariant 
is a function of them. But this does not imply that, when p 
independent rational integral co variants and invariants are 
known, all others can be expressed as rational integral 
functions of them. There may be others that are irreducible 
in the sense of not being expressible as rational integral 
functions of simpler irreducible covariants and invariants ; 
and except for the values 1 and 2 of this is in fact the case. 
Thus for the binary cubic p = 3, but, when the three inde- 
pendent covariants and invariants, all covariants in fact, of 
lowest degrees in the coefficients have been found, there 
proves to be a fourth, an invariant, which, though of course 
a function of them, is irreducible in that it cannot be expressed 
rationally and integrally in terms of them. So too for the 
binary quartic p = 4, but there prove to be five irreducible 
covariants and invariants. For the quintic, ^ = 5, the facts 
are even more striking. All covariants and invariants are 
functions of the five independent ones of lowest degrees. But 
there prove to be as many as eighteen other covariants and 
invariants which are irreducible, in that they are not rational 
integral functions of the five, or of those five and others of as 
low degrees as themselves among the eighteen. 

Kemember that in this enumeration, and always, we count 
a quantic itself as one of its system of covariants. 

43. We have here for clearness adopted a different order 
of reasoning from that applied in § 30 to invariants alone. 
There we first found a limit to the number of independent 
absolute invariants, and deduced conclusions as to the number 
of independent invariants not necessarily absolute. Here the 
idea of absolute covariants and invariants is made the subse- 
quent one. In all cases there is one absolute covariant, 
namely the quantic itself. We have also seen (§§ 41, 29) 
that there is no other rational integral absolute covariant or 
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invariant. For the linear quantic, = !» there is no other 
independent covariant or invariant whatever, and consequently 
no other that is absolute* For higher binary quantics, p>ly 
there cannot be more than2>— 1 independent absolute co- 
variants and invariants. Otherwise a complete system of 
p independent covariants and invariants would be absolute, 
and consequently all covariants and invariants would be 
absolute. But for any value of p exceeding unity there is 
(§ 15) a non-absolute invariant, the discriminant. 

44. Co variants of two or more quantics. With regard to 
covariants of two or more quantics in the same variables, 
the methods of the earlier articles of this chapter yield, in 
a manner analogous to that of §§ 31 to 33, conclusions of 
which a summary follows. 

Such a covariant is, as in § 35, either homogeneous in the 
variables or a sum of covariants which are homogeneous in 
them. Those which are homogeneous in the variables — of the 
same order throughout — form a complete system. 

A covariant homogeneous in the variables may or may not 
be homogeneous in the coefficients of the various quantics 
severally and collectively. If, however, it be not so homo- 
geneous, it is a sum of covariants every one of which is 
homogeneous separately in the coefficients of each quantic, 
and of course therefore in the coefficients of all the quantics 
collectively. Covariants, then, which are throughout of con- 
stant partial degrees in the various sets of coefficients, and 
therefore of constant total degree in all the coefficients, form 
a complete system. This is seen as in § 33. 

If ^ 1 , •••Pr are the orders of r g-ary quantics, the factor 

by which a covariant of order -cr and partial degrees ...i^ 
in their coefficients respectively has to be multiplied to be 
made equal to the same function of the variables and co- 
efficients in the linearly transformed quantics is 

ilf 

where M is the modulus of the linear substitution, and 
2 . ip = i^p^-\-i^2h + ... 

The whole iveight of the covariant is constant throughout, 
and exceeds the index of this power of M by ot, i.e. is 

{^.ip + {q^l)w}/q. 

If the covariant is rational and integral this weight must 
be a positive integer, and consequently the index 

-u; — tsr = {2.ip — 'crj/g 

is not a fraction. It is, moreover, not negative, being the 
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weight of those coefficients in the covariant which multiply 
products of the variables in which the last w does not occur, 
which coefficients cannot all be absent, as no covariant can 
have CO for a factor when the coefficients in the quantics are 
general. 

45. Covariants productive of other covariants and invari- 
ants. At this point it may be well to prove an important 
fact, which, stated for the moment without complete generality, 
is that any invariant or covariant of a covariant of a quantic 
is an invariant or covariant, as the case may be, of that quantic 
itself. 

Let ((X, 6, ...) {x, 2 /, ...)^ be the quantic u, in any number of 
variables, in its untransformed shape, andlet (A ,5,...) (X, F,. . .y 
be its linearly transformed shape. Also let {a\ h\ . . .) (x, 2/? • • 
be a covariant of u, so that a\ are functions, of degree 
i say, of the coefficients , and let A\ B\ ... be the same 

functions respectively of We have simultaneously 

the identities 

{A', B\ ...) {X, Y, ...r = (a', h ', ...) {x, y, 

If then K {a\ h\ ,..Y{x, y, is a covariant, or invariant 
in case = 0, of the covariant (a\ {x, 2/, ...)^> we have 

KiA\B\...r(X,Y,.,.r 

= tt', (a:, 1/, 

and consequently, in virtue of the homogeneity of the co- 
variant Ky 
K(A\ 

_ + J{ ...y'(X, y, 

= K (a', b',...y'(x, y, 

which, since a\ are functions, of degree i, of ayby.., ^ 
and A\ B\ ... are the same functions respectively of A, jB, ... , 
shows that K {a\ 6', .••)' ^ function, of degree i% 
and order -cr', of a, 6, ... , a?, 2/, ... which, when multiplied by 
the power of the modulus My becomes the same 

function of J., .B, ... , X, F, ... . It is then a covariant of or, 
in particular if za' = 0, an invariant. 

It will be at once seen that only brevity of writing has been 
secured by attending to but one covariant (a', ...) {Xy 2 /, ...)^ 

of but one quantic u. The argument would have been exactly 
the same if we had been dealing with more given covariants 
than one of a quantic, or a given covariant or covariants of 

1431 E 
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more qualities than one in the same variables. We may state 
in fact the general conclusion, to which the method leads us, 
as follows. 

Any covar iant y or in particular invariant ^ of any covariant ^ 
or system of GovariantSy of any quantic, or bystem of quantics 
in the same variables, is a covarianty or in particular in- 
var iant, of that quantic or system of quantics. 

Ex. 12. The binary cubic (a, 5, c, d) {x, yf has the covariant 
(§ 7, Ex. 8), its Hessian, 

{ac — lP)x^ + {ad—hc)xy ■\-{hd — 
which has the invariant (§ 7, Ex. 1) 

{ad-^hcY^i (ac — h“) {hd—c’^). 

This then is an invariant of the cubic. It is its discriminant. 

Ex. 13. Find a covaiiaiit of degree 3 and order 3, the cuhicovariant, 
of the binary cubic. 

A 718 , {a\l — 3 ahe -f 2 5^, ahd — 2 ac^ -f- b'e, — acd + 2 b\l — hc^y 

— ad^ -j- 3 bed — 2 c^) {x, yf, 

the Jacobian of the cubic and its Hessian. 

Ex. 14. Show that the binary quintic (a, b, c, d, e,f) [x, yf has 
an invariant of the twelfth degree. 

Ans, The discriminant of the canonizant. (Cf. § 17, Ex. 20, 
and Ex. 12 above.) 
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COGREDIENT AND CONTRAGREDIENT QUANTITIES. 


46. Before proceeding to the further definitions and prin- 
ciples on which most of the propositions of this chapter are to 
rest, we here first investigate a fruitful method, whose con- 
nexion with them will be seen later, for the derivation of 
invariants and covariants of binary quantics, and binary 
quantics only. 

The linear transformation of two variables, 

= + ... ( 1 ) 
leads, as has been seen in § 10, to the equalities of diflerential 
operators 


'bX 'bx by^ 

b b ,b 

sy = “55+”s;') 


... ( 2 ) 


where on the right the operation is on any function of x and 
2/, and on the left it is on the function of X and F, which is 
equivalent to that function of x and y in virtue of (1). 

Now the equalities (2) may be written 


(InY ^l^m) — 


7 ^ ^ \ 




bY 

b 




...(3). 


Thus, except for the factor Im' — I'm, i. e. M, the symbols of 
operation b/by, —b/bx are transformed by the same scheme 
of linear substitution as are the variables x, y. 

Thus y) is any homogeneous function, of order m say, 

of X and y, and if F{X, F) is what this becomes when the 
substitutions (1) are made for x and y in it, we have not only 

F{X,Y)=f{x,y), 

but also 


E 2 
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where the operations on the right and left are on any function 
of X and y, with or without other arguments independent of 
00 and y, and on its equivalent in terms of X and Y obtained 
from it by means of (1), respectively. 


47. Let us now apply this fact to covariants of one or more 
binary quantics. If d) (a, 6, . . . , x, y) and yjr (a, x, y) are 
any two covariants oi the quantic or quantics — either or both 
of them may be in particular the quantic itself, or one of the 
quantics — of orders o-, m in x and y, and of weights 
respectively, we have (§§ 37, 39) 

0 (A, B , ... , X, Y) = b , ... , x, y), 

and yjr (A, J5, . . . , X, F) = (a, ir, y). 

We have consequently also, by the preceding article, 




3 

57 ’ 




7>X 






and 

whence it follows that by operating with either one of this 
last pair on either one of the immediately preceding pair, left 
on left and right on right, we get a covariant identity. 

All the four conclusions are really contained in the one 


<j>(A,B,...,^, -^^)rir{A,B,...,X,Y} 

for 0 and 0- may be interchanged, or may be identical. 

Thus the result of operating in this way with any covariant, 
or one of the quantics, on any co variant, or one of the quantics, 
is a covariant, or invariant, unless it vanishes. It will 
certainly vanish if nr the order of 0 exceeds w' that of 0. It 
will be an invariant, unless it vanishes, if -cj = nr\ It will be 
a covariant, unless it vanishes, if nr is less than nr\ 

The exact powers of M in the above are not essential to 
the argument. It is of interest, however, to verify that the 
power in the conclusion is what it should be in accordance 
with §§ 37, 39. In the operating factor on the right the 
weight of the coefficient of {^/^y)^ is w--nr, while in the 
factor operated on that of the coefficient of y^' is w\ Also 
the order is nr — nr, Thus the index of the power of M should 
be (§ 39) 

w~nr+w^—{nr''-~nr)j 
i.e. w + w' — nr\ as is the case. 
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48. Invariants of the second degree. One of the most 
interesting conclusions from tlie above is that every binary 
quantic of even order has an invariant of the second degree. 
For operate on the binary p-ic 

K, %,a2,...ap) {x, yY 

with the result of putting for x, y in itself, i.e. 

(a^, ; Up) {^/^y, - '^/'bxY. 

We thus get, after division by !, that 

(i,a^ 4- ^ ... 

+ ( - 

is an invariant unless it vanishes. 

It vanishes if is odd, as the first and last, second and last 
but one, &c., terms in that case cancel. If, however, p is even 
it does not vanish, but the last term is a repetition of the first, 
the last but one of the second, and so on till the middle term, 
which stands alone. Thus, halving, and replacing 2 ) by 2 ft, 

we see that if ( ^ j denotes the number of combinations of 

2n things v together, 


+ ( - + ( - 0” I < 


is an invariant of the binary 2'R-ic 

K. «i. «2. ••• «2») yf"- 

In particular the binary quadratic, quartic, sextic, &c., 

(«, h, c) {x, yf, (a, h, c, d, e) {x, yf, {a, h, c, d, e,f, (j) {x, yf, &c. 
have respectively the invariants of the second degree 
ac — 6^, 

ae — 46c? + 3c^ 
c(g- 0bf+ IBce— lOcP, 

&c., 

of which the first two have been obtained earlier. 


49. Two different binary quantics of the same order have 
in all cases, whether that order be even or odd, an invariant 
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of the first degree in the coefficients of each qiiantic, and so of 
the second degree on the whole. If the two quantics are 

and (&o, 

this joint invariant is in fact 

(0!/Q5 Ctjj ^^25 ••• (^0’ ^2’ **' ^3^) 2/} 5 

which, divided by p !, is seen to be 

«o -P^l ^-1 + -y" -- ... 

+ (— + ( ~ 

This is called the lineo-lineav invariant of the two binary 
p-ics. 

Of the result Exx. 2, 4 of § 7 are particular cases. 

We notice that the results of the preceding article are 
correctly given from this one by making the 6’s the same as 
the a’sj i.e. by making the quantics the same. 

We also notice that for an even order p the joint invariant 
obtained here for two p-ics is the intermediate (§ 19) between 
the invariants of the second degree of the two p-ics. 

These two observations illustrate the fact that we can 
either pass from invariants of one quantic to those of two of 
the same kind and order, or from those of two quantics to 
those of one, but that the information given by two quantics 
as to one is complete, while that given by one as to two is 
not so. 

Ex. 1. Employ § 47 to find the invariant ace-\-2hcd — wX^ — hh—c^ 
of a binary quartic by aid of the quartic and its Hessian (§ 11, 
Ex. 16). 

Ex. 2. Find the invariant of degiee 4, the disci'iminant, of a binary 
cubic by operating with the Hessian on itself, or again by operating 
on the cubic with its cubicovariant (§ 45, Ex. 13). 

Ex. 3. Prove that 

(a, h, c, d) ■ {(«, h, c, d) {x, yf]^ 

is — 108 times the cubicovariant of the binary cubic. 

Ex. 4. The invariants of the second degree 

ac—6^, ae'-’ibd+ Sc\ a^— 66/+ 15ce— lOd^, ... 
of binary quantics of even order, are linear functions of determinants 
chosen from among 

а, 6, c, d, e, ... 

б, c, d, e, /, ... 


{Cayley,) 
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Ex. 5. The lineo-linear invariant of tlie x- and y- first differential 
coefficients of a binary quantic u of even order is the invariant of the 
second degree of u» {Cayley*^ 

(N.B. — The function obtained in the same way from a binary 
quantic of odd order is not an invariant.) 

Ex. 6. Two binary qualities of different orders jp, {p have 
a CO variant of order — whose coefficients are lineo-linear. 

Ans» The result of operating with the second on the first. 

Ex. 7. In particular two binary quantics of orders p, have 

a linear covariant, in the variables, which is also linear in the 
coefficients of each quantic. 


50. Another result of the close resemblance in form between 

the schemes (1) and (3) of § 46 is obtained by making (3) 
operate on any binary quantic u. We thus get that, when 
formulae give x and y linearly in terms of X and F, the 
same formulae give M'bu/^y and in terms of 'bu/'dY 

and — 'bu/'bX, It follows that if in any covariant of a binary 
quantic Uy homogeneous as usual in the variables, 'bu/^y and 

— bu/bx Sire substituted for x and y another covariant of 

is obtained. This theorem is Sylvester's, having been over- 
looked by Boole, who had given the more far-reaching kindred 
theorem of § 47. 

Ex. 8. If in a binary quantic u we replace x and y by bu/by and 

— bu/bx, we obtain the product of u and a covariant, {Salmon.) 

Ans. That -w is a factor we may see as follows. The values of 
X, y which make u = 0 make 

bu bu ^ , bu bu 

0, i.e. make — : ^ — = x:y, 
bx by by bx 

so that w, a homogeneous function /(cc, y), is a factor of 

^/bu bu\ 

Ex. 9. Hence obtain the cubicovariant of a binary cubic. 

51. Cogredient quantities. If two equally numerous sets 
of quantities, a?, y, 0 , ... and x\ y\ z\ ... are such that, when- 
ever one set x, y, ... are expressed in terms of new 
quantities X, F, Z, ... by any scheme of linear substitution, 
the second set x', y\ z\ ... are expressed in terms of other new 
quantities X\ F', Z'y ... by the same scheme of linear substitu- 
tion, the two sets are said to be sets of cogredient quantities. 

For instance, the coordinates of two points in a plane, or 
in space, are cogredient sets of three, or four, quantities. 
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Again, in § 46 it has been shown that, but for the factor JIf, 
'b/'by and — are cogredient with x and y. 

Once moi’e, if the binary ^;-ic 

a.^,.,.ap) {x,yY 

is regarded as a product of p factors 

i^Vi-^iy) ••• i^Vp-^py)^ 

so that xjy^, **^^p/yp are the roots, and 2/i » 2 / 2 ’ ••• 2/i> 

jnay in fact be chosen arbitrarily subject to 2 /i 2 / 2 **• 2/^ = 
and if the quantic is linearly transformed by taking 
cc = 2Z + mF, y=.l'X-vm'Y, 

into one of which XJY ^, ... X^,/Yp, say, are the roots, 

we have 

0*1 _ ZZ,/Fi + m _ IX^ + mY, 
y, ~ l'X,/Y, + 77/ ” I'X, + m% ’ 
so that without impropriety we may take 

ojj = ZZj + mFj, 7/i = rX^ + m'Fp 

and similarly for other suffixes 2, 3, ... We have then, in 
the language of the present article, x^, y -^ ; x^^ y 2 \ y^ 

cogredient with a?, y. 

52. Emanants. Some functions have the covariant property 
with regard to a quantic or set of quantics, though they 
involve, not only the coefficients and variables in the quantic 
or quantics, but also a set or sets of quantities cogredient 
with those variables. Allowing ourselves some freedom of 
expression, when no confusion can arise, we may designate 
such functions covariants. We proceed to the consideration 
of a very important class of co variants of this kind. 

Let be a ^7-ic in the q variables x, y^z, . The functions 



for values of the positive integer r from 1 to p inclusive, are 
defined as the first, second, ... , pth emanants of u. There 
would be some convenience in defining the 7’th emanant 
rather as the above expression multiplied by the numerical 
factor {p — r) ! /p !, but there is no real importance in this, as 
a numerical multiple of a co variant is of course a co variant 
not distinct from it, and as we have as yet introduced no 
convention as to the best numerical multiple of a function, 
found to have the property of an invariant or co variant of 
any quantic, to denote by a letter and speak of as that 
invariant or covariant. Moreover, the simplest form is given 
to general conclusions by use of emanants as written above. 
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Inconvenient numerical factors in any conclusions with regard 
to quantics of particular orders can be rejected when the end 
is reached. 

The ^9th emanant is p\ times the quantic u itself with 
ic, 3/, 0, ... replaced by x\ y\ z\ .... For values of r exceeding 
'p there are no emanants, as l)th ditferential coefficients 
of u vanish. 

That the emanants of Vj are absolute covariants in the 
extended sense is readily seen. If wo have 

x^lX -VTiZ 

y = VX 


and 


aj' = Lr +mr + ... 

}/ +m'r A-n'Z' -f ... 

= + ... 


then, since 




a 




= ?7l r 1- m' + 7/^ r h 

cx OX oy oz 

<) <) , ,, c) 

oZ Ox ^y oz 


where on the right the operations are upon any function of 
Xi y, z, , with or without x\ y\ , and on the left they 
are upon the equivalent of that function expressed in terms 
of Z, F, Z, ... , with or without X\ Y\ Z', ... , we have 


+ {I'X' + m'F + n'Z' + ...)^ + {V'X' + m"Y' + n"Z' + . . .) A + . . . 

/ ^ , c) , ^ 


Hence by successive operations on u, any quantic in 
ir, 3/, 2?, , . . , or indeed any function of those variables, the 
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operations on the right and left being upon its original and 
transformed forms respectively, 






, a 




, 5 

\ '^y \ ^ ■ 

i!^x oy oz 


{X' 




xr/ ^ x*- . , s , a , a x’ 


&c., &c. 




u, 


Thus the emanants are all absolute co variants. 

It may be noticed that the emanants may be otherwise 
expressed. Thus 



c\X 



+ 





where u' is what u becomes when in it x\ y\ z\ ... are put 
for X, y, z, , This follows at once from the fact that either 
side is the coefficient of V‘ in the expansion in powers of t of 
f{x^tx\ yi-ty\ z + tz ', ...), where/(cr, y, z, ...) is u. 


Ex. 10. Prove that the emanants are ah&olute covariants by 
identifying the results of replacing in u 

X, y, z, ... by x^tx\ y\iy\ z^-iz\ ... , 
and X, r, ^, ... by .... 


53. Geometrical aspect of emanants. The process of find- 
ing emanants is sometimes called the polar process. The 
student of geometry will notice that the theory of emanants, 
with regard to ternary and quaternary systems, is that of 
polar curves and surfaces. 

Thus if the ternary ^-ic n is taken as representing a curve, 
when equated to zero, its first emanant equated to zero 
represents the first polar curve of a point x\ y\ with regard 
to u, i. e. a certain curve of order y? — 1 which possesses the 
property, among others, of determining by its intersections 
with it all the points of contact of tangents from x\ y\ z\ 
The second emanant is in like manner the criterion of the 
second polar curve of x\ y\ z\ i. e. of the first polar curve with 
regard to the first polar curve ; &c., &c. 
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That the emanants are covariants is the expression of the 
fact that the various polar curves of a point with regard to 
a curve are the same, for the same point and the same curve, 
in whatever system of point-coordinates the curve and point 
are taken as expressed, and to whatever axes or triangle of 
reference they are referred. 

In like manner, with regard to quaternary qu antics, the fact 
that the emanants are covariants is the fact that the polar 
surfaces of a point with regard to a surface are the same 
surfaces whatever be the reference. 


54. Geometry of binary systems. The occasion is a good 
one for a geometrical consideration of binary systems. Their 
geometry may be regarded either as that of ranges of points 
on a line or of pencils of lines through a point. To begin 
with we adopt the former aspect. 

Let a and h be two fixed points of reference on a straight 
line, P any point on that line. Let x and y 
^ ~ — - — denote \aP and jibB respectively, where X 
and y are constants. Take A and B two 
new fixed points of reference on the same line, and let 
X and Y denote XAP and yBP respectively, where X', y are 
new constants. Suppose that a divides AB in the ratio r : 8 
and that h divides it in the ratio p : o*. Then 

(r + s) aP — sAP 4- rBP^ (p 4- a) hP = (tAP 4- pBP, 


so that 


r + 8^ \ y ^ ^ p + <r^X y ^ 


Now these may be identified with 

a3 = ZX+mF, y = VX^m'Y, 

by proper choice of r/s, r'/s', X', y in terms of I, m, l\ m' and 
X, y, provided that Im' —I'm does not vanish. 

Thus the most general linear substitution for x and y is 
equivalent to the change of the reference of points {x^ y) to 
new fixed base points, and the adoption for the new co- 
ordinates (X, Y) of new constant multiples of the distances 
from those new base points. 

A binary pAo, ]*epresents a range of p points P. {x\ y') is 
an additional point P' on the line of reference. The first, 
second, &c. emanants are first, second, &c. polar ranges of 
p—l, 2, &c. points on that line. The property of co- 
variancy belonging to the emanants is the expression of the 
fact that the polar systems of points are systems of points 
having to the p points and the additional point P' a 
geometrical relationship quite independent of the reference, 
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i. e. of the base-points a, h and the multipliers X, //. For 
instance if ^ = 2 the first emanant specifies the harmonic 
conjugate of P' with regard to the two points u. This can 
be constructed without any use of the points a, or of 
metrical geometry. 

55. Or we may adopt a strictly correlative geometrical 
representation. We may regard a binary jo-ic, equated to 
zero, as representing p straight lines through an origin, taking 
the ic, y of any line through the origin as given constant 
multiples of the sines of the angles which that line makes 
with two fixed lines. We may take as new lines of reference 
any other pair of lines through the origin, and adopt for the 
Z, F of the line x, y any new constant multiples of the sines 
of the angles which it makes with the new lines of reference. 
The substitution for x, y in terms of Z, F is readily seen to be 
the most general linear substitution, in virtue of the two 
degrees of arbitrariness involved in the choice of the new 
lines of reference, and the two degrees of arbitrariness in- 
volved in the choice of the multiples. 

A property of covariancy of a function with regard to the 
^-ic is expressive of the fact that the pencil of lines obtained 
by equating the covariant function to zero is a fixed pencil of 
lines, whatever be the lines of reference or the multiples, the 
p-io, equated to zero being a given pencil of lines. In other 
words, the relation of the pencils of lines is one of strictly 
geometrical connexion, of a nature entirely uninfluenced by 
the geometry of other pencils, such as the pencil to the 
circular points at infinity. If the cogredient x\ y' enter, as 
is the case with emanants, there is no difference, except that 
the geometrical connexion of the covariant pencil of lines is 
with the p-ic pencil and the line (x\ y'). 

It will be noticed that the aspect of the geometry of co- 
variants sketched in § 6 differs from that here developed. 
There we looked upon a linear substitution as replacing 
a pencil of lines by a project! vely corresponding pencil, re- 
taining the same reference. Here we look upon the substitu- 
tion as changing the reference, retaining the same pencil. 
There is a corresponding choice when, as in the last article, 
we regard the geometry of binary systems as that of ranges of 
points on a line. 

56. Covariants derived from emanants. From the eman- 
ants of u, themselves, as has been seen, co variants in an 
extended sense, can be derived covariants of u in the ordinary 
sense, i. e. covariants free from the quantities x\ y\ z\ ,,, which 
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are cogredient with the variables. The basis of this fact is 
the following theorem. 

If any of the emanants of u he expanded and arranged as 
a qnantic in x\ y\ ^ any invariant of that qnantic is 
a covariant of n. 

Considered as a qnantic in x\ y\ 0 ', . . . , the rth emanant 



may be written 




yu 


yu 




...) {x\ y', z',...y, 


its coefficients being all the rth partial derivatives of u, and 
so functions of x, y^ z, , for values of r less than p. Its 
transformed form is, as has been seen in § 52, similar, so that 
it may be written 


^yu yu yu 




Now let F (a, b, , Jc, ...) bo an invariant of the qnantic 
(a,b,..., k, ...) {x', y', so that, for some value of fi, 

F{A,B,...,K,...) = M'^F(a, b, ... , k, ...), 
where (A, B, ... , K, ...) {X', Y', Z', is the transformed 
qnantic. We conclude that 


yu yu s 


= Mi^F( 


yu y’u 




yu 


But the function F on the left is the same function of the 
coefficients and variables in the transformed u as the function 
F on the right is of the coefficients and variables in the un- 
transformed for each differential coefficient which occurs 
on the left is the same function of the new variables and 
coefficients as the corresponding differential coefficient on the 
right is of the old ones. Thus 

p/y^b yu yu \ 

W’ ylF^’ ■■■’ 

is a function of the coefficients and variables which obeys the 
definition of covariants. 

We see from this theorem that every invariant of a g-ary 
r-ic gives a covariant of any g'-ary quantic of order p 
higher than r, by taking for the r-ic the rth emanant of 
the ^-ic. 
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Moreover, the identity expressive of the fact of covariancy, 
for any covariant thus deiived, involves as its factor 
exactly the same power of the modulus M as does the 
identity which expresses the invariancy of the invariant 
from which it is derived. In other words, the weight of the 
coefficients of terms free from the last variable to in the 
covariant is exactly the weight of the invariant. The degree 
(in the coefficients) of the covariant is moreover equal to the 
degree of the invariant. 


57. For an example take the second emanant 


dz 


+...)■ 


u. 


Written as a quantic in x\ y\ z\ ,,, this is 




■f ^ y ^ ^ \ ^ 2/ ^ + 

2^y- ^ dydz^ 




+ 


4- . . . 

+ ♦ • • 


and of this the discriminant, which is (§ 15) an invariant, is 






Tix ^y 





lix 'by^ 


'hy'bz^ 




'bx'^Z^ 

^y iz ^ 



the Hessian of u. Another proof that the Hessian is a co variant 
(§ 11) is thus afforded. 

In § 12 we saw that a knowledge that Hessians are covari- 
ants told us in particular that discriminants of quadratics are 
invariants. We now see that the order of reasoning may be 
reversed. Discriminants are invariants by § 15, and therefore 
Hessians are covariants. 

The geometrical aspect of the fact that the Hessian of 
^ ternary quantic is a covariant may be mentioned. In works 
on geometry the Hessian of a curve of order p is found as 
a curve of order 3 (^—2) which has the property of determin- 
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ing the points of inflexion on the first curve by its intersections 
with it. The covariant property tells us that the curve found 
by expressing this fact is the same curve whatever be the 
system of point coordinates or the triangle of reference, i. e. 
that we do not, when employing different references, obtain 
different curves with the one property of determining points 
of inflexion in common, but identically the same curve. 
This fact is fundamental in the proof of Pllicker’s equations. 

Ex. 1 1 . Prove that 

is a CO variant of a binary quantic u of order exceeding 4. 

Ans. Factor M*. Use § 7, Ex. 5. 

Ex. 12. The invariant of the second degree of a binary 27^-ic gives 
a covariant of any binary quantic of order exceeding 2n. 

Ex. 13. Deduce the covariant of a binary quantic found in § 17 
from the catalecticant of a quartic (§ 49, Ex. 1). 

Ex. 14. Write down from Ex. 11a quadratic covariant of a binary 
quintic, and a quartic covariant of a binary sextic. 

Ex. 15. Every binary quantic of odd order 2n-j-l has a covariant 
of the second order and second degree. 

Ans. The invariant of the second degree (§ 48) of its 2^^th 
emanant. 

Ex. 16. Every binary quantic of odd order 2/^4- 1 exceeding 3, 
has at least one linear covariant, obtained by operating on it, as in 
§ 47, with the Tith power of its quadro- quadric covariant (Ex. 15). 
[llermite.) 

Afis. For order 3 the result vanishes. For higher orders it 
does not. To see this let the substitution be adopted which reduces 
the quadro-(iuadric covariant to the form hXY, and the quantic to 
{A„ A,, A,, ... (X, Yr^\ _ 

where A^, A^j ... have consequently to satisfy only 

•^0^271 ^ -1 "h ^ 2 )'^2^2»-2 ~ ^ 

and 

'^l'^2n+l ( 2 ••• ^ 

The linear covariant derived becomes a numerical multiple of 

and = 0, = 0 do not follow from the two conditions 

whenn>l. 
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Ex. 1 7, For the binary quintic this linear covariant is of degree 5. 
Show that there is another of degree 7, and, assuming as suggested by 
§ 48 and proved hereafter that a binary quantic of odd order has no 
invariant of degree 2, that it must be distinct from the former. 

Ans, The Jacobian of the quadro-quadric covariant (Ex. 14) and 
the linear covariant of Ex. 16. 

58. Precisely as in § 56 we see that if we take more 
emanants than one of u, or if we take any emanant or 
emanants of a covariant of u, or if we take any emanants 
of two or more qiiantics u, v, ... in the same variables, or 
of covariants of two or more qiiantics, taking in all of course 
the same cogredient quantities x', y\ 2;', ... , and if we arrange 
them as quantics in y\ 2;', ... , and write down any invariant 
of the system of quantics in x\ y\ 0', ... thus obtained, we 
have a covariant of u, or of the quantics u, v, w , ... jointly. 

Ex. 18. From § 9 deduce § 10. 

Ex. 19. Employ § 49 to obtain covariants of two binary quantics. 

59. Basis of symbolical representation of covariants and 
invariants. For full information as to the system of invariants 
and covariants of a single quantic, it proves to be important to 
have recourse to more quantics than one ; and not to quantics 
in one and the same set of variables only, but to quantics in 
different cogredient sets- of variables. 

We here consider binary quantics only. 

Let x^y y^ and x^y 2/2 be two cogredient pairs of variables, so 
that simultaneously 

= IX^i-mY^y 

2/1 = VX^ + mTp y., = VX, + m'F, . 

We notice that 

2/2 “* ^’22/1 ~ M{X^,^ X.^^y 
where M is the modulus Im —Vm, 

Hence, by § 46, 

^ c) ^ ,-/ c) c) c) c) \ 

W, ^W,Tx,- ^2 

so that is wliut may be called an invariant 

^2/2 ^2/i 

symbol of operation. 

Now let Uy V be any two binary quantics, and let them be 
called Ui, Vj when the variables in them are x^^y^y and ttg, V2 
when they are x^y y2* Also let F; f/j, denote 

their linearly transformed forms. 
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We deduce from the above that, for any positive integral 
value of r, 


(1^ ^ 




5 a 
iy-^ i.t 


r 

r) (% ^’ 2 )> 

2 


X. e. 


a-fj, a>F,_ 

sx/ ■ aF/ aX/-iaFj ' ax,aF/-i •" 


= M>- 


ta.rj- 




r 


a’Uj 

aflji'-iai/i 


aaj^i'y./"* 



In this 2/1 and 2/2 ^^7 cogredient pairs. We may 


in the expanded result obtained make them the same x, 
Thus 


y- 


7>^'U yv yu yv 

aX“-iaF ‘ ax^aF^ 

y'v y'u y'v x 

= < r — • — 4- . t • 

i^x'' ^ 1 /' ^x'dy^' ^ ' ) 


We accordingly have a system of covariants of two binaiy 
quantics 'W^, v. They have already been obtained in § 58, 
Ex. 19, as the lineo-linear invariants (§ 49) of the rth 
emanants of u and v. In particular if p is the order both 
of u and v, the value p of r gives the lineo-linear invariant 
itself, multiplied by {j) 

Again, we may in the expanded result make ih and v the 
same quant ic, and thus got that 


y'n y'u ^ y'u yu 


r(r— 1) y'u y%i 

1.2 

is unless it vanishes a covariant, or invariant if r = p the 
order of u, of factor M'\ For odd values of the result is 
nugatory, in that its first and last, its second and last but one, 
&c. terms cancel against one another. For even values of r 
the last term repeats the first, the last but one repeats the 
second, and so on till the middle term which occurs once 
only. 

These covariants of u have already been obtained (§ 57, 
Ex. 12) as the invariants of the second degree of the emanants 
of even order of u. For r = p, the order of u, we have in 
particular a numerical multiple of the invaidant of the second 
degi'ee (§ 48) itself. 

So far then the method is only another one for determining 
results already known in other ways. It as yet gives us only 

1481 F 
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the covariants and invariants of u which are of the second 
degree in the coefficients. Its convenience is that it suggests 
an expressive symbolization for co variants and invariants, 
and paves the way to a systematic examination of all forms 
which can be covariants or invariants. 


60. Hyperdeterminants. The operator — — 

^2/2 

is denoted by the brief symbol 12. More briefly still the 
covariant, or invariant, of u found above by operating r times 
with this symbol 12 on the product and removing all 

suffixes in the expanded result when the operations have been 

r 

performed, is called the co variant or invariant 12 ol u. 

To get covariants and invariants of the third degree in the 
coefficients of u we may consider the product of three quantics 
^25 whose suffixes imply that their variables are three 
cogredient sets, and operate on the product with 


y y 

/ a 3 

a 3 N 


^2/1 



^ 

thus getting, for positive integral and zero values of r, s, t, 
functions seen as in § 59 to have the covariant or invariant 
property. In the result, after giving to it its fully expanded 
form, we may replace all three sets of cogredient variables 
Vi j ^25 2/2 i 2/3 same set Xj y, and also make u, v 

and w all the same quantic u. We thus get a system of 
covariants and invariants of which may be symbolically 
written 

r .V _ i 

12 . 23 . 31 , 


for different positive integral and zero values of r, s and t. 
These covariants and invariants are all of the third degree 
in the coefficients. It is easy to see the necessary connexions 
of r, s, t and p, the order of u, that they may be invariants. 
Any term in the co variant or invariant is a product of 
differential coefficients of the three factors u u u, the lii’st 
being differentiated as many times as the figure 1 occurs in 
the symbolic product, the second as many times as the figure 2 
occurs, and the third as many times as 3 occurs. Now if the 
expansion is to be an invariant each one must be differentiated 
p times, where p is the order of u. For an invariant then the 
conditions are 


For a co variant one at least of r + s, s + ^ + r must be less 
than pi and none of them greater than p. 
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To get covariants and invariants of the fourth degree in 
like manner we have to operate on products of four quantics. 
The symbolical form of such covariants and invariants is 


12 


4 ’ 




13 14 23 ■“ 24 " 34 




-T. 


24 


r.j 


and the conditions for an invariant are 


+ ^*14 = ^12 + + ^24 = ^*13 + ^^23 + ^34 = ^’l4 + ^24 + r ,^ = 

Similarly formed products involving live, six, &c. figures 
are symbolic expressions for covariants and invariants of the 
fifth, sixth, &c. degrees, derived from products of five, six, &c. 
quantics, eventually made the same. For invariants every 
figure must occur in the same number of symbolical factors, 
and that number must be the order of the quantic of which 
they are invariants. 

Later (§ 89, Exx. 25-28) it will be seen that all invariants 
are linear functions with constant coefficients of those which 
can be written down in this way. The like statement may 
be made as to covariants. 

The method is one by which Cayley made great advances 
in the systematic exhibition of covariant and invariant forms. 
(See, for instance, his collected works, Vol. I, pp. 95-na.) To 
pursue it is outside the limits of the present introductory work. 
For ways of selecting symbolical expressions which do not 
give vanishing results for a single quantic (cf. § 89, Ex. 28, 
and § 131), and for applications to the reduction of systems of 
covariants and invariants, the student is referred to Cayley's 
original memoirs, and to Salmon’s Higher Algebra, The 
method, which is spoken of as that of ‘hyperdeterminants/ 
did not, in its originator’s form, succeed in establishing the 
finiteness of complete systems of irreducible covariants in 
general. That triumph was reserved for another symbolical 
method, having much in common with it, which will be 
referred to in the following articles. 

There is a corresponding theory for ternary and higher 
quantics, which will not be entered into. The student will 
have no difficulty in seeing that, acting upon a product of 
three ternary quantics, . ^ ^ 




A -L A- 




which may be called 123, is an invariant operator. 
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60 (bis). The German symbolism. The Cay ley an notation 
for hyperdeterminants has been very generally replaced by 
another, which is identified with the names of Aronhold, 
Clebsch, and Gordan. This is based on a purely symbolical 
representation of the coefficients in a quantic. A binary 
quantic (c^qj ^ 2 > (^j 2/)^ denoted by (ax + a^yY^ 

looked upon as expanded by the Binomial Theorem. Thus, 
for r = 0, 1, 2, ... p, denotes a,., while aV'* has no 

meaning unless r-ts =p. In order to express products of 
coefficients in one quantic, we have to introduce a number of 
pairs a, a'; 6, b'; c, of symbolic letters, and to say that 
(ax (bx + b^y)^, ((‘x + c'y)^y ... all represent the same 

quantic, so that 6’ ... all mean a^, and, 

for instance, a’’ is the product We, 

in fact, deal in the first place with qualities which may be all 
different, and eventually in interpreting conclusions identify 
them, or such of them as may be given to be the same. 

If, as in § 59, x^, 2/i ^ 2 ) 2/2 cogredient pairs of 

variables, which we presently identify, and if (aXj + 

denote, in the manner just explained, two binary 
quantics in those pairs respectively — quantics which we 

may also presently identify if readily seen that 

A. -i_ A 

^*1 ^2/2 ~ ^*2 

= {aV—cYhy (aajj + -f 


(p^-r)\ (fh,-T) \/ 


where the right-hand member, when expanded, consists of 
terms every one of which is of 2h dimensions in a and a\ and 
of p^ in h and b\ so that only actual products of coefficients 
in the two quantics present themselves, in addition to the 
variables. It is usual, for brevity, to call this right-hand 
member {ahy ^ 

or, after identification of y^ and x^^ y^^ 


(aby 




When only one quantic is really under consideration this gives 
the covariant, of degree 2 in the coefficients, (abYa./~''/j/~'\ 
where a/ and b/ both mean the one quantic. 

In like manner the hyperdeterminant 

r s t 

12 . 23 , 31 

of partial degrees 1, 1, 1 in the coefficients of Uj, u,, is 
a numerical multiple of 

(aby(hGy (cay 
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where Xh^ Vz orders of Ug, ttg. If for these 

qualities the same p-ic is taken, this covariant is 

{ahy{hcy{cay' ft/"""*' 
and is of degree 3 in the coefficients, as 

for every p which enters into its expansion. 

Similarly any hyperdeterminant of a higher degree is, but 
for a numerical factor which it is best to discard, symbolically 
expressed by a product of powers of symbolic determinants 
such as (((6), and of powers of ... , such that the sum of 

the indices of the factors in which a occurs is 2>i, the order of 
the first qu antic «/s the sum of those of factors in which 
h occurs is the order of the second quantic h^'^y and so on. 
If the orders of the quantics are all equal, and in particular if 
the various quantics are all the same, so that 

= e/ = ... , 

the various sums of indices are all equal to p. 

It is impossible for all the hyperdeterminants thus written 
down to bo linearly independent. The study of their inter- 
dependence is usually based on the ‘Jacobian identity ’ 

{hef — Vc) {ax -I- a'y) + (ca' — c'a) {hx + Vy) 

+ (a6' — {cx-\-c'y) = 0, 
i. e. {he) -f {ea) + {ah) = 0, 

which clearly, for instance, enables us to express a symbolic 
product divisible by {hG)a„ as a sum of two other symbolic 
products. Even when we have by use of this identity reduced 
a system of hyper determinants to a smaller system of such as 
are linearly independent so long as and h' h'^-^, for 

instance, mean coefficients in different p-ics, many will still 
remain which become identical, connected, or zero when in 
a final interpretation for the case of one p-ic wo have to give 
to these different products the same meaning. 

60 {tei^). Operational symbolism. There is a variation of 
this Clebschian symbolism which is less entirely artificial. 
Its symbols are not mere umbrae with no meaning in them- 
selves, but denote differential operators. Let us take 


^ ^ 

0 = aj~ + Uo— + ... +a, 






p~i 


so that 


0a^ = 


and, with p + t>py 0P+^aQ = 0. 
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We can then write 

u = K, a„ ag, ... (a?, yV' = + 

Instead of using one such operator 6, let us introduce a 
number of the same form, one for each of a series of quantics 
dealt witli in the first place. The rth of the series is thus 


u, - ((^0^’), a/"), ... (4C) (^> yy^’ = («? + 2/ 


where 



d,. = «!<’•) 


'•) - 

+ ... 

+ 4'/ 

0 

Let 

US say %, 

,, ... instead of 

(X 



The 

proof that 






(Pr 

— r)! (/)^ — r)! 



r 




py-ih'- 



) 

1 

'^2 



is quite direct ; and we can proceed to hyperdeterminants of 
higher degrees as before. 

Identifying the cogredierit pairs of variables, and taking the 
orders Ih we obtain for the numerical multiple of 

r 8 t 

the hyperdeterminant 12 . 23 . 31 , which has been symbolized 
above by {ahy{hcy{cay 

the somewhat more expressive form 

{6.,-e,y{e,-6,y{e,-ej 

(x + (» + 2/^2)"“’'"' (x + %h„r^. 

The expression obtained in this way for any hyperdotcr- 
minant covariant of degree i in the coefficients of one binary 
p-ic may be written 

n - i rn - ♦» — 1 n~t 

n O (* + 2/^ii)*^" ao«o«o ••• (^ factors fto), 


where 6j and its powers act only on the first factor and 

its powers only on the second, and so on. The indices r„,„ 
and w„ are positive numbers or zeros satisfying the equations 

’’l2+''’l3+ +^lj +Wj = p, 

^12 + ’’2.')+---+’’2i +‘^2=P> 


’’i; + ’’2; +•••+’’<-!{ H-Wi =P‘ 
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The order w of this covariant is Wj + + . . . + Wj ; and it 

easy to see that its weight is 

S )■„„ + 2 ^ {ip _ 2 OT„) + 2 

we know must be the case, from Chap. III. 

In this notation the Jacobian identity is 

'0.^-6^){x + y6^) + (dg - {x+y 0^) + {0^ - 6,^ (a; + y ^ 3 ) = 0 . 


61. Transvectants, The invariant or covariant (t6z;), 
rather this multiplied by (p — r)! (// — r)!/p! //l, is called 
e rth transvectant of u and v, in German the rth ‘Uebor- 
hiebung von u liber v,' The process of forming transvectants 
u and V is called transvection* 

r 

In particular the covariant or invariant 12 of u, i.o. the 

r 

variant or invariant 12 (uu), is — r) !}^ times the 

h transvectant of u and itself. 

From two binary quantics u, v, whose orders are j), p\ of 
hich p^p\ are derived ^9+1 transvectants. For, besides 
e values 1, 2, 3, ... of r, the value 0 is also admissible, 
le 0th transvectant of u and v is the product uv. The 
her transvectants of u and v are the co variants, or covariants 
id invariant, which are of the first degree in the coefficients 
u and also of the first degree in the coefficients of t;, and so 
together of the second degree. As has been seen, one is the 
•oduct uv, and the rest may be found from the first, second, 

. , ^)th emanants of u and of v by writing down the lineo- 
lear invariants of corresponding pairs of those emanants as 
§49. 

The 0th transvectant of u and itself is The other 
ansvectants of u and itself arc the covariants of u of degree 
in the coefficients, obtained by writing down the invariants 
the second degree of the successive emanants of u. The 
st, third, fifth, &c. transvectants of u and itself vanish. 

A transvectant, once found, is dealt with as a new quantic. 
I’ansvectants of u and covariants of degree 2, already found 
transvectants, are of degree 3 ; and so on. It is clear that 
f repetitions of transvection we can obtain covariants of all 
sgrees. At any stage we use an operating sjunbol, such as 

-r 

5 , involving two figures only, which refer to two covariants 
ready found, or to one covariant and u. The use of com- 

r s t 

icated hyperdeterminant products 12. 13. 2 3..., involving 
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many figures all referring to u or another fundamental quantic, 
is avoided. 

The symbolic method of § 60 (his) has been brought to bear 
on the theory of transvectants ; and it was by use of it that 
Gordan first obtained a proof of the finiteness of the complete 
system of irreducible covariants and invariants of any binary 
quantic or quantics. 

With regard to a single binary quantic what his researches 
succeeded in establishing is, that all concomitants (this term 
including both covariants and invariants) of n which are of 
the second degree in the coefficients are transvectants of n, vP' 
in particular being the 0th transvectant ; that all of the third 
degree in the coefficients are linear functions of transvectants 
of u and concomitants of the second degree, products of into 
'u? and other concomitants of the second degree being included 
as 0th transvectants ; that all of the fourth degree are trans- 
vectants of u and concomitants of the third degree ; and so on 
from degree to degree. Gordan proved that this continued 
process ceases after a time to give new irreducible con- 
comitants, so that the determination of a complete system 
of irreducible concomitants for any binary quantic is reduced 
to the examination for irreducibility of those which are ob- 
tained as transvectants up to a certain point. 

Ho also proved finite the complete system of irreducible 
concomitants of a number of binary quantics. In the case of 
two quantics u, v the complete system is comprised in the 
complete system of n, the complete system of Vj and a 
terminating system of transvectants of the one complete 
system with the other complete .system. In the case of three 
quantics u, v, 'le, the complete system of concomitants is com- 
prised in the complete system of n, the complete system of 
w, and a terminating system of mutual transvectants of these 
complete systems ; and so on for any number of quantics. 

This great theory should be studied in Clebsch’s Thcorie 
der Bindren Algebraischen Formen, in Gordan’s Vorlesvngen 
iiher Invariantentheorie^ or in Grace and Young’s Algebra of 
Invariants, It lies outside the scope of the present treatise. 

Ex. 20. The Jacobian of u and v is their first mutual transvectant, 
a numerical factor discarded. 

Ex. 2 1 . The Hessian of a binary quantic u is the second transvectant 
of u and itself, but for a numerical factor. 

Ex. 22. The quadratic invariant (§ 48) of a binary 27^-ic is half its 
2ath transvectant with itself. 

Ex. 23. The lineo-linear invariant (§ 49) of two binary p-ics is their 
pth mutual transvectant. 
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Ex. 24. The second transvectant of the cubic {a, b, c, d) (x, yY and 
itself is twice the quadratic covariant 

{ac — y^) -f- {ad — he) xy + {hd — d^) if. 

Also the first and third transvectaiits vanish. 

Ex. 25. The fl?'st transvectant of the cubic and its second transvec- 
tant (Ex. 24) is the cubicovariant (§ 45, Ex. 13) 

{d^d — Zahc-\'2h^)^’\- .... 

The second mutual transvectant vanishes. 

Ex. 26. The first transvectant of the cubic and its cubicovariant is 
minus twice the square of the quadratic covariant {ac—h'^)x^-\- ... . 
Their second mutual transvectant vanishes. Their third is minus 
twice the discriminant 

a\y — 6 ahed + 4 -f 4 — 3 = {ad — hc)^ — 4 (ac — [hd — c^). 

Ex. 27. Tlu^ second transvectant of the (iuartic (a, h, c, c) {x, y)* 
and itself is twice the qiiartic covariant (the Hessian simplified by 
omitting a numerical factor) 

{ac — y) + 2 {ad — he) a?ij + (ac -}- 2 hd — 3 c}) rcy 

•f 2 (ie — cd) xf + (cc — cZ^) 'f ; 
and the fourth transvectant is twice the invariant 
T^ae-ihd^Zc\ 

Ex. 28. The first transvectant of the quavtic and the quartic 
covariant of Ex. 27 is half a sextic covariant beginning with 
(aV-3a^>c + 2Z>^).^•‘'•^-... : 

the second is one-sixth of the product of / and the quartic : the third 
vanishes : and the fourth is three times the invariant 
J = ace -f- 2 hed — ad^ — h^e — c^. 

Ex. 29. The binary quintic (a, h^ c, d, e, f) {x, y)® has a covariant 
of the second order and the second degree. 

A ns. {ae — 4 + 3 c^) + (a/— 3 4- 2 cd) xy 4- (A /— 4 ce + 3 dF) y 

half the fourth transvectant of the quintic and itself. Of. § 57, 
Ex. 15. 

Ex. 30. The binary quintic has an invariant of the fourth degree. 

A ns. {af— 3 6c 4- 2 cdf — 4 (oc — 4 4- 3 c^) {hf— 4 cc 4- 3 c/^), 

found as minus twice the second transvectant of the covariant of 
Ex. 29 and itself. 

Ex. 31. The binary quintic has a linear covariant of degree 5 in 
the coefficients. 

Ans. The fourth transvectant of the quintic and the square of 
the covariant of Ex. 29. Cf. § 57, Ex. 16. 
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Ex. 32. Find a covariaiit of the fourth order and second degree of 
the binary sextic. 

4 

Ans. 12 . 

Ex. 33. Prove that, for each of the values r = 1, 2, 3, ... 

{0,~e,r {x + I/0y~^ {x-^2/0,Y-^^‘aa 

is a covariant of a binary jp-ic (the last an invariant if p is even), of 
degree 2 and order 2^ — 4 r. 

7? — I 

Ex. 34. Prove that, for each of the values r = 1, 2, 3, ... 

is a covariant of degree 3 and order 3^— 4r-2. 

p]x. 35. A ternary ([uadratic has an invariant of the third degree 

2 

whose symbol is 123 ; and a ternary quartic one whose symbol is 

123 '. 

Ex. 36. A ( 7 -ary 2n-\c, has an invariant of degree q. 

62. Contragredient quantities. Two sets of quantities 
^5 ^5 • • • ; • Q'l'c said to be contragredient when formulae 

of linear substitution for the first set 

X == IX + mP -f* 'iiZ 
2 /= m'F-f n'ZAr,.., 
z^V'XA-m'^YA-n'Z^,,,, 


are necessarily accompanied by the associated but different 
formulae of substitution for the second set 

H= I'rjA- 

H = -f ni7j 4 - • • • ? 

Z = ni+ n'r]+ 


in which latter set it is to be noticed that the new quantities 
are expressed in terms of the old, and not vice versa. Revei’sed 
they are 

^ = 4 - 74H 4" 4 ’**.}j 

7j = { X'S +fiU + rZ 

^=Af>i{X''S4-/4"n-b/'Z4-...}, 


where Af is as usual the modulus of the scheme of substitution 
for x,y,z,,.., and where /j,',.,., ... denote the minors 
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It is convenient to speak of contragredient quantities as 
being linearly transformed by schemes of substitution of 
which one is the dual of the other. The name is reasonable, 
as the duality or reciprocal connexion of the two substitutions 
is precise, it being possible, and a good simple exercise in 
determinant algebra, to show that the first substitution stands 
in precisely the same relation to the second as the second does 
to the first. 

63. Geometrical contragrediency. The duality of trans- 
formations of contragredient quantities has its counterpart 
and its application in the method of duality in geometry. 
Taking ternary systems, we know in fact that if y, z and 
7], C are point- and line-coordinates of associated systems, so 
that + — 6 is the condition that the point (x, y, z) lie 

on the line (^, r\, C), or that the line (^, »/, 0 pass through the 
point {x^ y, z\ as, for instance, is the case when the coordinates 
of a point are areal and the coordinates of a line the perpen- 
diculars upon it from the vertices of the triangle of reference, 
then the first scheme of linear substitution of § 62 applied to 
aj, y, reduces this condition to the form 

^ {IX + mYi- nZ) + y {VX -f m'F+ ny.) 

i. e. 1" C) Z + (m ^ + m'y -f m'() Y 

•f ( /^ ^ + n'y + Z 0, 

wdiich is of the same form, 

HZ + HF-f 0, 

as before if the formulae of substitution for ( are those of 
the second scheme in § 62. 

Thus corresponding systems of point- and line-coordinates 
are transformed to corresponding systems by dual linear 
substitutions. In other words they are contragredient 
quantities. 


64. Another remark of great Importance is that the symbols 
'^/^x, ... are contragredient with the variables 

oj, 2 /, 0 , ... . For when 

X— ^Z-f- mF+ 71^+..,, 
y = VX -f 77 i'F - f ... , 

0 = rZ + m''F+7i''Z+..., 
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we have, as used frequently already, 


^ _ 7 A.+ l'^-+ I" ~~ + 


a 

iv' 

a 


c) / ^ ^ 

: m r — \-m - — \-m r — h . 

0^ oy dz 

^ ^ // ^ 

: ri — + 96 — + ~ + . 

<)aj <iy <iz 


and these accord with the two dual schemes of § 62 . 


65 . From the formulae of § 62 it follows at once that 

SX + llY-^ZZ-h...=:ilX-hrnY-hnZ+...)i 

+ (I/X + m'Y-h n'Z^ . . .) 77 + (Z"Z + m'T + 7i''Z-^ . . .) ^ f . . . 

= ix + rjy + ^z+ ... ; 

so that + ^2/ + 'h • • • obeys the absolute invariant law. 

We might, in fact, have defined the contragrediency of 
:r, //,0, ... and 77, by postulating that their corresponding 
schemes of linear substitution are such as to leave 


unaltered. This has been illustrated by means of the geo- 
metrical contragrediency of § 63 , 

In the case of the contragrediency of § 64 this persistence 
in form o^ ^x-hrjy + ^z-^ ,,, means simply that 


Yr ^ IT ^ ^ 


d 3 3 

— OD- h y ^ h 

00? ^y ^z 


which, when we remember Euler s theorem of homogeneous 
functions, wo see to be only the expression of the fact that 
a homogeneous function of any order in aj, y, 0, ... becomes 
upon linear transformation a homogeneous function of the 
same order in the new variables. 


66. Contravariants and mixed concomitants. If it, a 
quantic in ic, y, 0, ... , is expre.ssed in terms of new variables 
Xy F, Z, ,,, by linear transformation, and if 77, ... are 

quantities contragredient to a;, y, 0, , , , , and accordingly ex- 
pressed in terms of new quantities H, H, Z, ... by the sub- 
stitution dual to that giving x, y, z, ... in terms of X, Y, Z^.,,, 
there are found to exist functions of 77, ... and of the 

coefficients in u, which need at most to be multiplied by 
factors involving only the constants of the transformation, 
always in fact powers of the modulus, to be made equal to 
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the »ame functions of H, H, Z, ... and of the coefficients in the 
transformed form of it. Such functions are called contra- 
variants of it. 

There also exist functions possessing the same property, 
which involve both x, y, z, and C . . . , as well as the 
coefficients in it. Such functions are called mixed concomi- 
tants of it. 

There also exist contravariants and mixed concomitants of 
systems of two or more quantics in the same variables 
x,y,z,.,,. 

Invariants, covariants, contravariants, and mixed concomi- 
tants are all spoken of as concomitants of the quantic or 
quantics to which they belong. 

In a certain sense ^x^-r^y -\-Cz-\- may be itself spoken of 
as a mixed concomitant. It has, however, no reference to 
any particular quantic or quantics^ but is a function of 
persistent form of the two contragredient sets of quantities 
only. It is the universal mixed concomitant of all quantics 

in ic, 2 /, 2 ?, ... or in f, r?, C .... 

In a better sense, contravariants and mixed concomitants 
of a quantic u in x^y, z, are regarded as respectively in- 
variants and covariants of the system consisting of and the 
linear form + t/ ?/ + + . . . . 

Ex. 37. If </)(a?, 2 /, Zy ...) is a covariant and (^, r/, ...) a contra- 

variant of Uy then 

is a covariant or invariant, and 

is a contravariant or invariant. {Sylvester.) 

67. Evectants. It is from the last-mentioned point of view 
that contravariants and mixed concomitants of a quantic or 
quantics are most easily discovered. 

The method of § 1 9 may, in fact, be applied to determine 
a series of contravariants from any invariant of a quantic u, 
or a series of mixed concomitants from any co variant. Wo 
have only in any invariant or covariant F to put for every 
coefficient in u the corresponding coefficient in 

n-i'k{ix + r]y + Cz-h-..y\ 

where p is the order of u, and to take separately the coeffi- 
cients of lcyk\.., in the expanded result. These separately 
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are (§ 19) invariants or co variants, as the case may be, of 
and + .y\ and conse<iueiit1y of ti and 

In other words, they are, as the case may be, contravariants 
or mixed concomitants of u. 

The method has, it will be remembered, been already used 
for binary quantics in § 20, Ex. 33. 

If the quantic n be 

U + ph'x'^~^z 4 - . . . 


( /> — 1 ) 

+ -1.2 ^ 


, 1.-2 2/2 + 


■p{p-\) 
1 . 2 


c 


. 


where the numerical factors of the various coefficients are the 
corresponding coefficients in the expansion of the multinomial 
{x + y ,.,y\ the rth of these contravariants or mixed 
concomitants is 








+ i 


p-l 


+ |.-2 






The contravariants obtained from any invariant P of ii in 
this way are called the first, second, ... ?'th, ... evevtant^ of P. 

The same method applies for the determination of contra- 
variants and mixed concomitants of two or more quantics in 
the same variables. The same operator as before 






in which p and o, />, 6', . . . c, c', , . . refer to one of the quantics 
only, suffices to derive series of contravariants and mixed 
concomitants from invariants and covariants of the system. 

The general theory of contravariants is Sylvester’s. Evect- 
ants are due to Hermite, 


Ex. 38, Show that 

4d^r/-f 

and 

{ce — — 2 {fje — cd) + (ae -f 2 6c? — 3 c^) 

— 2 {ad — he) 4 - {ac — 6 ^) if, 

are contravariants of the binary qiiartic (a, 6, e, d, e) (cc, y)*. 

Ana, The first evectants of I and /. 
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Ex. 39. Find a cubic contravariaiit of a binary cubic as an evcctant 
of its discriminant. 

Ex. 40. Use the method of evectants to show tliat the left-hand 
side of tlie tangential equation 

(^c-/0f^+...+2(yA-«/)7^C+... =0 

of the conic 

n = ax- '{•2 fyZ’\-2gzx-^ 2hxy = 0 
is a contravariant of u. 

Ex. 41. From the invariant 

0 = «' (/,, ..f) + . . . + 2/ (i/A ^ a/) + . . . 

of two ternary quadratics obtain a contravariant of 

... -f 2fyz -\- ... , rtV-f ... + 2fyz\ ... 
in which both sets of cocfticiciits occur. 


68. Contravariants of binary quantics not distinct from 
CO variants. In the case of binary systems there is a con- 
nexion between contragrediency and cogrediency which has 
nothing analogous to it in the cases of ternary and higher 
systems. 

Let ic, y and rj be pairs of contragredient variables, so 
that with the formulae of linear substitution 

a; = IX + mY, y = I'X + m'Y ... (l) 

go as companions the formulae 

E = I'tj, H = m'rj. • • • (2) 

These latter may be written 

M?; = ZH — mE, = i'H—m'H, •••(3) 

where M = Irnf —I'm ; and these differ only by the presence of 
the factor M on the left of each from the results of putting 
rj, — H, —S for X, y, X, Y in (1). This has already been 
encountered in the particular case of § 46. 

In an extended sense, then, we may say that rj and — ^ are 
cogredient with x and ?/. The factor M will not affect the 
legitimacy of their use as variables cogredient with x and y, 
so long as only homogeneous functions are dealt with, pro- 
vided, of course, that we pay proper attention to the alteration 
of the power of M which occurs as a factor on a side of any 
equality we are dealing with, * 

We may equally say that, when x' and y' are cogredient 
with X and y, then —y' and x' are contragredient with x and 
2/, but for a factor which is immaterial so long as homogeneous 
functions are dealt with. In particular we may say that 
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and x are, with this reservation, contragredient with 
X and y. 

If, then, in any contra variant of a binary quantic u, or of 
several binary quantics, we replace ^ and y] hy —y and x, 
we obtain a function of x, y and the coefficients of u, or of it 
and the other quantics, which persists in form but for a factor 
involving only the constants of transformation, a power of M, 
after any linear transformation. In other words, we obtain 
a covariant of u, or of u and the other quantics. 

In accordance with what has been said, however, it is clear 
that the power of M, which occurs as a factor in the relation 
expressive of the covariancy of the derived covariant, is 
different from that which occurs in the relation expressive 
of the contravariaiicy of the contra variant from which it is 
obtained. 

Ex. 42. Apply tliis method to § 67, Ex. 38. 

Ex. 43. Ohtaiu the eiihicovariant (§ 45, Ex. 13) of a binary cubic 
by means of the first cvectant of the discriininant. (Cf. § 67, 
Ex. 39.) 

Ex. 44. Prove that 



and hence that (a^, a^j ... Uj) (a;, yy' has a concomitant (in general 
mixed) containing the term where r is any one of 

0 , 1 , 2 , ... p. 

Ex. 45. If r, of degree ^ and weight Wy is any product, or linear 
function of products, of coefficients in a binary ^-ic, prove that there 
is a concomitant (in general mixed) containing the term 

69. Covariants of u are invariants of u and a linear form. 

It is a proposition closely associated with the remark of the 
preceding article that all invariants, of a complete system 
(§ 33), of a binary quantic or quantics u, Wy ... and the 
linear form xy' — x'y are, when in them x\ y' are replaced by 
Xy 2/j covariants of the quantic or quantics u, v, Wy ... ; and 
that conversely all co variants of 'iiy Vy Wy ... are, when in 
them Xy y are replaced by x', y\ invariants of the system 
consisting of % Vy iVy ,,, and the linear form xy^ — x'y. 

This is easy to see ; for, if x\ y' are cogredient with Xy 2/, 
xy'^x\j^M{xr^rYy 

Now a complete system of invariants of u, Vy w, ... and 
ocy'--x'y involve x, y' homogeneously (§ 33), so that to 
insert MXy MY for x\ y' in an invariant is the same thing 
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as to insert X, F for them and multiply hy a power of AI, 
If, then, in a supposed invariant of ... and xi/’-x'y, we 

put X, y for x\ y\ we get a function of the coefficients in 
... and of ic, y which persists in form, but for a power 
of M as factor, after linear transformation. In other words, 
we get a covariant of u, .... And conversely, if in any 
covariant of u, v, . we put x\ y for oj, y, we get a function 
of the sets of coefficients in xi, v, n\ ... and xy' — x'y which 
again persists in form, but for a power of AI as factor, after 
linear transformation. In other words, we get an invariant of 
XV, ... and xy' — x'y. 

A fact closely related to this, and, indeed, a particular case 
of the first part of the theorem, is that all invariants of the 
binary l)-ic 

(xy'-x'y)u 

are, when x\ i/ are replaced by x, y, covariants of the binary 
^j-ic xt. 
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CHAPTER V 


BINARY QUANTICS. INVARIANTS, ETC., AS FUNCTIONS OF 
DIFFERENCES. 

70. In most of the chapters which follow, binary quantics 
will alone be considered, except where otherwise stated. 
Special methods may be with advantage adopted for the 
discovery and examination of their concomitants. Moreover, 
it will be seen later that from invariants and covariants 
of binary quantics there is a means of passing to those of 
a ternary quantic, that, in fact, invariants and covariants of a 
ternary quantic are a class of invariants and covariants of 
a system of binary quantics. From ternary quantics there is 
a like passage to quaternary ; and so on. Thus there is more 
than simplicity of treatment in favour of a close examination 
of binary quantics alone in the first place. 

71. Convention as to numerical multiples of concomitants. 
If I is an invariant, so is p/, where // is any numerical 
constant. If K is a co variant, so is ixK. The invariants 
I and IX I are not of course regarded as distinct invariants, nor 
the covariants fx K as distinct covariants. It will be well 
now to adopt some convention which will relieve us from any 
ambiguity as to numerical multipliers when we speak of any 
invariant or co variant 1 or K, The following is probably the 
best convention as to invariants of a single binary quantic 

Take the term or terms in the invariant which involve 
to the highest power. If there are more such terms than one, 
suppose that is the next earliest coefficient which occurs in 
any of them. Choose among them the term or terms which 
involve a,, to the highest power. If there are more than one 
of these terms, let ag be the next earliest coefficient which 
occurs in any of them, and take that term or those terms 
among them which involve cig to the highest power ; and so 
on continually till we get but a single term. Now divide or 
multiply the invariant by such a numerical quantity as will 
give this term the coefficient + 1. The invariant thus pre- 
pared is what we nearly always henceforth mean when we 
speak of the invariant as a precise function. 
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And as to covariants the convention is similar. Take the 
coefficient of the term free from y in a covariant which has 
been found. Among the terms of which this coefficient 
consists single out one by the same rule as above, and apply 
to the covariant the numerical factor which will reduce the 
numerical coefficient of this term to +1. By the covariant 
we henceforth mean the covariant thus numerically prepared. 

The rule may be more briefly stated if wo call the co- 
efficients in the quantic a, b, c, c/, e, ... instead of Oq, 

^ 4 , . . . , Suppose the factors of every term in the invariant, 
or in the coefficient of in the covariant, written from loft to 
right in alphabetical order. Among all the terms choose the 
one which comes first in alphabetical order, i. e. the one which 
would stand first in a dictionary. Make the coefficient of this 
term + 1 . 

Thus, in invariants and co variants of various quantics 
which we have already met with, 

{ad — he)^ — 4 {ac — 6^) {hd — c^), 

{a'^d — .3 (d)e + 2h^)x^ + . . . , 

ae — i hd + 3 

ace -f 2 bed — ad^ — b‘^e — 

the coefficient + 1 is given to the terms a(\ a\l^^ ahW^ ae, ace, 
respectively, by the above rule. 


72. Covariancy of the factors of a binary quantic. A 
method already touched upon in § 51 will be now more fully 
considered. 

Let Xi/y^ , x,^/\f. 2 ^, . . . be the p roots of the general binary 
2^-10 ((/g, ^ 2 , ...<i„)(x,yY, 

i. e. let thorn be the roots of the equation in x/y obtained by 
equating the p-ic to zero. Moreover let the denominators 
//p P 25 ••• 2/r» which are of course arbitrary, be so chosen that 

Vi = «o* 

Another expression for the p-ic must then be 

{xy^ ~ y) (xy^z ~ 

As explained in § 51, we may with propriety say that the 
pairs x^, 2 / 2 *’ Up cogredient with x and y; 

that every suffixed x and the corresponding suffixed y are 
particular corresponding values of x and y. Thus, going with 
the formulae of linear substitution 

X = IX mY, y = VX 4* m'F, 

G % 
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we have, for every value of r from 1 to p inclusive, 
rr,. = IX y 4 - rn Y,. , y,. = I'X,. + m' F,. , 

so that 

xy,.^a:,y = M(XZ--X,.Y), ...( 1 ) 

and similarly, r and s being two distinct numbers not ex- 
ceeding 

= M{XX-XX). ... ( 2 ) 

By means of (1) we have that 

i^Ui-^iV) {^U2-^2y) ••• i^yp-^pV) 

= {XY,-^XJ)(XY,^XJ) ...{XY,,^XJ) 

is an equivalent way of writing the identity 

(Jf j , 05^2 j ••• (^j yy ^ (-^0 5 -^V ^^2’ •** 5 

and wo arc consequently told that, a,., any coefficient in the 
original form of our /;-ic, being a function of ,,, x^, and 

?fo y.i> ••• ypi corresponding coefficient Ay in the trans- 

formed form of the p-ic is iP times that same function of 
X„Z 2 ,...X, and F,, F 2 ,...F,. 

In particular we have 

3P%Y,.,.Y,^A,. 

73. Now take //,„ any homogeneous function of degree w in 
the differences such as x^y^ — x^y^^ and let be the same 
function of the corresponding differences X,.F^ — X^F,.. By 
the equalities (2) above we see that 

Should it then be possible to express U,y as a homogeneous 
function, of degree i say, of which case 

Ii\ would be the same function of times the corre- 
sponding now coefficients Aq, j4i, ... A^^ and so, in virtue 
of the homogeneity, would be times the same function of 
A^^ ^ 1 , ^ 2 J ••• ^jp> function will be an invariant of the 
p-ic. 

The functions in general cannot be so expressed. We 
will, however, exhibit a class of functions //,„ W'hich can, and 
shall proceed to show that all invariants are thus given. 

Writing for xjy^, x^/y^, we know that 

ay/a^, ..aIp/Qq are certain numerical multiples of the 
elementary symmetric functions aj -f ag + . . . + a„, 2 (a^ . . . , 

ttg . . . ttjp. We also know that any rational integral symmetric 
function of a^, a ^ can be expressed rationally and inte- 

grally in terms of these elementary symmetric functions, every 
one of which involves each of the roots to the first degree. If the 
symmetric function involves a particular root a^, and therefore 
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every root, to the ith degree and no higher, the expression for 
it in terms of the elementary symmetric functions must involve 
at least one product of i of them, distinct or repeated, and no 
product of more than Such a function then, when multi- 
plied by becomes equal to a rational integral function of 
of degree i in those letters, and without for 
a factor. If the symmetric function is throughout of dimen- 
sions^ w in all the roots collectively, the rational integral 
function is isobario of weight m Conversely, a rational 
integral homogeneous isobaric function of aQ, of 

degree i and weight tv, and without for a factor, is equal 
to Uq* times a symmetric function of the roots, of total dimen- 
sions tv in them, and of degree i in every particular root. 
(See Burnside and Panton's Theorij of Equations^ 4th ed., § 81.) 

Now take a product of tv differences repeti- 

tions allowed, so constructed that every one of the p suffixes 
1, 2, occurs in just i of its factors, and no other suffixes 
enter. As there are qy suffixes, and as two occur in every 
factor, the number of factors has to be Thus 2?/; = ip. 

From derive pi products, including h,, itself, by per- 
muting in all possible ways the suffixes 1, 2, p. Take for 
the sum of these products. It may vanish iden- 
tically ; if not it is symmetric in respect of all the 7 > suffixes, 
and we will sec that it can be expressed as a rational integral 
function of ... a,,, with degree i and weight so that, 

as explained above, it is an invariant. 

Upon dividing by {y^y^, i.e. by a„‘', we ol)tain 

a sum, symmetric in the suffixes, of products of w factors like 
iXyy,-xpj,)/ypj^, i. e. like xfyr-xjy^, i. e. like 
is then the product of into a sum, symmetric in the roots, 
of products of differences between roots, each 

product involving every particular root in just i factors. 
Accordingly, by the facts about symmetric functions just 
quoted, it is equal to a rational integral function of fq, . .. 
of degree i and weight w ; which is what we had to prove. 

[It may be remarked, incidentally, that no proof has so far 
been given of the fact that the symmetric function of the roots 
is actually of degree so great as i in each particular 
root unless it vanishes identically. Were it of degree less 
than i, owing to the cancelling on addition of the terms of 
degree i in the various parts of the sum, the invariant 

would have the form ...a^) with the second 

factor integral. But no invariant can have this form. To 
see this apply the transformation aj = Z, xy^ — xpj = F, where 
the latter is one of the linear factors of our p-ic. We thus 
obtain a transformed jy-iQ with first coefficient Aq = 0, so 
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that the in valiancy of Oi, ... would necessitate 

c<j, = 0.] 

74. Invariants as functions of differences of roots. It is 
now clear tliat, if we take any such product of w differences 
between roots of a yi-ic that every root occurs in just i of its 
factors, where ip — 2v\ and if we form a function symmetric 
in the roots by adding together the p ! results of permuting 
the roots in this product in all possible ways, and multiplying 
the sum by the expression for this function in terms of 
... is an invariant, unless it vanishes identically. 

For, upon substituting for and 

““ ^’2/2/2’ 

for — a^, &c., we give the function the form of a sum of 
products in which &c., cancel in numerator and denomi- 
nator, i.o. the form of a homogeneous in x{y.^ — xpj^y &c., 
alone. 

It will be shown that invariants obtained in this way con- 
stitute a full system, i. e. that the p-ic has no invariant which 
is not either a single one such as constructed, or a linear 
function with numerical coefficients of a number of them of 
one degree and weight. We must first prove the following 
theorem : 

Eveh^j invariant of 

(«o, "1. ••• «>) vY 

can he expressed as a function of the differences between roots^ 
symmetric in the roots^ multiplied by a power o/oq, with or 
without a p)urely numerical factor. 

An invariant of degree i, like any other function of that 
degree in the coefficients, can, as explained earlier, be expressed 
as af times a symmetric function of the roots. We will see 
that it is unaltered when all the roots are increased or 
diminished by any the same (quantity. This will ensure that 
the symmetric function of the roots can be expressed in terms 
of differences only ; for it will in particular follow that in an 
expression for it we can diminish all the roots by one of 
themselves. 

The roots of our p-ic, all diminished by m^ are the roots of 
the j9-ic obtained from it by the particular linear transforma- 
tion X = X + mY, 2 / = F, of which the modulus is unity, so 
that by it every invariant is unaltered. This is what we had 
to see. 

We now ask what functions of the differences between roots, 
symmetric in the roots, produce invariants of degree i when 
multiplied by af ? 
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In the first place i must be exactly the highest degree to 
which any, and therefore every, root enters into the expanded 
symmetric function. 

Nex^-, the dimensions of the symmetric function in the roots 
collectively must be lo = J ip throughout, this being the 
necessary weight of an invariant of degree i (§ 25). 

Now it will be proved in § 89 (corollary), from a more general 
theorem, that every rational integral function of diftbi’ences 
between roots, symmetric in the roots, of dimensions \ ip^ and 
of degree i in every particular root, is a linear function with 
numerical coefficients of symmetric sums of products of dif- 
ferences, every product in which has the like property of being 
of dimensions ^ ip and of degree i in every root; i. e. that it 
can be expressed as a linear function with numerical coefficients 
of symmetric sums, times which have been proved to bo 
invariants at the outset of the present article. Hence we 
draw two conclusions: (1) that all functions of difterences 
such as just described become invariants of degree i upon 
multiplication by and (2) that the statement made 
above, as to the fullness of a system of invariants provided 
by symmetric sums of products, is correct. Accordingly the 
facts may be summarized in the following comprehensive 
theorem : 

If we take any such product of w of the differences hehveen 
roots of a binary p-ic that every root occurs in the same 
2 w 

niLmher — , or % of its factors, and if ive add together all the 

results of permuting the p roots in this product, the symmetric 
sum obtained, made integral in the coefficients by the factor af, 
is an invariant of the p-ic, unless it vanishes; there is no 
invariant which cannot he expressed, but for a factor af as 
such a symmetHc sum or as a sum of positive or negative 
numerical multiples of such symmetric sums; and no func- 
tion of the diffet^e rices, though symmetric in the roots, ivhich 
cannot be so expressed, can give an invariant. 


Ex. 1 . Show that every invariant of a binary ^?-ic must vanish for 
the special p-ic and hence that the sum of the numerical 

coefficients of the terms of an invariant must vanish. 

Ex. 2. If a, /3, y, 8 are the roots of a binary quartic, show that 
is an invariant. 

On the other hand 2{(a-/0)^(y-8)^} and of 

which the latter vanishes, are not productive of invariants. 
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Ex. 3. Ih cithov o{ 2 {{a -li) (a 
unci E i (a-lif (a - yf (/4 - bf {y - (f (8 

an invariant of the quintic of which a, 3, y, d, € are the roots ? 

A7^s. The second. 

75. By ‘invariant’ in the last article has been meant 
‘rational integral invariant.’ An irrational invariant need 
not be symmetrical in the roots. A word may be said about 
one class of irrational invariants — the class of invariants 
which, though irrational in the coefficients, have rational 
integral expressions in terms of and the roots. What has 
been said applies to these, except that the references to sym- 
metry must be omitted. A product of w differences between 
roots, such that every root occurs in just i of its factors, 
where ip = 2w, or a linear function of such products for the 
same produces when multiplied by an invariant, which is 
irrational unless the product or linear function of products 
is symmetrical. For instance 

«o{(a-/i)(y-8)-(tf-y) (a -8)} 
is an irrational invariant of the quartic whose roots are 
a, y, 6. It is (see § 81, Ex. 4, below) a root of a cubic 
equation 5 :^ — 36 + 432/ = 0, with rational invariants for 
coefficients. It is also a rational invariant of the four factors 
of the quartic. An anharmonic ratio 

(a-y)(p-6)/(a-8)(/i-y) 

of the four factors of the quartic is an important absolute 
irrational invariant of the quartic — an absolute rational in- 
variant of the four factors. 

Those functions //„, of § 73 which do not involve the 
suffixed letters in such a way as to make them invariants of 
the ^>-ic, rational or irrational, as well as those which do, are 
invariants (rational) of the system of^^ linear forms ocijy — x,y, 
(r = 1, 2, ... This is easily proved by showing that every 
is an invariant of the system (see § 7, Ex. 2). 
Moreover, every invariant of the|> linear forms is an To 
prove this is to prove that the \p{2>— 1} invariants x^yg — x^y^, 
with 0 < r < 8 < 2 ?, constitute the complete system of irredu- 
cible invariants of the forms, in terms of which all other 
invariants can be rationally and integrally expressed. (See 
Ex. 22 below, and Chap. XIV.) 

76. It is of interest to verify that the relation 

of § 73, applied to a case in which has been shown to be 
an invariant I{aQ, ... «>) of degree i and weight w = 
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gives tlie right power of M in the relation expressive of the 
in valiancy of /(^o? •*. 

In § 72 we saw that, for every r, is the same function 

of A'^j, ... and F^, Fg, ... F^ as <?,. is of a*g, ... and 

Hence, having 

H,,. = I ... homogeneous of degree /, 
we have also ... Aj,). 

Accordingly H„. = M^^E' give.s 

J(Ao, ai, ...^g 

in agreement with §§ 23, 26. 

77. Discriminants. The product of the squares of the 

differences between roots of a binary ;>-ic is a single product, 
is symmetric, and involves all roots in equal numbers of its 
factors, viz. every root in 2(jo-~l) factors. It belongs then 
to the class of symmetric functions which according to § 74 
produce invariants. Now times this product is the 

discriminant, or rather (cf. § 71) is a numerical multiple of 
the discriminant. We have then a direct proof that the dis- 
criminant of any binary quantic is an invariant, as has been 
otherwise seen earliei* (§ 15) for all quantics. 

The weight of the discriminant is p[i>— 1), and its degree is 
2 ( 2 ^ — 1). Thus, in accordance with the general theory, 

= yp. 

78. Invariants of quadratics and of cubics. Binary cjuad- 
ratics and cubics have no rational integral invariants but their 
discriminants and powders of those discriminants. 

For the quadratic this is obvious. For there is only one 
difference l5 between two roots a, p, and no function of 
a—p can be of a single weight and symmetric in a and p 
unless it be an even power of a~/3. 

For the cubic § 30 tells us that there cannot be two inde- 
pendent invariants. The discriminant, then, being one, it 
follows that there is no other which is not a function of 
that discriminant, and conse({uently, as invariants are of one 
weight throughout, none that is not simply a numerical 
multiple of a power of the discriminant. 

We may also reason as follows. Let a, y be the roots of 
the cubic. Any invariant of a full system of degree i must, 
by § 7'4, be of the form 

a,/2{(/3-yr(y-a)‘(a-/3)‘}, 

8 + ^=:^-hr = 'r + s='i, 

T ■=::: S t ^ \ 


where 
so that 
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Thus i must be even, and there is at most one invariant of 
degree i, namely 

~ y) (y ~ «) (« ~ 

If \i is even, the product under the 22 is itself symmetric, 
so that every permutation of a, ft, y in it merely repeats it. 
Thus there is a single invariant of every degree divisible by 4, 
namely, the appropriate power of 

{ (/^ - y) (y (« ~/^) }^ 

i. e. of the discriminant, or of a multiple of the discriminant. 

An odd power of (ft — y) (y — a){a — ft) is not, however, sym- 
metric as it stands ; for if we interchange ft, y in it we alter 
its sign. If we make all possible permutations of a, ft, y in it, 
and add, we do not get a symmetric function, but zero, the 
terms cancelling in pairs. Thus with | i odd there are no 
invariants. 

79. Discriminants freed from inconvenient numerical 
factors. The right numerical multiples of a^)^{a--ftf and 
{(ft-'y){y—a){a—ft)}^ to speak of as the discriminants of 
the binary quadratic and cubic, are decided by the convention 
of §71. 

By elementary processes of the theory of equations it 
can be proved, taking for convenience (a, h, c) (x, and 
{a, b, c, d) {x, yY to bo the quadratic and cubic, that foi* the 
two cases respectively 

(a — = — 4 {ac — 

and rt*{(j3_y)(y_a)(a-^)}2 

= — 2 7 { {ad — hcY — 4 (ac — {hd — c^) } ; 

and it is to the expressions in brackets on the right that, in 
accordance with § 71, the name of discriminants is properly 
given, and not to -—4 and —27 times those expressions 
respectively. 

In Cayley's fourth memoir on quantics the corresponding 
multiple to the —4 and —27 above has been found in the 
case of the discriminant of any binary quantic. Consider the 
binary />ic (a^, a^, aj) {x, yy\ The product of the 
squares of differences between pairs of its roots is of weight 
2) {p — 1), being the product oi^p {p — 1) factors of two dimen- 
sions in the roots, and consequently, being an invariant, is of 
degree 2^v/p = 2 1). That this is the degree also follows 

from the fact that any particular root enters in — 1 squared 
factors, and so to the degree 2 (^ — 1) ; for the degree in the 
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coefficients a^, a,, is the degree in any particular root. 

Wc have, then, to consider the expression for 

in terms of the coefficients. 

Since 2^{p — \) is the weight, the term if it 

actually occurs, is the one term in the discriminant into 
which (Iq enters to the highest power. This, then, if it 
occurs, is the term in the discriminant to which the coef- 
ficient 4- 1 is given in accordance with the convention of § 71. 
Now the term must occur; for it is the only one which does 
not vanish for the special p-ic and the discriminant 

of this special ^>ic does not vanish, since no two roots of 
the e(iuation + 0 are equal when neither nor 

vanishes. 

Now consider the yet more special ^>ic + Its roots 
are those of z^'+l = 0, i. e. the 'p ^>th roots of —I. Denote 
these by pj, We know that if pi, ••• p 2 > 

roots of/(3;) = 0, then 


/(*) 




+ 



r f (^) 1 

so that ,/ ' (pi) = j =(Pi- Pi) {Pi - p:-) • • • (/'I - /'/.)> 

U-/5iJ,=p. 

and so for other roots Pa? ••• Pv* follows, by multiplica- 

tion of the p right-hand and p left-hand members, that 

fipdfiPi) -fiPt) = (- n {p,-p,)\ 

the sign being as stated because each of the 1) differ- 

ences p,. p^ occurs once in the product as p,. — p, and once as 
pg — Pr- In the present case, then, of the equation 1 = 0, 

ppr^ ■ ppr^ • pp/-' = (- n {p-p.f, 

so that = (- ... p,)-* 

(_ 'p''. 

Now if, foi’ the general 2 >ic (((q, a^, a ^, ... (x, j/)'', 

(^--1) n (o, - a,)2 = k { + ...}, 
we get as a particular case of this 

Uipr^Pgf^h 

Consequently k = (_ 

Thus the product n (a,.— a,)^ for the binary p-ic is 

properly spoken of, not as the discriminant, but as 


times the discriminant. 



92 DISCRIMINANTS FREED FROM NUMERICAL FACTORS [79 


The multipliers —4, —27 for the cases of the quadratic and 
cubic accord with this general result. 

80. The binary quartio. The binary quartic {a, b, c, d, e) (x, yY 
has not more than two independent invariants (§ 30). Now 
the discriminant is one (§§ 15, 77). There are, however, two 
of lower degrees than this. It is preferable to regard them 
as the two fundamental invariants, and the discriminant as 
consequently a function of them. The two are the I and J 
of § 29. 

In fact, {a-hf} 

and — y) (a — 6) — (/3 — 5)^} 

arc invariants according to the criterion of § 74. 

A remark as to the number of terms covered in these and 
such-like summations will be here in place. We must always 
boar in mind that for purposes of expression in terms of the 
coefficients it is symmetry in the roots rather than in the 
differences which is fundamental ; and we most safely take 
one term for every permutation of a, /3, y, 6. Thus, since we 
may take a first root a in four ways, then a second ^ in three 
ways, and then a third y in two ways, we regard each of the 
above sums as a sum of twenty-four terms, even though these 
are, in the first, three terms eight times repeated, and, in 
the second, six terms four times repeated. The student is 
recommended to give the close attention necessary to convince 
him of this second fact. 

Let the four roots be separated into a triad a, /3, y and the 
fourth g, and let {fi~y) (a — S), (y — a) — (a — /3) (y--5) be 

denoted by tv, v, Then he will sec that the first sum is 

eight times 

a^{tv^ + v'-‘-{- ... ( 1 ) 

and the second four times 

a '^ { u {v' — tv^) -f V {w- — tv'^) + tv — . . . ( 2) 

which latter may, l)y elementary algebra, e(jually be written 
— { tv^ (v — w) + {w — tv) + tv^ (tv — v) ] , 

or a^(v-~tv) (tv-u) (u — v), 

or again { (v—'w)^ -h (tv —u)^ (u } , 

The values of the invariants (1) and (2) in terms of the 

coefficients may be calculated by the ordinary methods of 
symmetric functions. (See, for instance, Burnside and Panton’s 
Theory of Eqtiatiovs, § 27, Exx. 16, 18.) The results are that 
(tjv^ + + 1 ()^) — 24 (ae — 4 W -f 3 o^) = 24 / 

{ tv (v^ — tv^) -f V + tv{w^ — 1!^) } 

= — 432(ace + — 6^^ — e^) = —432/. 


and 
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This direct process is however unnecessary. For it will be 
seen in the next chapter that I and J are the only invariants 
of degrees 2 and 3 which the quartic possesses. The invariants 
(1) and (2) must then be numerical multiples hi, k'J of I and 
J respectivel 3 ^ This being granted, that h and // have the 
values 24 and —432 respectively may be seen by considering 
a particular case. Take, for instance, the particular case of the 
quartic whose roots are J: 1, +2. 

It will be noticed that in I and J the alphabetically leading 
terms ae, ace have the coefficient + 1 according to the conven- 
tion of § 71. 

The proof that all rational integral invariants of the quartic 
can be rationally and integrally expressed in terms of I and J 
is reserved till a later chapter. 


81. Discriminant of quartic. The discriminant, an in- 
variant, must, as explained at the opening of the last article, 
be a function of I and J. We proceed to see what function. 

It is an invariant of degree 6 and weight 12 (§ 77), which 
vanishes when the quartic has a square factor, and consequently 
when it has the square factor i. e. when a 0 and 6 = 0. 

Now in this case I and «/ become 36‘^ and — respectively. 
Of these no rational integral function vanishes except 
{Zc^f-27 {-c^f 

and functions with this as a factor. 

Consequently 

1^ — 27 = {ae — ibd + S — 27 {ace -f 2 bed — ad"^ — b^e — c^)^, 

whose degree and weight are right, is the discriminant of the 
quartic. 

The coefficient of its alphabetically leading term aV is 
correctly 4-1. 

By the general proposition of § 79, the invariant 
a0(a-l3na-yY(a-h)mi-y)^p-hf{y-bf, 
or, in the notation of the preceding article, which 

must be a numerical multiple of the discriminant, is equal to 

== 256(7^.^27/2). 

Ex. 4. Prove this also by showing that V’—w, w — u, u — v are the 
roots of the cubic ^—^Qa’'^Iz+^^2a~^J = 0, and that 27’^'u^v^w’^ 
is the product of the squares of differences between roots of this 
cubic. 

Ex. 5. Obtain the same result by showing that 432*a"®J^ is the 
product of the squares of differences between roots of the cubic 
i^—\2a~’^Ii — uvw = 0 , 
whose roots are u, v, w. 
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Ex. 6. The products aw, at?, av) are irrational invariants of the 
binary quartic. 

Ans. Cf. § 75, or Ex. 4 above. 

Ex. 7. Tlie six ratios of w, t?, t<? to one another, wliich are respectively 
minus the six anharmonic ratios of the factors of the quartic, are 
irrational fractional invariants. 

Ex. 8. Any anharmonic ratio (a, — a,,) a.,) (<^1 — ^4) of 

any four factors of a binary jp-ic is an irrational invariant of the _p-ic. 

Ex. 9. All invariants of a binary quartic can be expressed as 
functions of the discriminant and any single anliarmonic ratio 
(a — y) {ft — h)/{a — h) (/3— y) of the factors. 

Ex. 10. All invariants of a binary p-\Q> are functions of the dis- 
criminant and the — 3 anharmonic ratios of four factors 

{ft- a) (y-g.) (/i-a) (y-^a,) {ft -a) jy-ap) 

(y-“) {ft-o-i)’ {/-“) (y-“) {ft-'^p)’ 

where a, fS, y are three roots, and a^, Ug, ... Up the rest. (Cayley,) 

Ans. These are jp — 2 independent invariants. 

Ex. 11. In a binary quartic for which / = 0 the six anharmonic 
ratios of the four factors arc equal in sets of three to the two 
imaginary cube roots of —1. Geometrically the pencil or range of 
four elements which the quartic denotes is said to be ‘ equi-anhar- 
monic.’ 

Ans. F rom + w?^ = 0 and = 0 

we have f -f ~ -f 1 = 0. Hence, See. 

V 

Ex. 12. In a binary quartic for which »/= 0 the six anharmonic 
ratios are —1, —1, 2, 2, J, J; and the pencil or range is harmonic. 

82. Covariants as functions of differences. We now pro- 
ceed to notice briefly the facts as to co variants of a binary 
quantic which are analogous to, and in reality include, the 
facts as to invariants dealt with in §§ 72 to 76. 

Using the results (1) and (2) of § 72 we can at once write 
down the analogue of the first statement in § 73; viz. that, 
if is a homogeneous function of degree w in the two sets 
of differences whose types are xy^—x,y and where 

^i/yi> ^p/Vf are the roots of (do, d,, a^, ... dp) {x, yY, 

and if G',^ is the same homogeneous function of the corre- 
spending differences XYy — X,.Y^ &c., and X^.Y^ — X^Y,.^ &c. 
with reference to the roots of the transformed quantic 
(^, A^,...Ap) (Z, Yy\ 

Gw = 


then 
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Should it then be possible to express in terms of the 
variables x, y and the coefficients ag, ... and G\„ as 

the same function, divided by a power of the modulus, of X, Y 
and ^0, ... such a function G„, when so expressed 

will be a covariant. 

Notice that any co variant so obtained must be homogeneous 
in the coefficients ••• expression for 

K K, ... ; rr, y), 

that for G\„ is 

K(AJM^, A,/ 3 P\ A,/M^\ ... A,/ 3 P^^, X, Y ) ; 
and this must be homogeneous in the fractions with denomi- 
nator ilP if the equality (?,„= AP^G\„ is to take the form 
IP {Aq, Aj^f A^i ••• A^,\ X, Y^ = Af I\ Oj, ((2 , ... (ip^ x, y). 

It is to be concluded also that or K, is homogeneous in 
X and y, i. e. that in every product of differences which is 
a part of G,^, there must occur the same number of differences 
xyr — Xyy^xy^ — x^y,,», of the first type. For, the coefficients 
Oq, a^, 02,...(Xp being all homogeneous in x^^ 

2/1, 2/2* 2 /p’ ^be covariant K, or must be homogeneous in 

these quantities. Now any term in G,„ which is a product of m 
differences of the type xy^—x/y and, consequently, w — differ- 
ences of the other type x^y^ — xpj,. , is of dimensions vt + 2 (w — t*r), 
i. e. 2 ^(; — 1ST, in x^, ... Xpy 2/1, 2 /^’ ••• Up' ^bis then having to 

be constant for all products of which Gy, consists, to- must bo 
the same for all. 

Co variants thus produced are then necessarily of one degree 
in the coefficients and one order in the variables throughout. 

83 . Now any co variant of degree i and order to of a binary 
quantic is necessarily a^y'^ times a function of the differences 
between roots and of the differences between x/y and roots. 
For it must be unaltered by the linear transformation 
cc = X-hmF, y=Y 

of which the modulus is 1 ; that is to say, it must be un- 

changed in value when - and all the roots are diminished by 

any the same quantity m, and so in particular when all are 
diminished by one root. 

Those functions of the two sets of differences which, when 
multiplied by factors a^y^^ become co variants are exactly 
those which, when so multiplied, become functions such as G,„ 
above. We will prove this for rational integral co variants — 
to which as usual attention is confined — by exhibiting a system 
of functions of the differences which, upon multiplication by 
a^y^y become co variants because they become functions 
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and nhowing that all other covariants of degree i and order tsr 
are sums of positive or negative numerical multiples of these. 

We first notice that a function of the differences which 
yields a rational covariant must involve the roots symmetri- 
cally : otherwise it could not be expressed rationally in terms 
of the coefficients and x, y at all. Also, if tsr is the order of 
the covariant yielded, so that is the necessary ?/-factor to be 

applied, the function must be of degree tsr in - . Once more, 

if 6 is the degree of the covariant, so that i*®- ( 2 /i 2/2 ••• 2 / 2 ))^ 
is the necessary a„-factor, every one of the roots a,, a.^, ... 
or xjy-^^ ^ 2 /^/ 2 » must be involved to the degree i\ if 
one is, so too are the rest by the symmetry. Further (§ 39) 
/p — m must be positive or zero, and (§ 38) \ {ip + ts-) = v: must 
bo the whole weight of the co variant, i.e. the dimensions of the 

function of differences in -- and the roots together. 

y ^ 

Take then any degree i and order txr such that ip ^ ct, and 
ij)-\-x!T is even (= 2^v), Write down a product of v) factors, of 
which iiip — 'sr) are differences a,. — a,, i.e. {Xyy^ — xpj,)/y,.y^^ 

between roots, and the remaining w are differences — a,., 

y 

i.e. {xyy'-Xyy)/yyri between - and roots, so choosing these 

factors that every root occurs in just i of the whole number lu, 
x/y of course occurring in just of them. The product is 
a function over the denominator {ypj2 ••• be. a^y^. 

Multiplying by this denominator we obtain the function 
say Now the product written down is probably not sym- 
metric in the roots. But permute the roots in it in all the p I 
possible ways, and add the p ! results of permutation. Unless 
the sum vanishes identically we thus get a function symmetric 
in the roots, which may be expressed as a rational integral 
function of degree i in <^^ 2 /^ 0 * ••• a^d of degree ^ 

in x/y. The result of multiplying this by a^^y^ is a homo- 
geneous rational integral function of degree ^ in ...a^ 

and of order tsr in x, y. It is also a function 2^,^. 
Accordingly it is a co variant. 

Now it will bo proved in § 89, Cor. (2), that every rational 
integral function of ^{ip-\-m)=w dimensions in x/y and 
the roots, which (1) is symmetric in the roots, (2) is a 
function of the two sets of differences, and (3) involves every 
root to just the degree i and x/y to just the degree «r, i.e. 
every function of differences which can conceivably yield a 
rational integral covariant of degree % and order tsr, is either 
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one of those just constructed, or a sum of positive or negative 
numerical multiples of several of them with the same i and tsr. 
Taking this as known, we thus have that all the functions 
of differences which could conceivably yield covariants do 
actually yield them, and that those constructed above as pro- 
ductive of functions suffice to form, for any allowable 
degree and order, a system in terms of which all others of 
that degree and order can be linearly expressed. We can in 
fact state the following complete result : 

Ify choosing numbers ^ such that ip ^ txr and ip w is 
even, we take any such product of (ip — 'sr) differences hehveen 
roots of a binary p-ic, and w diff'erences hetiveen x/y and 
roots, that evemj root occurs in just i of all the ^ {ip + ot) 
factors, and x/y of course in just tar, and add together all the 
pi results of p)ernmting in it the p roots, the symmetric sum 
obtained, made iidegral in the coefficients and in x, y by the 
factor a/y^, is a covaria)it (f the p-ic, unless it vanishes; 
there is no covariant tvhich cannot be expressed, but for a 
factor a/y^, as such a symmetric sum or as a sum of positive 
or negative numerical multiples of such symmetric sums; 
and no function of the two sets of differences, though symmetric 
in the roots, U'hich cannot be so expressed, can give a covariant. 

Ex. 13, All covariaiits, except powers of the ^;-ic itself, vaiiisli for 
the special j?-ic {x + y)^. 

Ex. 14. The sums of the numerical coefficients of the products of 
Gq, a^, a^, ... which occur in K^, ... respectively, 

where K„ ... Kjj) (x, y)^ is a covariunt of (%, ... aj) {x, y/, 

all vanish, unless the covariant is merely a power of 
(«„, fflj, ... Op) {x, y)". 

Ex. 15. Every term in the summation which gives a covariant 
of a binary ^;-ic must involve at least one difference between 
a pair of r chosen roots if cr. 

Ans, Cf. § 39, Ex. 2. 

Ex. 16. Every term in the summation which gives an invariant 
'^h^jg must have this property if 2r>p, 

Ex. 17. Verify as in § 76 that the relation applied 

to a case in which Gy, is a covariant of a ^^-ic, gives correctly 
factor by which the covariant must be multiplied to 
be made equal to the covariant of the transformed p-ic. 

84. The binary quadratic. This has no covariant distinct 
from itself and its one invariant, the discriminant. 

In fact, if 

ax? A■*^boc^y \cy^ = a{x^ay){x-- ^y), 

11 


1431 
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covarianis of degree i and order tsr have, by § 83, to be linear 
functions of expressions 

a‘' 2 /® 2 { (a - PY {x/y - aY (x/y-^f], 
i. e. 

a'y'^{{a-^f {x/y - aY {x/y -13/ + {(3 -a/ {x/y - // {x/y -a/], 
where = = 

and fx 4- r = w, 

so that p = z; = and X = ^ (2i — 'zsr), are unique. 

There is then at most one covariant of this degree and 
order, namely, 

(V* { (a - /!J)H2i- + (/4 ~ a ) ] {{x- ay) {x - l^y)]^ 

For this to be rational, ot, and therefore 2 i — tzr, must be even ; 
and, for it not to vanish, ^(2i-~'5r) must be even. Accord- 
ingly every covariant of degree and order i, xs must be a 
numerical multiple of 

{a^ {a-/3Y}’" {a{x-ay) {x-fiy)/, 
where 2 n = - 37 , 2m-\-n = % and ni, n are positive numbers or 
zero. 

In other words, all covariants of one order and degree, 
including invariants, are numerical multiples of products of 
integral (or zero) powers of the quadratic ax^ -V 2hxy -V cy"^ 
itself and its discriminant — 

Hence (§§ 35, 36) the quadratic itself and its discriminant 
form the complete system of irreducible covariants and in- 
variants. 

85. Covariants of the cubic. If a, /^, y are the roots of the 
binary cubic 

ax^ 4- 3 hxhj + 3 (/xy^^ + d\f ~ a {x --ay) (x — ^y)(x-~‘ yy), 
the cubic has two independent co variants, numerical multiples 
of a2:S{(a!-02/)®(/3-y)^} 

and a^'2,{{x-ayf {x- I3y) {Y- yf (y - a) } , 

which, writing 6, xj/ for 

(x-ay)(/3-y), (x-/3y) (y-a), {x-yy) (a- [6), 

are respectively twice and once 

a^{6^ + <#)^ + y^^) = a%, say, 

and a^{6^{(l>-\}r) + (j)^{\lr--e) + f-{e-(i))} = a^g, say. 

That the two obey the criteria of § 83, and are consequently 
covariants, is at once verified. That there cannot be more 
than two covariants, independent of one another and the 
cubic itself, is known from § 42. All other co variants, and 
invariants too, can then be expressed in terms of them and 
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the cubic. The one irrecluciblo invariant, the discriminant 
(§ 78), is of course not a rational integral function of the 
three — no rational integral function of them can be free from 
the variables. We reserve till a later chapter the proof that 
there is no other irreducible covariant or invariant of the 
cubic, so that any other covariant or invariant is a rational 
integral function of the cubic, the two covariants above, and 
the discriminant. 

The expressions for a% and a^g in terms of the coefficients 
and variables can be obtained by elementary methods of the 
theory of equations. We know however (cf. § 45, Exx. 12, 13) 
two covariants of the degrees and orders of aVt and a^g^ viz. 

H = {ac — 6^) -f {ad — he) xy + {hd — c^)^/^ 

and G = {a^d — 3 ahe 4- 2 ahd — 2 ac^ + i V, 

— acd + 2 Vd — — ad^^ + 3 hed — 2 c^) (x, y)^, 

and we shall see later (see, for instance, § 114, Ex. 16) that 
these are the only covariants of the degrees and orders in 
question. Hence, for some numerical values of k and we 
must have aVt = kll, 

and a^g = Ic G. 

This being known, we can find k and // by consideration of 
the values of the co variants in a particulai’ case. Take for 
instance the cubic x^ — y\ for which a, h, c, cZ, a, y have the 
values 1, 0, 0, — 1, 1, co, co^ The above equalities become 

ISxy = --kxy^ 

2 7 {x^ + 2/^) = — k'{x'^ 4- 2/^), 

whence the values of k and // are —18 and —27. Thus 
aVt = — IS II, 
and a^g = —27G* 

In accordance with the convention of § 71 we speak of H and 
G, rather than of aVt and a^g, as the fundamental covariants. 

The close similarity between the forms, in terms of differ- 
ences, of the covariants of a cubic and the invariants of 
a quartic will not have escaped notice. It is not accidental, 
but is a result of the fact, to which attention has been called 
in § 69, that the invariants of 

{xy'-xy)u 

are, when x' and y^ are replaced by x and y, covariants of u. 

86. Syzygy among concomitants of cubic. The cubic u, 
its two covariants H and G, and its discriminant 
A = {ad — bcY — 4 (ac — h^) {bd — c^) 

H a 
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must, as we have seen, be connected by a relation. To find 
this relation we may consider the cubic in the form 
u = ax^ + dy^ 

which is not special, but is, as we have seen in § 11, Ex. 14, 
one to which the general cubic can be reduced by linear 
substitution. For this form 
H = adxy, 

G = a^dx^ — adhj^ = ad {ax^ — dy% 

A = aW ; 

whence, by elimination of a, x, //, the connecting relation 
is seen to be + 4 IP, 

which holds when the general expressions for u, II, G and A 
are substituted. 


Ex. 18. Prove tlie same relation by showing that a deter- 

minate numerical multiple of the product Au^, is 3“® times the 
product of the squares of the differences between roots of the equation 
z^—^hz + (j = 0 whose roots are \l/~0, d— </), and so a deter- 

minate numerical multiple of the discriminant of this cubic. 


Ex. 19. If the roots of the cubic equation u = 0 are a, /3, y, tlie 
roots of // = 0 are 

+ a)ya + /3y -f- (xP-ya -f a)a/l 

a + 0)13 + oPy ’ a + oP/S + coy ’ 

and those of fr = 0 are 

2/:fy — ya — a/3 2ya — a/3 — /3y 2af3-~ f3y — ya 

jS+y-^ 2 a ’ y + a — 213 ^ a-f/3— 2y 


{Cayley.) 


87. Several binary quantics. Into a full discussion of the 
expressions by means of differences of invariants and covariants 
of systems of more binary quantics than one it i.s not proposed 
here to enter; but the facts may be developed by the same 
methods as have been adopted in this chapter. 

It will be found, for instance, with regard to invariants 
of hvo binary quantics, that functions of the roots which 
produce them must, for rationality, be symmetrical in the 
roots of each quantic separately, and will in general be 
functions of three classes of differences, viz. (1) differences 
between two roots of the first quantic, (2) differences between 
two roots of the second quantic, and (3) differences between 
a root of the first and one of the second. In order to produce 
invariants which are not more properly regarded as sums of 
simpler invariants, such functions must be homogeneous, not 
only on the whole, but in each of the three sets of differences 
singly. Any one of a full system for given partial degrees 
must, moreover, be a sum of products of differences, in every 
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one of which all roots of the first quantic occur in equal 
constant numbers of factors, and all roots of the second in 
equal constant numbers of factors, the numbers not being, 
however, necessarily or as a rule the same. 


88. Functions of differences. In § 74 and § 83 assumptions 
needing justification have been made as to certain classes of 
functions of differences. 

It will be convenient to establish a test as to whether 
a given function F{a^, ag, ... a^) can or cannot be expressed in 
terms of differences a,. — a, only, each between two of the 
letters involved. 

If it can, then, for every value of /<, 

F{a^, S) = i^(ai + A, + ... a^, + /0- *••(!) 


Conversely it can if this is the case ; for then, in particular, 
F{a^, ... a^) = F{0, a^ — a^, ... 

Now the necessary and sufficient condition for (1) to hold 
for every value of li is that 

( - -h 4- ...+ .-) («!, a^, ... (Xj,) = 0, (2) 

da^ da/ 

where identical vanishing is meant: we arc dealing with 
ttj, a^, ... a^, as independent arbitrary quantities, connected by 
no relation. 

To prove this, observe that 

d 

F {a ^ 4* ot2 d" /t) ... otj, 4- /<') 


Here, if i^(a, 4* A, a 2 4-^, ... is independent of and so 

equal to F left-hand side vanishes, and 
therefore also the right-hand side, so tliat (2) holds. Con- 
versely, if (2) is satisfied identically, it is satisfied when we 
put ai4-A, + ap^h for a^, a^, ...a,,, so that, by (3), 

a^ + h, ... a^ + h) = 0, and F{a^-\-h, ... a^4- A) 

is independent of h. 

The theorem obtained may be stated as follows : 
i^(aj, tty, ... Up) %vill or vjill not he a function of dijferences^ 
according as the differential operator 
'b/'ba^ 4- c^/^a2+ ... 4" 
does or does not annihilate it. 


88 (bis). An expression for a function of differences in 
terms of differences is not unique. From one expression 
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which involves — for instance, we can derive a different 
one by putting fe — «i) for a2~ai. 

Our justification of assumptions made in §§ 74, 83 will rest 
on a proof of the important fact that, if a rational integral 
function F(aj, a2,...a^), given in its expanded form, is a 
function of differences, then, among the expressions for it 
as linear functions of products of differences, there will 
certainly be one, such that none of the products of differences 
in it involves any of etj, Og, ... to a higher degree than the 
expanded F{a^, a2’ ••• ^p) 

For instance, — y^ — 2 aft + 2 ay is a function of differences, 
as 'b/'ba-^'b/'bft -\-'b/'by annihilates it. An expression for it in 
terms of differences is (/3 — a)^«-(y — a)^. But each product of 
differences here is of degree 2 in a, whereas the expanded 
function is only of degree 1 in that letter. Another expression 
for the function is, however, {ft — y)(ft — o)-\-{ft — y){y — a\ 
which has no such defect. 

In proving the derived theorem wo shall need the following 
lemma : 

If ii, ^25 •••'^7* degrees to which a2, ... a^, respectively 

enter in the expanded expression for any homogeneous function 
of the differences of total dimensions w, then 

Suppose that, on the contrary, we have a function, as 
described, for which 

It cannot be merely k(a-^^ — a.y% for which 2'l^;=23^. It 
might, however, be divisi ole by some lower power of ; 

say by (oti — a2)’* removal from it of this factor 

would diminish each of w, i^, io by r, leaving ^3, 
unchanged; and consequently would leave 2ic — '^i unaltered. 

If, then, there is any function whatever, such as described, 
for which 2iv>'^i^ there is one with the same property 
which does not vanish when we put for a^. Let w and 
ii, ••• refer to this function. 

Put in it a2 for a^. A function of the differences of 
a.,, a.^y.,,ap results. This is homogeneous of ae dimensions; 
and its degrees in i.^y hi»**ip ai’e certainly not greater 
respectively than i^ + i^y ... ip* Now, on our supposition, 
2iu>{i^^Lf}+i^ + ...-\'ip. 

Consequently for the function of differences of y)—! letters 
which we have derived 2?o>2/. 

By repetition of the same process, we must be able to derive 
certain functions of differences of p— 2, ^ — 3, ... 2 letters with 
the same property. 
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But for 2 letters there is no function with the property. 
All functions of w dimensions of their differences are included 
in k — ; and for this 2iv = 

Accordingly our supposition is untenable ; and we have 
always 2tu 

89. A fundamental theorem. If a ratioiuil integnil 
function of dimensions w throughout in ... is 

a function of their differences^ Le, if it is annihilated by 
^(b/'6a\ and if in its expanded form in terms of Op 

these letters occur to degrees i.j ^, ... ip respectively, it can he 
expressed as a linear function ivith numerical coefficients of 
products of w differences {repetitions cdloivcd) in such a tvay 
that in none of the products does occur in more than 
factors, or in more than i^, or Ac,, or ap in more than ip. 
Let the expanded function be arranged by powers of 

and written + ... •••(!) 

Here P is a function of differences of a^, a^,.,.ap. For, as 
+ y^a 2 + ... + annihilates the sum, the coefficient 

of ap in the result of applying this operation vanishes; in 
other words, yc)a 2 + y^a 3 + ... + y<)a^ annihilates P. More- 
over P is of dimensions, and involves Og, ... (if at 

all) to degrees which do not exceed i^, ig, ... ip respectively. 

Wo proceed to show that, if the theorem liolds for p—1 
letters, it must hold for p letters. If it holds for — 1 letters, 
P can be arranged as a sum of parts like 

(s-i 

where m<^^ + m^^ + . . . + n\p < i.^ = \ — n.^, say, 
m^g -f m..^ + . . . + mg^ < ig = 6, - n.^, say, 

m^p-\-m^p+ ,,,’\>mp_^p < ip = ip-Up, say. 

Addition of these qualities gives 

2{w-if) - ip- [n^-^ n.^ + . . . + Up), 

so that 

n.^ + "iVi + , • . i- Up ^ ii -h ^2 "b '^3 + . . . + ip — 2 m) 

^ i^, by the lemma. 

Hence there exist numbers (or some zero) v.j,, Vr^, Vp, not 
greater than n.^, n^ respectively, such that 

^2 + ^3+... + !;^ = i^. 

Choosing such numbers, write down 

(“i - “ 2 ) (“1 - “a) ”’ • • • (“1 - 

X A(a2-a3)”'“(o2-a4)’”“‘ ••• K-i-“p) 
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This m X times a product of tv differences into which Oj enters 
in factors, and ag, 03, ... enter in numbers of factors not 
exceeding ip respectively. 

We have chosen one of the products as a sum of which P is 
arranged according to our assumption that the theorem is 
true for — 1. Deal with all the other products of the sum 
in like manner, and add the results of introducing additional 
factors as above. The result is a linear function of products 
such as described in our enunciation, and the highest terms 
in aj which it contains are apP, By subtraction from (1) we 
obtain 

Given function —(linear function of products as described) 

= + ...( 2 ) 

whore it may happen that some or all of P\ Q\ ... vanish. 
If they do not it is a function of differences, of dimensions 
as before, of degree in at least one less than the given 
function, and of degrees in Og, not greater than the 

given function. 

Repeat the argument with the diminished degree in 
of (2), in place of i^. And so again and again. After at 
most ii applications of it we obtain 

Given function = linear function of products as described 4 -^,. » 

wliere if not zero, is a rational integral function of differ- 
ences of ttg, a3,...a^,, of dimensions and of degrees in 
O;}, ... which do not exceed ^3, ... respectively, and 
is consequently, by our assumption, itself a linear function of 
products as described. Accordingly on this assumption, that 
the theorem holds for p — l letters, it holds for p. 

Now it holds for 2 letters a^, as the only 

possible function of dimensions v' in the one difference, but 
for a numerical multiple, is of the form described. 

The mathematical induction is then at once completed ; and 
the certainty that we can in all cases express a function of 
differences, as given, in the form of a linear function of 
products, as described, is established. 

Corollary. If the 'iveigld and partial degrees of the 
function satisfg 2 w = + ... the linear function of 

sums of products must he such that enters into every 
product in exactly factors, in exactly and so on. 

Let them enter in if, if,,,,if factors of one of the products. 
The number of factors is tv — ^ (ij + ^2 + . . . + if)’ Each factor 
contains two letters, so that to write down all the factors 
requires the writing down of 2 tv letters. But it also requires. 
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on our supposition, the writing down of just i( letters Oj, 
letters a^, and so on. Therefore 

V + V+-'-+V= 2i<; = + + 

i. e. (ij - i/) + (^2 - ^2') + • • • + - V) = 

None of the differences here is negative, by the theorem. 
Consequently all are zero. 

Two particular cases give us needed facts. 

(1) Take = ... = — 2 tu = ip. Also take the 

function symmetric in aj , ag, ... An expression in terms 
of symmetric sums of products as described can be found for 
it. The expression at first found is probably not symmetric, 
but from this expression equally valid ones can be found by 
permuting the 'p letters in it in all ways ; and tlie sum of all 
the expressions thus obtained, divided by their number /; ! , is 
equally an expression for it, and is symmetric. Thus a 
symmetric function of a^, a2,...a^, of degree i in each of 
them, and of dimensions in them all ^ip throughout, which 
is a function of their differences, can be expressed as a linear 
function of symmetric sums of products of those differences 
in such a way that every product involves every one of 
Uj, a2,...a^ in just i factors. This is what we assumed in 
§ 7 ' 4 . 

(2) Take ... = = i, = 'ey, 2 v' = — 1) + w. 

Also take the function symmetric in aj, a^, ... From an 

expression for it as a linear function of products as described 
can be derived (p— 1) ! expressions for it, including the first 
one, by permutations of a^, a^, ... ; and the sum of these 

divided by (p — 1) ! is an expression for it as a linear function 
of sums, symmetric in a^, Og, ... of products as described. 
Consequently a function of dimensions ^ {i (p— 1) +'57} 
throughout in a^, a2,,..a,,_^, which (1) is a function of 
their differences, (2) is symmetric in a^, ag, ... and (3) is 
of degree i in each of these p--l letters and of degree ot in 
the remaining can be expressed as a linear function of 
sums, symmetric in aj, Og, ... a^_|, of products of differences of 
the p letters, in such a way that in every product occurs 
in just '51 factors, while every one of aj, ag. ... occurs in 
just i factors. This, with p+1 for p, and x/y for a^+i, is 
what we assumed in § 83. 

Ex. 20. Observing that any rational integral function of the 
coefficients of p linear forms 

Vi (» - Oi y), Vi (» - Oj y), ■ • • Vp (» - “p y), 


or 
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which is homogeneous in the two coefficients of every one, must be of 
the form 

••• «2. ••• «p). 

prove, by use of a particular linear transformation, that if the function 
is an invariant of the forms, we must have for every value of h 
F{a^, ... Up) = F{a^ + hy a^ + h, ... ap + 4). 

Ex. 21. Observing that, if the function of the coefficients has not 
any one of x^, ...x^y y^for & factor, then Zj, i^y ... ip must 

be exactly the degrees to which Uj, a^y ... respectively occur in the 
expanded form of F{a^y a^y,,,a^y show that, if the function is an 
invariant of degrees ij, i^y ... ip in the coefficients of the forms 
separately, and consequently (§ 31) of total weight 

~ “I (h + ^*2 + • • • "b 

then F{a^y a,, ... a^) must he capable of expression as a linear 
function of products of lo differences, in every one of which 
Oj, a.y ... CEp occur in just ?‘j, ^ 2 , ... ip factors respectively. 

Ex. 22. Hence show that every rational integral invariant of p 
linear forms xy^ — x^yyXy^-~x.^yy,.,xyp--Xpy is a rational integral 
function of one or more of the 1) invariants 

^rlh ~x,yr{0<r<8^ p)y 

so that, as each of these is irreducible, the 1) together con- 

stitute the complete system of irreducible invariants of the p linear 
forms. 


Ex. 23. Every covariant, of partial degrees i^y ... ip and order 
uTy of the 2> linear forms can be expressed as y^^^ 2 / 2^2 . . . times 

a linear function of products of differences like a^ — a^ and products 

like a^y in such a way that in every product a^y ... a^, - occur 

y y 


in exactly 


?i, ^2, 


p, 'cr factors respectively. 


Ex. 24. The determinants Xryg — x,^y^y and the 2> forms themselves, 
constitute the complete system of irreducible invariants and covariants 
of the 2 ^ linear forms xy^-^-x^yy xy^ — x,pjy ... xyp — Xpy. 

Ex. 25. Observing that (a^y ... a^) (a?, yY = {^ + yOY%y where 
0 denotes the operator a^^/<)ao + «2 ••• show that 

the transformation of modulus unity x = X+hYy y = Y gives it the 
form {A"-h r(d + ^)}^aj). Expand this, noticing that 

dao = e\ = ag, ... dx = »p* 


Ex. 26. Observing that every function of partial degrees 1, 1, ... 1 
in the coefficients of the i qualities 

which involves the last coefficient in each, may be written in the form 
F{6^y dg) ••• d<) ... agt*), where F is b, rational integral function 

of degrees 2h iii dj, p^ in 6.^, and so on, show that, if the function is 
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an invariant of the i qualities, F{6y, ^ 2 , must he unaltered 

when we put in it + + ... for dj, 0^y ... 


Ex. 27, Observing that if the function is isobaric F must bo 
Iiomogeneous in dj, dg, ... and remembering that if it is an 

invariant of the quantics we must have 2w *•* (§ 

prove that every invariant of partial degrees 1, 1, ... 1 of the ^ 
(juantics is a linear function of ‘ hyperdeterminant ’ invariants 


where 0^ occurs in just factors of the product of ditferences, 0^ in 
just ^^ 2 , and so on. 


Ex. 28. Remembering that from any invariant of degree i of one 
^-ic, an invariant of i p~ics, of degree 1 in the coefficients of each, 
may be formed by the method of § 19, and that from this invariant 
of i ^-ics we may return to the original invariant of one jp-ic by 
identifying the ^ sets of coefficients, prove that every invariant of one 
^-ic can be exjiressed as a linear function of * hyperdeterminant ’ 
invariants 

(^1-^2)’"'^ (^I- «0«0«0 • • • (* factors), 

where now dj, 0^, ... 0^ all mean the 0 of Ex. 25, but the first and its 
repetitions operate only on the first factor in ao^o^o •••> second on 
the second, and so on. Here 0^y 0^, ... d* all occur in just jp factors. 

Also prove that tliose of the hyperdeterminants which give in- 
variants, i. e. which do not vanish, are those for which 

does not vanish identically, the summation covering all permutfitions 

ofd„d2,...d,. 

Ex. 29. There is a one to one correspondence between invariants of 
degree i of a binary jp-ic and invariants of degree p of a binary ^-ic. 
{Hermite.) 

Ex. 30. Tliere is a one to one correspondence between invariants of 
partial degrees 1, 1, ... 1 of a binary /^j-ic, ^ 2 -ic, ... and ^^-ic and 
invariants of partial degrees ^ 1 , ^ 2 , ...p^ of i linear forms. 



CHAPTER VI 


BINARY QUANTICS CONTINUED. ANNIHILATORS. 
SEMINVARIANTS. 


90. Annihilators of invariants. For the calculation of 
invariants it is a matter of great importance that I any 
invariant of (^o, ••• 2 /)^' must satisfy the two 

differential cciuations 


P«i5-- + (7^-e«2i^ + (?^-2)«8^- + -"+«j>F = 0- 




^(to 


' <)a 


p-i 


Professor Sylvester, to whom and to Cayley the theory is 
due, though the idea had also presented itself to Aronhold, 
expresses this fact by saying that any invariant I has two 
annihilators^ called and 0, viz. 


^ ^ ^ 
zzz a Q + 2 a^ ^ - 7 - + 3 r /2 d" • 




The language is a convenient one for expressing that 12 / = 0 , 
and 0 J = 0 identically. 

We proceed to prove these facts of annihilation. 


91. The annihilator 12. The property of having 12 for an 
annihilator is one that invariants possess in common with 
other functions of the coefficients which, when expressed in 
terms of and the roots, involve only differences of these 
latter. 

This may bo proved by seeing, as we shall later, that the 
operation with 12 on a function of the coefficients is equivalent 
to the operation with 



on the equal function of the roots a^, a 2 , ... a^. We 

here adopt a different method. 
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Functions of the coefficients which are equivalent to functions 
of aQ and differences between roots are, as we have seen, equal 
to the same functions of the altered coefficients when the 
quantic is transformed by the substitution of X + mY and F 
for X and y, that is to say, when the roots are diminished by 
the same (positive or negative) quantity m. Now, this being 
so for all values of m, let m be taken as very small, so that 
its square and higher powers may be neglected in comparison 
with any finite multiple of itself. The quantic 

cIqX^' +pa^x^~‘^y + ~ ™ + . . . -f ffpy‘' 

becomes in this case, after the substitution, 

a,X“ + p + nu>,) X‘’-^Y+ (a, + 2 X‘>-‘^Y^ +... 

+ (ap + p'nmp_i)Y‘', 

so that the new coefficients are the old ones altered by the 
increments 

haQ = 0, = m«^, = 277iaj, , ba^ = 

Now / our supposed invariant, or other function of and 
the differences between roots, becomes, by Taylor’s theorem 

in which quadratic, &c. terms in the Set’s, i.e. in m, are omitted 
as vanishing in comparison with the increment retained. 
Thus a necessary result of / being unaltered is that 

i.e. that +2«, +... + pa,_i^-^)/= 0, 

i.e. that 12/ = 0. 


92. It will be well to give another proof of this, both 
because of the convenient symbolical form of results to which 
it will lead, and in order to convince ourselves that ill = 0 
is a sufficient condition to ensure that / is a function equal 
to the same function of the coefficients in the quantic obtained 
by putting X + wF, F for x and y in the given quantic, 
whatever constant m be, as well as a necessary consequence 
if this persistence is a fact. 
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If 

Ai,A^,...A^)(X, Yy = (a„,ai, a.^, ...%){X-]-mY, F)*’, 

where m is not now necessarily very small, the expressions 
for the new coefficients are easily seen to be, by use of Taylor’s 
theorem for the expansion of a function of X/ F+ in in powers 
ofX/F, 

^0 = %> 

Aj — a^ + %m, 

A^ = <<2 1 2ajm + a„'ni‘^, 


A^ = (ip + + . . . + Wo 

where we notice that 

<lAi, 
dm 




dAr. ^ dA. . dA,y 




■P^P-V 


We draw the conclusion that, if F {A^^ A^, A.j,^ ,,, A^) is 
any function of the new coefficients, 


TiF dA^ ^F dA-^ ^F dA^ 

dm ^A^ dm ' * 


c)i^ dA, 


A o A o A A 

= Jn— + 2^1^^ + 3^2 5r >4 








d 


Now for ^^F(Aq, Ai, A,^, ,,, A^) to vanish, whatever m 
be, is the necessary and sufficient condition that 

^ i^Oi ‘^ 2 > ^p) 

be independent of m, and so equal to F(aQ, a^) which 

is its value when on = 0. Thus the condition, both sufficient 
and necessary, that 

F{Aq,A^, A2,,..Ap) = F{aQ, a^, «2,...o^) 


^^A^ 


F{A^, A^, J.2,,..^,,) = 0, 

or, replacing capital by small letters, 
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93. We can by this method prove that, if F is any rational 
integral function. 


F{A,, A„ A ,, ... A,) = (1 +ml2+ 

which may be written symbolically 

In fact we have, by Maclaurin's theorem, 

(«') = <, (0) + «' [-2]^ + [0]^ + . . . 

= [e (f) (m)J 

m=0 

Now F(A^^^ J.J, ... Ap) is a function of m. Hence, if A\. 
denotes the result of replacing m by m' in .4,., we have by the 
preceding article 

= FiA„ A„ A„ ... . 1 ,)] , 

m = 0 

= e'"-'^F{ao, «!, «a, ... «,). 


This is proved, subject to considerations of convergency, 
for any function F, When jP is a rational integral function 
no question of convergency arises. For wo notice that F^ 
ilF, Q.^F, ,,, are of weights regularly diminishing by unity, 
so that presently we get to a term IV"F of zero weight, i. e. 
a function of «o, and beyond this point &c. all 

vanish. The symbolic series practically consists therefore of 
only a finite number of teiins. 

We have thus another proof that, if a function I persists in 
form after the substitution of -3 l +'niF, Y for x and y when m 
is infinitesimal, it does equally when m is finite. For if 
ill = 0, the condition of § 91, then also il^^I = 1212/ = 0, 
Q?I = 0, &c., &c. 

Of course the student will recognize that 12^/ denotes the 
full expression for the result of operating with 12 on 12/, viz. 


<7.2- q.4(^ a 


3 


37 


3/ 


37 


+ 1 . +2. Saj— +3. 4ff2— +• 

U Cl'Q 






^2 ^'^4 

and not merely the first line of this expression ; and so for 
12^/, a% &c. 
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94. The annihilator 0. Wc have still to see that, if T is 
an invariant, the second operator 0 of § 90 annihilates /, as 
well as the first il. 

This property invariants have in common with other 
functions of the coefficients which persist in form after the 
substitution 

xr=X, y^VX^Y, 

i. e. in common with all functions of the coefficients which can 
be expressed in terms of and the differences between 
reciprocals of roots. The substitution is in fact one which 
transforms the quantic into another in which is unaltered 
and the reciprocals of the roots differ by V from the reciprocals 
of the original roots. 

The proof is exactly as before, the present substitution 
dealing with y and x exactly as that of the preceding articles 
has dealt with x and y, and consequently dealing with the 
quantic read backwards from its end exactly as the 

former substitution dealt with it read forwards from its 
beginning It will be noticed that 0 exactly corresponds 

to 12 in this reversed reading. 

We have then that OF = 0 is the necessary and sufficient 
condition for F to persist in form when for x and y we make 
such substitutions as -X, VX + F. 


95. Symmetry of an invariant. Skew invariants. If in 
an invariant Uq and and and &c. are inter- 

changed, the invariant is unaltered if its weight is even, and 
changed only in sign if its weight is odd. 

For the substitution x = y = X has for its modulus — 1. 
Now the effect of it is to interchange and Up, and (Xp^j, 
^2 and «p_ 2 , &c. in the quantic. Consequently, if 

jP(ao, «i, •••«!>) 

is an invariant, we have (§§ 23, 26, 76) 

F{(lp^ ^p-2> ••• ^2’ ••• 

We see then that there is an essential difference in character 
between invariants of even and invariants of odd weight. 
Those of odd weight are, because of this change of sign, known 
as sketv invariants. 

Skew invariants do not exist for the quadratic cubic and 
quartic, and it came as a surprise upon mathematicians 
when Hermite discovered the &st skew invariant of a 
higher quantic; viz. that of degree 18 and weight 45 of 
the quintic. 

Invariants of odd weight cannot, it is cleai*, be rational 
integral functions of invariants of even weight. Thus when 
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a binary quantie has one or more skew invariants one at least 
of them must be irreducible. 

96. One result of the symmetry to which attention has 
juvSt been called is that, when we have found a function of the 
coeflScients which has il for an annihilator, it is unnecessary to 
test directly whether it is also annihilated by 0, in order to 
ascertain whether it is or is not an invariant. If it is altered 
in more than sign when the first coefficient and last in the 
quantie, the second and last but one, &o, are interchanged in 
pairs, it is not an invariant. If on the other hand it is not so 
altered in more than sign it must be annihilated by 0 as well 
as by 12, for the interchanges in produce 0. 

We must prove, however, that any function which is of one 
order and one weight throughout, and which is anniliilatcd 
both by and l)y 0, is an invariant. 

97. A homogeneous isobaric function annihilated by il 
and by 0 is necessarily an invariant. 

Consider in succession the substitutions 

X = Kx', y = ixy', ... (1) 

x'=X' + tr, y'=Y', ...(2) 

X'=X, Y'=tX + Y. ...(.3) 

The result of the succession is that of the performance of 
the substitutions 

= A. (1 -f A ^3^, ) 

Now these are the most general formulae of linear substitu- 
tion ; for, A, /X, t, T being arbitrary, so are the coefficients 

X (1 +^r), \t, fjLT, /X, 

as is clear by taking them in reversed order. The modulus 
of the resultant substitution (4) is A/x. 

Let the original form of a p-ic be 

K. «i> «2> •••«?) (®> y)"> 

and let the forms it successively takes be 
(a/, a/, a.', ... a/) {X , y'Y, 
{A:,A,',A.:,...A;){x\Yy, 
{A„A„A„...A,){X,YY. 

Take ^’(ao, aj, « 2 > ••• * 1 .) ^ homogeneous isobaric function, of 
degree i and weight w, which is annihilated by H and by 0. 
We have first that, for values of r from 0 to inclusive, 

«/ = 

I 


1431 
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where the index of the power of /n is the weight of and 
that of the power of A is the excess of 2 ^ over that weight. 
Accordingly, because F is homogeneous and isobaric, 

Fia^', a{, «./, ... ct/) = dj, ffla, ... a,,). 

Again, because annihilates F, F persists in form after the 
substitution (2). Therefore 

F{Aa', Ai, A ^', ... A/) = F[a^', <, <, ... <). 

Once more, because 0 annihilates F, 

F{A„ A„ A„ ... A,) = F{A,', A,', A ,', ... A/). 

We see then, taking these three facts together, that 
F{Ao, ^ 1 , A ^, ... .4,,) = F{a^, a^, a^, ... a,). ... (5) 

In other words, we see that is a function of the coefficients, 
which needs only to be multiplied by a factor involving only 
the constants in the general scheme of linear substitution (4) 
to be made equal to the same function of the coefficients 
in the quantic into which the given quantic is transformed 
by that substitution. By the definition, then, F is an in- 
variant. 

Moreover the fact (§ 26) that w=^\ vp follows. For, by 
§ 23, the factor in (5) must be a power of the modulus, 

i. e. of A/x. Thus the indices of and must be equal. 
Therefore w '=-\ ip. 

Another interesting proof that, when 12 and 0 both annihilate 
a homogeneous isobaric function jP, the weight and degree of 
F must be connected with }) by the relation ip—2iu = 0, will 
be afforded when we have seen in the next chapter that 
(22(9 — 022) {ip — 2iv) F, 

For the left-hand member vanishes when 22-P= 0 and 
OF = 0. So then must the light-hand member. 

98. A good proof in small compass of all the fundamental 
properties of invariants of a binary quantic is afforded by 
a method which will also be useful for other purposes. 

We notice that, if 

u = {(I^,a^,a 2 ,...aj,) {x,yy, 

then 22u = 2/ ^ w ^ j • • • 

and, generally, 22*‘u = (jj u. 

Consequently 

(«o. «i, «2 - ••• «>) (*. y)" = K> «i. «2- ••• %) vY 
= (do . «i > «2. • • • «i.) (« + yY, 


by Taylor's theorem. 
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Similarly 

Ou = tv , ... 

and, generally, O'lv — 

and therefore 



{a « 1 , ... {x, yf = /‘"'dTy K» 2/)'' 

= ((^ 0 , a^, . . . dp) (;r, r.y; + 7/)^’. 

Hence, performing one operation after the other, 
a^, ... a^,) {x, yf 

= {a ^ , , . . . a^) {x^t{TX + y), rx + yY, 

and, putting \x, iiy, for x, y, 

••• ^^i>) t^yV 

= j * * • ^^7') (( ^ -{• \ X t fx y , T\x-\-ixy^^, 

i.c., taking 

(1 + ^r) A = Z, ty. ^ m, rX = y = m', 

so tliat 


, m Z Im — I tih 

y = lib , Z = —7 * r =r - — j A = 7 5 

m Ini^lm vv 

{% , «1 , «2> • • • «p) (^•^' + + '^'2/)'’ 

-gm gto-im a^,. ..«„)( — — , — X,my) 

^ TfO 


Thus the most general linear substitution of Ix+ my, 
Vx + m\j for X and y is effected by a substitution of the form 
Xx, yy followed by a complex differential operation. 

This is an identity. If then the expanded left be 


(-d-Qj -dj, -dgj ... -dp) {x, yYi 
we have for all values of r from 0 to p inclusive 


A.=: e 


~n 


Im'—Vm 


0 ylm' — 

( 7 ) ^ 

^ m ^ 


= {Iwf — VmY~''wf'^ e^' e , 

so that wo have a formula for every new coefficient. 

We can readily pass to’ products of coefficients. For, if 
P, Q are two functions of the coefficients, 
e^^PQ = e*(^i+^3)pQ^ 

where 0^ and 0.^ both mean the same as 0, but the former 
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and its repetitions act on P only, and the latter and its 
repetitions on Q only, 

= e^^^e^^^PQ 

= 

= e^^P . ; 

and, in like manner, 

ek'iie^opQ ^ e^'^{(^^P.e^^Q) 

Hence, if F {a^, a^) is a product, or a sum of 

multiples of products of the same degree i and weight iVy of 
coefficients chosen from among ... 

F {A Qj , A. 2 ^^ ... Aj) 

— o 

= (Im' ... 

so that any rational integral homogeneous isobaric function of 
the new coefficients A is obtained from the same function of 
the old coefficients a by a complex differential operation and 
a multiplication. 

By reversing the order of the and 0 operations we obtain 
in like manner a second expression for F {A^^ A^^ A.^^ A^) \ 

viz. 

F {A Q, A^^ A^y ... A^) 

V Im 

= (Zm' — F {a^y a^y a^^y ... a^,). 

99, All the fundamental facts as to invariants flow hence. 
These are that an invariant is annihilated by X2 and by 0, 
that its degree and weight are connected with the order of 
the quantic, by the relation ip — ^w = 0, and that the factor 
in the equality expressive of its invariancy is the wth power 
of the modulus Imf — I'm. 

To see this, suppose that F{aQy (Xp ag, ... a^), a homogeneous 
isobaric function, is an invariant, so that 

F{A^, A^, A.J , ... Ap) = <l> {I, m, l\ m') F{%, »i, a ^, ... a,), 

where the form of <!> is at present unknown. We have three 
expressions for Ag, ... A^), which we can identify, 

and obtain 

m Vtn' 

{Im' F {a^y a^y ... a^) 

= <t> {ly my Vy ) F {O, ^ y , dg , . . . 

i'o -PH—Fl 

= (Im' —V p^ct^y a^y ... a^). 
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In the first equality put I' = 0. It becomes 

— n 

F(a„a,,a„...aJ 

= <p (I, TO, 0, to') F{aa, a ,^, ... a,,). 

Now X2i^ is of lower weight than F, and il^F, &c.- of 
lower weights still. The terms of different weights on the 
two sides must he separately equal. Hence 

Again, put m = 0. We obtain in like manner 

V 

lip-w ^ p . a^) 

^ (f) (I, 0, I y lYh ) F (^^Q, 5 

whence, by considering terms of different weights, since 
operation with 0 increases weight, 

OF :=0y O'^F =0y&G, 

Thus the facts that an invariant is annihilated by 12 and by 
0 are obtained. This being so, the general equalities become 

{Im' F == (f) (Z, m, l\m')F=: {Imf — VnniyH^^'^-'^Fy 

in which Z, m' and Im' — Vm are independent. The equality 
of the first and third expressions requires that the indices of 
i,p- 2 w and that the indices of (twf 

and (Ini be equal. These are all satisfied if and only 

if ip—2w = 0. 

Lastly, using this fact, the value of 0 (Z, m, Z', rnf) is 
(liYi 

100. A similar analysis will lead us to a theorem of great 
importance which we shall use hereafter. 

By the early part of § 98 we have, putting — 7 “^ for Z, 

^ T yY 

= K, %)(-r-'hjy TX + yy 

= «i, ofa, ... «,.) (-T-’y, tx )" 

= «y-i, «p-2. ... Go) (’■G', --r-'y)"; 

whence, equating the coefBcients of on the two sides 

= (-!)’■ 

for every value of v from 0 to ^ inclusive. 

We may hence pass to products, and linear functions of 
products, of coefficients a^, a^, ... as in § 98, and obtain 
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that, if /'(«„, «i, ((j,) is any rational integral homo- 

geneous isobaric function of degree i and weight 'tv, 

«i> «2> •••«>) 

= <t „..,, ... oo). 

i. e. 

(^1 — 1 ~ ^ -t- (a,), «i, 


0" 




N ow equate terms free from r on the two sides, as we may 
do since the equality is identical, holding for all values of t. 
The conclusion is that 


V “ P 2‘^ 




= 0, if ii) — 2w>0, 


but = if = 0, 

Qlw-xp 

and = ( - 1 F{a„ o,,.,, . . . o„), if n> -2w<0. 


The first part of the conclusion is the one to which we wish 
to draw particular attention. It tells us that, if ij)—2v)>0, 

^ ^^2 5 • • • 


\0 no- 

Ir^ P.2^P.2^3’' 





i. c. that any rational integral homogeneous isobaric function, 
for which rp > 2Wy can be obtained by operation with il on 
another rational integral homogeneous isobaric function. 


101. Formation of invariants by aid of 12. We return to 
invariants. A rational integral invariant of the binary ^>ic 
is, we have seen, a rational integral homogeneous isobaric 
function, whoso degree and weight are connected with by 
the relation ip = 2iv, and which is annihilated by 12. These 
two rcquii’ements are necessary, and we shall see in § 112 that 
they suffice. They lead to the following method of formation 
of all invariants of given degree i. 

Write down all those products of i factors chosen from 
among a^, a ^, ... repeated factors being allowed, which 

are such that the supi of the suffixes in every one is ^ i/J, and 
take the sum of arbitrary multiples of those products. Operate 
on the sum with 12, and express that the result vanishes. This 
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will give a number of equations in the arbitrary multipliers, 
since the multiplier of every distinct product of suffixed a’s 
in the result of operating must vanish separately. If the 
number of the arbitrary multipliers is not greater than the 
number of independent equations to be satisfied, values of 
them different from zero cannot be found to accord with the 
requirements, and there is no invariant of degree /. If the 
number of independent equations is one less than the number 
of arbitrary multipliers, the ratios of these can be chosen in 
one way to satisfy them, and there is one invariant. If the 
number of independent equations is more than one less than 
the number of multipliers the equations can be satisfied in 
more than one way. In fact, if the excess of the one number 
over the other is 7% r of the multipliers may bo left arbitrary, 
and the equations can still be satisfied by proper choice of the 
rest. We thus get an invariant 

where A.^, ... A,, are arbitrary. This is expressed by saying 
that there are /• linearly independent invariants /j, 7^, ... of 
degree i. 

It will be proved later, by means of the last article, that all 
the equations for determining the multipliers are independent, 
so that the number of linearly independent invariants of degree 
i is the excess of the number of products of a^, ... ap, of 

degree i and weight ^ ip, over the number of products which 
occur in the results of operating with 12 on these products, 
i. e. over the number of products of degree i and weight 
li/j— 1. By deferring the proof we shall avoid repetition, 
as the theorem is a case of a more general one which will bo 
required later. 

Notice that the number of products of degree i and weight 
tv is the number of ways in which the number w can be formed 
by the addition of i or fewer numbers, none exceeding This 
number of partitions of w is usually denoted by {w ; i, p). 
Thus the number of linearly independent invariants of degree 

^ (-1 ip ; i, p) - {\ip - 1 p). 

102. As an example of this method lot us prove the state- 
ment made in § 80, that I and J are the only invariants of 
degrees 2 and 3 respectively of the binary quartic. 

Here = 4. Take first i = 2. Then ^ . 2 . 4 = 4. Now 
the only partitions of 4 into two or fewer paiis, none exceeding 
4, are 0 -f 4, 14-3, 2 4-2. The only possible terms in an inva- 
riant of degree 2 are, then, a^a^, ap(^, a/; or ae, hd, say. 
Now suppose that ae-\-\hd-\-yiC^ is an invariant. The result 
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of operating on it with 12, i. o, with 

4^/ 

is ac/ (4 + A) + (3 A. + 4 fx ) ; 

for which to vanish we must have 4 + A = 0 and 3 A -f 4 /x = 0, 

i. e. A = — 4, jut = 3. 

Thus I = ae — ^hd-h 

is the only invariant of degree 2, any other being merely 
a numerical multiple of it. 

Again, take i = 3, so that = § . 3 . 4 = G. The only parti- 
tions of 6 to be dealt with are 

0 + 2 + 4, 0 + 3 + 3, 1 + 1+4, 1 + 2 + 3, 2 + 2 + 2. 

The necessary form is then 

ace + \ad^ + + vhcd + [)C'\ 

and 12 operating on this produces 


abe 

2 

+ acd 

4 

+ b^d 


+ Ic^ 

3 V 




+ GA 


1 

+ 2/^1 


+ 6/5 




+ V 






for which to vanish we must have 

2 + 2^ = 0, 4 + 6A + z^=0, 4^ + 2r = 0, 3r + 6p = 0, 
i. C. /x=—l,z;=:2, A=:— 1,/)=— 1. 

I'hus J = ace + 2 hed — ad^ — h^e — 

is the only invariant of degree 3 which the quartic possesses. 

Ex. 1. 81iow that a binary p~\c has no invariant of the second 
degree if^; is odd, and only one, that of § 48, if^; is even. 

Ex. 2. Show tliat no binary quantic has an invariant of the first 
degree. 

Ex. 3. Show that a binary cubic has one invariant, its discriminant, 
of the fourth degree. 

Ex. 4. Show that is annihilated by 12, for any 

value of p not less than 3. Is it an invariant for any value of p 1 
Ans. No. 

103. Invariants of several binary quanties. The methods 
of the earlier part of this chapter apply, midatis mutandis^ 
to a system of binary quanties. The facts led to are as 
follows. 

Let (Oj, Oj, {x, yy\ 

(^o> ^i> ••• ^j>j) (®) y)^^) 

(Oo, Cp (-2, {x, y}>\ 
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be a system of binary quantics in a:, y. Take the operators 


Pi 


+ {K jx + 2 ^ ^ + • • • + ihK-^ 

1 ^ y'a 

ol, + • • • + 4.-1^ 

+ K, 4^_,) 

■'■ ( st; ~ ^ a c„, _i) ■•■ • • • 


= ^0, say. 


Then any invariant of the system is annihilated by iSI2 and 
by 20. Also, conversely, any rational integral function of 
the difterent sets of coefficients which is homogeneous in each 
set, of partial degrees ••• same total 

weight XV throughout in the sets jointly, and which has 
both 212 and 20 for annihilators, is an invariant of the 
system. Moreovc]-, the possession of these two annihilators 
necessitates that the several partial degrees and the total 
weight must be connected with one another and the orders 
of the quantics by the relation 

••• = 2?/;. 

Also, as in § 95, an invariant is unaltered if its weight is 
even, or altered only in sign if its weight is odd, when we 
interchange and «_p^, and 

•••» •••* Thus, since these 

interchanges make 212 into 20, and vice versa, we need not, 
when we have found a function which 212 annihilates, test 
by direct operation whether it is also annihilated by 20 
before being sure whether it is an invariant. It is or not 
according as it has or has not the above symmetry. 


Ex. 5. Find the invariant of partial degrees 1, 1, and consequently 
of weight 2, of the two quadratics 

(«o. «i. «.i) (*. y)^ (*o. ^2) (*> yf- 

Avis. Its form must be XaQh^-{-ixa^\-^va.^hQ, Now 212 on this 
produces (2 A -f /x) + (/x + 2 v) . Thus /uc = — 2A = — 2z/. The 
one invariant is then that of § 7, Ex. 4, K{aQh^--2aJ)^-\-aJ)^. 



122 INVARIANTS OF SEVERAL BINARY QUANTICS [l03 


Ex. G. Show more generally that the invariant of § iO Is the only 
lineo-linear invariant of two binary jp-ics. 

Ex. 7. Show that tlie quartic and quadratic 

K. ••• «.) (*, y)\ (X. ^2) (®. y)' 

have no lineo-linear invariant. 

Ans. The weight would have to be J(4-f*2) = 3. The only 
possible form is then and SU on this produces 

A + (2 A -f 2 /ut) -i- -f 3 a.^h ^ ; 
for which to vanish would require A = 0, /ut = 0, r = 0. 

Ex. 8. No two binary qualities of different orders can have a lineo- 
linear invariant. 

Ex. 9. Find the only invariant of partial degrees 2, 1 of a linear 
form and a quadratic. 

A ns. The invariant of § 7, Ex. 3. 

Ex. 10. Find an invariant of partial degrees 1,2 of a quadratic and 
cubic. 

Ans. V)-«i {Kh-W)A- a-Ahh—K)- 

Ex. 11. Find au invariant of partial degrees 1, 1, 1 of three 
quadratics. 

Ans, That of § 17, Ex, 25. 


104. Annihilators of covariants. In § 69 it has been seen 
that the covariants of a binary quantic u are identical with 
the results of replacing x' and y' by x and y in the invariants 
of u and the linear form xy'—x'y. 

Now invariants of these two quantics have, by the preceding- 
article, the two annihilators 




Jl 



It follows that covariants of u have the annihilators 


a~y 


7 ) 



It seems best, however, to prove this fact and investigate 
its consequences ab initio^ as was done in the matter of 
invariants. 


105. Let F cfi, oj, y) be a covariant of 

{%, ••• ^>) (^5 2/)^i quantic bo transformed 

into (^. F)^ 

by the substitution 

X = X + mY, y = y, 
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whose modulus is unity. We seek first the necessary and 
sufficient condition that we may have 

■^(•^0) • •• -^p j ^ ) ^0 ~ ^ (^^U> ^^1 > y)> 

which will be the case when ii* is a covariant, though not then 
only. 

If A„, it., A„...A„ are expressed in terms of m and 
((q, «i, cy.^, ... we have, as in § 92, 


Cl/XXi . dA, „ , 

Also the expressions for and Y in terms of in and x and y 
X — x — iny, Y 

so that dX /dm = — = ~Y, dY/dm ~ 0. 

Consequently 

~FiA„ A„ A,,...Ay, X,Y) 

7)F dAo iF dA, iF dA„ iF dX iF dY 

= .^--r-^+v . -"r-^ + .-.+TTi-'-r-' + tv7-V- + ^7---7- 


— , — ^ _j , — i ^ ..j _j , I — 

<)jlg dm bjdj dm dm <>X dm, iY dm 

A . A A ^F ^-bF 

~ bA^ ^^bA^'^-’ +-^'"^^'-1 bi; ^bX' 

Now the vanishing of the left-hand member here is the 
necessary and sufficient condition for 

F{A,,A,,A,,...A,; X,Y) 

to be a function of a^j, tq, ... ; x^ y which is free from 

m, and consequently equal to F{a^^^ a^, a^,...a^, ; x^ y), its 
value when m = 0. The vanishing of the right-hand member 
must then express the same thing. Thus the necessary and 
sufficient condition required is that 

C sT, + bT, ~ ^^bX^ 

F{Ao,Ai, A^,...A„; X, Y) = 0 , 

or, replacing capital by small letters, that 

{^--y'd/^x) F{ao, ai, ... ; x, y) = 0. 

We have also, as in § 93, that even when this condition is 
not satisfied 

F{A^, A^, A.^,.,.A^-, X, Y) 

= 6 F{%, aj, ... ap ; y). 

Thus we have the means of writing down the result of apply- 
ing the transformation of this article to any function of the 
coefficients and variables. 

We might also have adopted the method of § 91. 
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106. In precisely the same way, the necessary and sufficient 
condition for the persistence in form of F after transformation 
by the substitution 

x = X,y^VX+Y, 

is (0 F{aQ, •••«/> 5 y) = 0, 

where 0 is the second operator of § 90. 

Any covariant has, then, the two annihilators 

^l—y'b/lXy O-^x'b/'by, 

107. Symmetry of a covariant. Again, as in § 95, we see 

that there is a symmetry in any covariant. The simultaneous 
interchange of x and 2/, of and a^, and &c. in its 
expression must, since the interchange means a substitution 
of modulus —1, have the effect only of multiplying it by 
(_ where i is its degree and tv its order. Now 

+ is the weight of the co variant (Chap. Ill), and 
— tv) consequently the weight of the coefficient of x^ in 
it. Thus a covariant is unaltered, or altered only in sign, by 
these interchanges, according as the weight of its leading 
coefficient is even or odd. 

Hence for covariants one of the two conditions of § 106 is 
necessitated by the other and symmetry. The reasoning is 
as in § 96, 

108. Suffleienoy of the two conditions of annihilation. We 

can also prove the converse of § 106 for homogeneous isobaric 
functions. Stated at length, the fact is that any rational 
integral function F of do, cq, ... dp and x, y, which is homo- 
geneous, of degree % in the coefficients, homogeneous, of 
order w, in x, y, and isobaric on the whole, reckoning , 

dg, ...a^, X, y as of weights 0, 1, 2, 1, 0, and which 

has both h — y'b/'hx and O — x^/'^y for annihilators, is a 
covariant. 

The proof, which proceeds exactly as in § 97, need not be 
repeated at length. The only variation is that in passing 

K. •••«!>)(«’. J/)*” 

to (tto, «/, a/, . . . a/) (x', yj’, 

we have, as well as a/ = X^"’y ar, 
also x^ = \'^x, 

so that 

where the index of the power of X is minus the weight of the 
product 03*2/®“*, and that of the power of fx is the weight of the 
product diminished by w. Also the weight of the function of 
which multiplies x^y^~^ in the function F 
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which we are considering is where lo is the weight of F, 
Thus, in place of the 

F{aQ\ <, «/,...«/) = a .,, ... re,,) 

of § or, what we now have is, since for every s 

F{a^', re/, «/,...«/; x', y') = F{a^, re^, a^y.-.a ,, ; x, y). 

This difference of the factor will not affect the argument. 
The supplementary conclusion, from the fact (§ 37) that when 
we have proved to he a co variant we know that the factor 
must be a power of the modulus, is in this case 

i'p — xv^w — rsi^ -I (ip — • tn-), 
so that ip -h w = 2 

which accords with Chapter III. 

109. A covariant completely given by an end term. We 
are now in a position to find the covariants of a given degree 
and order by a method like that of § 101. A further theorem 
of great importance will, however, much facilitate the process. 
It is due to M. Roberts. 

Let a covariant of order tir of a binary p-ic be arranged as 
a quantic in x and y. We may write it 

(7,a;* + tjrC7ia:-»2/+ ^ 

+ + < 7 * 2 /®, 

where (/o, (7,, G.j.,...Ca are all of degree i in re,, «^, ... re^, 
and are of weights respectively 

IGP-'st), ^('i/>-w)+l, |(ii>-w) + 2, ... 

This is annihilated by Q.—y 'd/'kx. We must then have 

il 0, .x'^ + w{aC^-G,)x-’-^y+ iiia,--2C,)x^-^y^ + ... 

+ w(f2<7„_j — t!T— 1 t/ro-g) *2/”’“* + (fiC<OT — wC/ET-i)//® = 0, 

for all values of x and y. The various coefficients of a;®, 
x^~^y, ... must therefore vanish separately. In other words, 
i2(7o = 0, 

0,0-1 ~ ^o> 

OG^ = 2(7i, 

12(7ro_i = (w— 1) Ga-2, 

OG„ = ^G^.i. 
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We have then the two most interesting conclusions which 
follow : 

(1) the leading coefficient in the covariant, is annihi- 
lated by X2, the first of the two annihilators of invariants. 
For this reason it is called a semi-invariant or seminvariant, 

(2) When the last coefficient in a covariant, is known, 
all the other coefficients are determined from it by mere 
operations with fl, i. e. by differentiations only. In fact, we 

see that i 

0 — t ow-r n . 

and that the whole covariant is 


w ! (ot — 1 ) ! 


hj + 




-v+... 


which, since <fec., vanish, the first of them 

being only which is zero by the first equality above, 

may briefly be written 

y^ey ( 7 ^. 


For this reason which is (§ 107) merely the result of 
interchanging and and &c. in has 

been called the source of the covariant. In the next article 
we shall see that the same name might equally and for a like 
reason be given to Oq itself. 


110. Express, in fact, precisely as in the preceding article, 
that the covariant is annihilated by 0 — x^/^y. The conclu- 
sions are that 

OCq = -ctCj 

0(7, = (^-1) a 

0C,^{^^2)gI 


00^^, = 0,, 
00, =: 0. 


Thus (1) 0, is annihilated by 0 the second annihilator of 
invariants, and may be called an anti-seminvariant ; and 
(2) for every value of the number r from 1 to tsr inclusive 


so 



()rn 

’ ct('cj — 1) (w — 2).., 

(vr-r + 1)^ 

that the covai'iant is 



o „ 0”’C'„ 

G,x” + OCoX^-hj+'^x- 

+ 
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or, as it may be written, 

for ... vanish since OC^ = 0. 

Thus, when we have the seminvariant which is the 
leading coefficient of a covariant, all the coefficients in the 
covariant can be obtained from it by mere operations with 0, 
i.e. by differentiations. 

In fact, given any coefficient in a covariant, all the coeffi- 
cients can be found. Successive operations with il give the 
coefficients on the one side of it, and successive operations 
with 0 give those on the other. 

111. Seminvariants. We may define a semiiivariant as 
any homogeneous isobaric function of the coefficients 

a^, ^^25 which is annihilated by X2. Wc now confine 
attention, however, to seminvariants which are rational and 
integral. 

Looking back at §§ 91, 92 we see that the half invariant 
property which seminvariants possess is that of being abso- 
lutely invariantic for such linear substitutions as 
X X mY, y = Y. 

(From § 97 we gather that they are really invariantic for the 
somewhat more general substitution 

x=^ IX + mYy y = m'Y, 

though the factor for any one is in this case not as a rule 
a power of the modulus.) 

Consequently, when expressed in terms of and the roots 
of the quantic, a seminvariant can involve only differences of 
these latter. If of degree and not divisible by aQ, it is a 
product of and a function of the differences which involves 
each particular root to the i-th degree, since the ratios of 
«!, ^ 2 , 0 ^ 3 , &c., to are all of the first degree in every root. 
Conversely, any rational integral symmetric function of the 
roots, which can be expressed in terms of their differences 
only, becomes a rational integral seminvariant when mul- 
tiplied by such a power of that it can be expressed 
integrally in terms of the coefficients. The least power of 

which suffices is the i-th, where i is the degree of the 
symmetric function in any particular root. 

We may now see that in the two preceding articles may 
be any rational integral seminvariant ; that is to say, that any 
rational integral seminvariant whatever may be taken as 
the leading coefficient of a covariant, and determines that 
covariant uniquely. 
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Take any rational integral semin valiant S of degree i, with- 
out for a factor, and write it as multiplied into a symmetric 
function of the roots a,, Og, ... This symmetric function 
is a function of the differences — is of degi’ee i in 
each root, and (§ 89) can be expressed as a linear function of 
products of the differences in such a way that no root occurs 
in more than i factors of any product. Now, having thus 
expressed it, write (a,. — aj /(;/; — 2 /) for every differ- 

ence a,.— a,. In this fraction occurs once in the numerator 
and once in the denominator, and so does a^. 

Clear the function obtained of fractions by multiplying by 
the lowest necessary power, the i-th, of 

(i«-a,2/) {x-a^y) ...(x-a^y). 

In this multiplier aj,a2, ...a^ occur in equal numbers i of 
factors. 

The result, when expressed in terms of x, y and coefficients 
only, will be a covariant whose leading coeflBcient (7,, is the 
seminvariant aV. That the leading coefficient is S is clear 
from the method of construction. That the whole expression 
is a covariant follows from the fact (§ 83) that it is a power 
of (^0 multiplied into a function of differences x — ay and 
differences ar — a,, which is symmetrical in the roots, homo- 
goneoua in both kinds of <lifferences, and such that all roots a 
occur in equal numbers of factors in any product, and in the 
same number in all products. 

The covariant is unique; for § 110 shows that a leading 
coefficient determines a covariant uniquely, giving tn- as the 
least number for which = and giving C\, ... (7^ 

by a succession of operations with 0 on Cq, Note, however, 
that the order ^ depends on the value of p. For quantics of 
different orders />, the same seminvariant will lead covariants 
of different orders tsr. We had above, in forming the co variant 
from its seminvariant leader by means of the roots, to divide 
terms by products of order 2 w\ where is the weight of the 
seminvariant, and to multiply through by a product of order 
ip. Altogether the covariant obtained is of order ij)— 2iv\ 
which accords with the known fact that w' = ^ {ip-^nr), 

A seminvariant with a power of «o, say, for a factor is of 
the form where /S is a seminvariant to which the reason- 
ing above applies. The unique co variant which it leads is 
the product of the co variant led by S and the j-th power of 
the ^>-ic. 

Another proof, making no explicit use of the roots, of the 
important theorem of the present article will be given in the 
next chapter. (Cf. § 126, Ex. 6.) 
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112. We now see that the problem of finding co variants 

by aid of annihilators is reduced to the much simpler one of 
finding seminvariants. We have found, suppose, a semin- 
variant of degree i and weight m Take it for (7^ in § 110. 
The leading term in the corresponding co variant of the binary 
p-ic is as above, when is a factor of Cq as well as in 

other cases, where w is the weight of Cq and not that of the 
covariant ; and the full expression of the co variant is, by § 110, 

That the order ip~2w of the covariant cannot be nega- 
tive, 6',) being a rational integral seminvariant, is clear, lor 
the procedure of the last article determined a covariant of 
essentially non- negative order in x and y from the semin- 
variant with which it started. Thus there are no rational 
integral seminvariants for which ip— 2 w is negative. Should 
rp — 2%0 be zero the seminvariant is an invariant. For the 
covariant derived from it is of zero order as above and con- 
sequently an invariant, and is in fact the seminvariant itself. 
It must clearly be borne in mind, however, that we are 
dealing only with rational integral seminvariants. The argu- 
ment docs not apply, for instance, to the fractional seminvariant 
a~'^ {a'^d—3ahc + 2l)^). Here, for the cubic, 2 = 0, but 

nevertheless the function is not an invariant of the cubic. 

0 does not annihilate it. 

We may, in fact, state succinctly the conclusions arrived at 
earlier as to invariants of a binary y;-ic. If and 0 annihilate 
a function it is an invariant, and ip—2w^0 (§ 97). If 12 
annihilates a function for which — 2'w;=0, 0 must also 
annihilate it, so that it is an invariant, provided it is ratioical 
and integral, but not necessarily if it is fractional. 

113. Determination of seminvariants. The determination 

of the linearly independent seminvariants of degree i and 
weight 'k; of a binary jr^-ic proceeds as in § 101. If ip<2w 
there are none, as above. If write down all the 

products of weight ^ of i constituents chosen from among 
Uq, a^, ••• repetitions of factors allowed, and add together 

arbitrary multiples of these. The number of such products 
is (w; i, |9), this symbol denoting, as in § 101, the number of 
difierent partitions of the number vj into i or fewer numbers, 
none exceeding p. Operate on this sum with 12, thus obtain- 
ing a sum of multiples of the (w—\\ %p) products of degree 

1 and weight w—l. It will be proved in the next chapter 

that the {w—l ; iy p) coefficients of these products are linearly 
independent linear functions of the (w ; p)) arbitrary mul- 

K 
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tipliers of the (w ; i, p) products. They have to vanish. Their 
vanishing gives {w—l \ pj) relations which have to be satis- 
fied by the {w ; i, p) multipliers. If then (w ; i, p) exceeds 
1 p) we can satisfy them and leave 

(w ; i,p)^{w-l ; ip) 

of the multipliers still arbitrary. Suppose that this excess 
is r. We have as the most general seminvariant of the 
type under consideration a sum of the form 

^1^1 d" ^2^2 • • • *!■ 

where , X 2 ,...X^ are arbitrary, and 82 .*. S^. are known 
linear functions of the products of type w, i. We express 
this by saying that there are r linearly independent semin- 

of this type belonging to the ^-ic. 

114. Seminvariants of the second degree. As an ex- 
ample let us discover all the seminvariants of degree 2 of 
a binary |)-ic. The condition is for this case w'^p. 

Two cases will arise. 

(1) For an even weight not exceeding p, the general form 
to be assumed is 

Expressing that annihilates this, we obtain the conditions 

-j- Aj = 0, iw — 1)A2 + 2A2 = 0, 

(^t;-2)A2+3A3 = 0, ... + = 0, 

the coefficient w in the last of these being double what it 
would be according to the law of all the other second terms. 
Solving these for the A's we have a unique seminvariant of 
weight viz. 

w{w—\) 

— a 2 a ,„_2 • 

+ 21^1 “i- 

where the law of coefficients is that of the expansion of {I +z)^ 
up to its middle coefficient, which one alone is halved. 

For every even weight not exceeding p there is then a single 
seminvariant of degree 2. In particular, of course, it is an 
invariant for a weight equal to p if ^ is even. 

(2) For an odd weight not exceeding p^ the form to be 
assumed is 
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and the conditions obtained from the annihilation by 11 are 

w-f-Ai = 0, (w—1)Ai + 2A2 = 0, (w—2)A2 + = 0, ... 

i('^ + = 0, = 0, 

of which the last tells us that Aj(,^_i) vanishes, and the rest, 
taken in order backwards, tells us that all the other Vs 
vanish. 

For no odd weight, then, is there a seminvariant of 
degree 2. 

Accordingly the complete list of seminvariants of degree 
2 is 

« 0 ^ 

aQ — 4 + 3 a2% 

aQaQ — 6a2ag+ 15^2^4— 10a3^ 

a^ag — 8a^a^ -h 28a2af. — SGa^a^ + 35^4^, 

&c., &c., 

the list terminating with the weighty orp— 1 according as 
p is even or odd. In the former case the last of the list is an 
invariant. 

The orders of the corresponding covariants are 2p, 2p — 4, 
2^ — 8, ... . They are the covariants of § 57, Ex. 12, together 
with the invariant, if^ be even, of § 48, In other words, they 
are the transvectants (§ 61) of the j9-ic and itself. Thus wo 
have the theorem that a binary quantic u has no covariants 
of the second degree in the coefficients besides the 0th, second, 
fourth, sixth, &c., transvectants of u and itself. The 0th, led 
by is 

In the second symbolical notation of § 60 (bis) the semin- 
variants of degree 2 are denoted by — with 
r = 0, 1, 2, ... / (^p). (Cf. § 61, Ex. 33.) 

Ex. 12. Use § 110 to write down in full the covariants of degree 2. 

+ 3a2®)aj^+ ... 

of the binary quintic. 

Am. For the last see § 61, Ex. 29. 

Ex. 13. A binary quantic of order not less than 4 has one and only 
one seminvariant of degree 3 and weight 6. 

Am. a^. 

Ex. 1 4. Hence obtain the single covariant of degree 3 and order 3 
of the quintic. 

A m. (ace + 2 bed — ad^ — We — c^) a?® 

+ (acf— ode — Wf-\- bee + bd"^ — cH) x^y 
+ (adf— bef— a(? + bde + cH — cd^) 

+ \bdf + 2 ede — cy— — d®) 2 /®. 

K % 
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Ex. 15. Show that a binary quantic of order not less than 3 has 
one and only one sein invariant of degree 3 and weight 3. 

Ans, — 3aoa^a^ + 

Ex. 16. Hence, and from what has been obtained above, prove the 
statement of § 85 that H and G are the only covariants of a binary 
cubic whose degrees are 2, 3 and orders 2, 3 respectively. 

Ex. 17. Show that a binary quartic, or binary quantic of higher 
order, has two and only two linearly independent seminvariants of 
degree 4 and weight 4. 

Ans, (ae— 46<i+ 3o^) + /x(ac — 5^)^ 

which may also be written 

X {a^e — 4 a^hd 4- G a¥c — 3 5^) + yf (ac— 

Ex. 18. Find the sum of the six fourth powers of differences 
between the roots of the quartic (a, 5, c, eZ, e) {x, 1)^. 

A ns. a^(T^z=: 720 (ac — — 1 6 (a^e — 4 a^hd + 6 ah‘^c — 3 5^). 

Determine X and yf in the second form above by taking two particular 
quartics, e. g. x^ (a:^— 1) and — 1, in both of which 5 = 0, and in one 
of which <? = 0 and in the other c = 0. 

Ex. 19. Show that a binary quintic has two and only two linearly 
independent seminvariants of degree 5 and weight 5. 

A ns, X (ay — 5 a%e +10 a^h^d — 1 0 ah^c + 4 5®) 

+ /X (ac — 5^) {a^d — 3 ahc +25®). 

Ex. 20. The sum of the numerical coefficients in any seminvariant 
which is not a mere power of a^, vanishes. 

Ex. 21. If (C'o, (7^, (72, ... (7cj) {xj y)^ is a covariant of 

(«». «). ■••«».) (». yy 

prove from § 109 that a^^C\ — is a seminvariant. {M. Boberts.) 

Ex. 22. By application of this result to the first linear covariant 
(§ 57, Ex. 17) of a binary quintic, prove that the quintic has 
a covariant of degree 6 and order 4, and an invariant of degree 18, 
the catalecticant of this covariant. 

115. Seminvariants and covariants of several binary 
quantics. Keferring to § 103 for the notation, we define 
a seminvariant of a system of quantics in the same variables 
a;, 2 / as a function of the several sets of coefficients — in general 
a rational integral function — which is homogeneous in each 
set separately, and isobaric on the whole, though not neces- 
sarily in the sets separately, and which has 2X2 for an anni- 
hilator. 

The methods which have preceded are applicable to covari- 
ants and seminvariants of systems of quantics. It is left to 
the student to convince himself, as in § 104 or §§ 105, 106, 
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that every covariant of the system is annihilated by l£L — y'd/hx 
and ^0 — xb/'dy^ and, as in § 108, that conversely a function 
which is homogeneous in the variables and in every set of 
coefficients separately, and isobaric on the whole, is a covariant 
if these operators annihilate it. He will also see, as in § 107, 
that if X and y, % and and and 6^^, \ and 

•••> ^*0 ••• interchanged in 

a covariant the effect is only to multiply the covariant by 
where the index is the total weight of the lead- 
ing coefficient, that of x^> That this leading coefficient is 
a seminvariant, i. e. is annihilated by 212, he will see as in 
§ 109, and that all other coefficients can be derived from it 
by operations with 20 he will see as in § 110. In fact, the 
covariant may be written either as 

x^e^ Oq, or as y^e^" G^, 

Once more, as in § 111, he will see that any rational integral 
seminvariant whatever may be taken as the leading coefficient 
Cq, and determines ot, the order, and the full expression for the 
CO variant uniquely. The order ot, the partial degrees , ^2 > H » • • • 
in the coefficients of the Pi’ic, the the ^3-ic, &c., and the 
weight w of the seminvariant are seen to be connected by the 
relation 

+ = 27 (;. 

Thus there is no seminvariant for which '2,12) — 2 w is 
negative. If 2 Ap — 2 w -=^0 the derived covariant and the 
seminvariant are identical. The seminvariant is in fact an 
invariant, and is annihilated by 20. 

The method of §§ 98-100 also applies ; and the results of 
§ 100 hold, when we put 2X2, 20, 2 . — 2^(; in place of 

X2, 0, ip) — 2 w respectively, for operations on functions of any 
or all of the sets of coefficients. 

All the linearly independent seminvariants of given weight 
w and partial degrees ii, '^2> '^35 ••• as in § 113, by 

writing down the most general rational integral function of 
the type in question and determining the multipliers in it so 
that it may be annihilated by 2X2. 


Ex. 23. Find a seminvariant of weight 2 and partial degrees, 1, 1, 
of the quadratic and cubic (a^,, {x, i/)^ b^) {x, yy, and 

show that the covariant to which it leads is linear, 

Ans, The co variant is 

{%b^—2 a, + a, 6 „) x + {%h^—2 a , 63 + a, \)y. 
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Ex. 24. Find a linear covariant of partial degrees 2, 1 of the 
quadratic and cubic. 

A ns, 63 — 3 ^0 \ -f 0^2 + 2 \ x 

- {Kh - 3 a, «2 + ^0 «2 ^2 + 2 K — «o «i ^ 3 ) 2 /- 

Ex. 25. Eemembering that a cubic has a cubicovariant (§ 45, 
Ex. 1 3 ) deduce two other linear covariants of a quadratic and cubic. 

Ex. 26. Two different binary qualities of orders jp and p' have 
a single lineo-linear seminvariant of every weight not exceeding the 
smaller of p, and none of higher weight than this. 

Am. a„b„-wa^b„_^+ ... +(-l)"’a„6o- 

Ex. 27. The covariants led by these seminvariants are the mutual 
transvectants (§§ 59, 61) of the two quantics. Hence the mutual 
transvectants of u and v are the only covariants of u and v which are 
lineo-linear in the coefficients. 


ADDITIONAL EXAMPLES. 


Ex, 28. Prove that I = 0, J = 0, where I and J are the invariants 
of the quartic u = {a, h, c, d, e) (a?, y)* are two results which can be 
obtained by elimination of x between 

=r"! = {Gayley.) 

exey cy^ \ o / 

Ex. 29. If a, /3, y, 6, the roots of (a, 6, c, J, e) (a?, yY, are taken in 
pairs a, /3 ; y, 6 in any way, the substitution 

a5 = (y8~a^)Z-{a^(y + 6)-y5(a + /3)} 7, 

2^ = (yq.a^a-^)X-(ya-a/3)7, 
transforms the quartic into the same quartic (a, 6, c, (Z, e) (X, 7)* 
multiplied by a function of the roots. 

Am, Consider the quartic in its factorized form. 


Ex. 30. If x — ay is any one of the factors of (a, 5, c, cZ, e) (cr, y)^, 
prove that tlie transformation y = ~X, cc — ay = 7 can be followed 
by another linear transformation of modulus unity so as to give the 
quartic the form {^x'^—g^x'y''^—g^y'^)y\ and that g^, g^ are the 
invariants /, J, 

Hence show that any invariant F{a, h, c, cZ, e) of the quartic is 
equal to F(0, 1, 0, there are no irreducible 

invariants but /, J, 


Ex. 31. If in any covariaut of (a^, a^, a^^,,,aY) (a?, yY we put 

aQX-\‘a^y, a^x^a^y, a^x-^-a^y^ ,,,apX + ap^^y 
for respectively, we deduce the covariant with the 

same leading coefficient of 

(^ 0 , cin ) (». ipayley.) 

Ans. Symmetrical and annihilated by y'b/'bx. 
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Ex. 32. To substitute a.^) (a?, (a^, a^) (a?, ... 

for ttQj ... is to repeat the same process twice, and to deduce 

a covariant of (a^, ... {x, [Cayley.) 

Ex. 33. In any seminvariant or invariant of (a^, aj, ag, ... [x, y)'^ 

put k, k — \, ^ — 2, ..., k—2^ ••• ^p^ equate to the 

result of putting ^5 — 1 for in the one term, if there be any, 

which involves only, or to zero if there be none (i. e. if w>i). 

The result is an identity for all values of k. 

Am. Follows from the equality of sem invariants of 
k(x + y)^—p(x-}-y)^~^y and 

Ex. 34. Hence by giving k the values 0, 1, 2, ... in succession 

obtain facts with regard to the numerical coefficients of terms free 

from terms free from terms free from a.^, ... in any seminvariant 
or invariant. 


Ex. 35. In this way determine the sem invariants of degree 3 and 
weight 3, and of degree 2 and weight 4, 

Ex. 36. In the same way determine the terms free from h in the 
discriminant of the cubic (a, 6, c, d) (a?, y)®, and deduce the full 
expression for the discriminant, by considering the transformation 
of the cubic to a form without a second term. 

Ex. 37. By consideration of the special binary quaiitic 

A (a; + (aj + 

prove that if in any seminvariant or invariant ... are 

replaced by k, k, k—l, k—S, k—Q, ... , where 1, 3, 6, 10, 15, ... are 
the figurate numbers of the third order, the result is equal to that of 
replacing and by k and —1 in the one term which involves 
and only, or to zero if there be no such term. 

Ex. 38. Generally, if in any seminvariant or invariant of a binary 
p-ic we replace a^y a^, ... a,._j all by ky and a,., ... by k 

diminished respectively by the first, second, ... (p— r+l)th figurate 
numbers of the (r + l)th order, the result is equal to that of replacing 
and a,, by k and — 1 in the one term which involves and only, 
or to zero if there be no such term. 


Ex. 39. li F[aQy a^y a^y ... is a rational integral homogeneous 
isobaric function, of the coefficients in (a^, a^y ... a^) (a;, y)^, for 
which ^p— 2i/; = 0, prove that 



H.22 


P.2^3* 


+ ...) 


Arts. Use § 100. 


«,)-(— 1)” ap-i, -j, - «o)} 


0 . 
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Ex. 40. In the same case prove that 

F(a^, <*1, a.^, ... a^) 

is of the form QjG ( 0 ,^, a^, ... tip), where G is a rational integral 

homogeneous isobaric function. 

Ex. 41. Prove that the method of § 19 applies to semin variants, 
irrespective of the orders of qiiantics to whicli they belong, so that 
from covariants with like seminvariant leaders of two quantics of 
different orders intermediate covariants follow. 

Ex. 42. If J is the Jacobian ... of two binary 

quantics u, u\ and if H and H' are their Hessians 

... , ... , 

and IV' the intermediate covariant 

+ ... 

between H and Il\ prove that 

J 2 = {Fah de Bruno) 

Ans. It suffices to prove the relation among the seminvariant 
leaders. 

Ex. 43. Any factor of a seminvariant is a seminvariant. [Sylvester) 
Ans, If then = 0, i.e. £2P = 0. If 

I2.P§ = 0, then I2P/X2§= ^P/Q, whence, if Q and P have no 
common factor, AlP = 0, = 0. 

Ex. 44. If A = Pi? + <3(7, where A is a seminvariant, and P, G 
invariants with no common factor, then there is a relation 
A ^P'B^-qC 

in which P' and Q' are seminvariants. 

Ans. BaP + GQ.Q = 0. I2P = -CTi, D.Q = BK, There 
is an Qr^K by § 100; and 

P = -(712-Vi: + P', Q = Bil-U{+Q\ 

Ex. 45. If 0 [a, b, c, e, /, ^, ...) is a seminvariant, then 

<#>(0, a, 2b, 3c, 4c/, 5e, 6f, ...), (^(0, 0, a, 3b, 6c, lOd, 15c, ...), 
<^(0, 0, 0, a, 4ih, 10c, 20d, ...), ... 
are other seminvariants, the series of numbers being figurate. 

{Sylvester) 

Ex. 46. Any (d, ~ ^ ... ... 

which does not involve 6^ in more than jpj factors, or 6^ in more than 
^ 2 , or &c., is a seminvariant of a a ... and a yfic', and all 

seminvariants of partial degrees (1, 1, ... 1) ©f the i quantics are 
linear functions of these seminvariants. (Cf. §§60 {bis), 89.) 

Ex. 47. There is a one to one correspondence between seminvariants 
of weight w and partial degrees (1, 1, ... 1) of ap^-ic, ajp 2 “ic, ... , and 
a ^t-ic and seminvariants of weight w and partial degrees {'p^, •••p) 

of i linear forms. 
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Ex, 48. Any non- vanishing 

((9. aaa .,.{i factors), 

where 6^^ 6^, ••• 0- mean the same hut operate respectively only on 
the first, second, &c. factors in aaa ... , is a seminvariant of a p-ic 
provided none of O^j dg, ... 6i occur in more than p factors; and all 
seminvariants of degree ^ of the ;^>-ic are linear functions of these 
semin variants. 

Ex. 49. There is a one to one correspondence between seminvariants 
of weight w and degree i of a jp-ic, and seminvariants of weight w and 
degree ;; of an z-ic. 

Ex. 50. If a, b are two roots of u = {a^, ... ap) {x, 1)^ = 0, and 

A, B the two corresponding roots of its linear transformation 
••• <^p) {IX Am, I'X + m')^' = 0 , 

prove tliat 

/ u ^ = {Im'—Vm) / U dX. 

J a J A 

Ex. 51. If 

u = {a, h, c, d, e) {x, 1)^ = a {x — a) (x—^) (x — y) {x — h), 
and 4;^3_/._j= {z--b'), 

prove that 



where 6, (f) are any two of a, (3, y, 5, and O', (j)' the two of oo, f3\ y', 5' 
which correspond to them in Ex. 30. The values of /3', y', 6' are 
iV « {(«+y3) (y + S)-2 (a/3 + y 8)}, &c. 

Ex. 52. A binary quartic has a quartic covariant II, and a sextic 
covariant G, which is one-eighth of the Jacobian of u and J/; and it 
will be shown later that these are connected with u and its invariants 
by the syzygy G^ = — 4//^ + ///«^^— Prove (taking 1 for ?/) that 
u-^dx= +\ {4: v^ — Iv — J)-^ dv, 
where v — —lllu. 
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FURTHER THEORY OP THE OPERATORS D. AND 0 . REOtPROCITY. 

116. For brevity we henceforth use, with Sylvester, a 
single word to denote a function of the p quantities 

,,,ap which is rational and integral and of the same degree 
and the same weight throughout. The name adopted for such 
a function is a gradient in (ig, ... 

So, too, by a gradient in more sets of quantities , . . . ; 

6oj ^ 0 ’ ••• mean a rational 

integral function of some or all of the quantities which is of 
constant degrees throughout in the sots of quantities separately, 
and of constant weight throughout in the sets collectively. 

For the present we deal with gradients in one set a^, a 
. . , only. It is in accordance with what has preceded 

to denote in general the degree of a gradient by i and its 
tueight by w. 

We need not always have in view that a^, (Zg, ... are 
the coefficients in a binary jt)-ic, but may specify that a gradient 
involves but no element with a gi-eater suffix than p, by 
describing it as of extent p. 

For instance, 

Qq 4- a^ + ijia^a^, 
and Qq (Xg + fxa ^ + va^ 

where the coefficients A, fx, r, 'ur are arbitrary but independent 
of ^ 2 > gradients of degrees 2, 3, weights 

6, 6, and extents 5, 4 respectively. 

117. Expressions of homogeneity and isobarism. Any 
gradient whatever, of given degree and weight, satisfies two 
linear differential equations. 

Take a gradient of weight w, degree x, and extent 2 ^. 
One of the ’two differential equations is Euler’s equation which 
expresses its homogeneity, of degree x, viz. 
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The other expresses that it is isobaric, of constant weight w 
throughout. It is 



This also follows from Euler’s theorem of homogeneous func- 
tions, for constancy of weight has been seen to be the same 
thing as homogeneity in magnitudes which are roots of 
(^ 0 , cii, ^ 2 , ... yY^ in which a^, ... are homo- 

geneous and of dimensions 0, 1, 2, respectively. It is, 
however, at once clear when we notice that, if a/ a/ . . . is 
any term in then 



= a; ... 

= wa,?a^Fa^ .... 

118. Seminvariants as particular gradients. Referring to 
§ 111 we see that, according to the definition there given, those 
gradients of type w, i, p, whose arbitrary coefficients 

are so chosen’ that they satisfy the third linear differential 
equation 

= 0, 

whei-e a = +2a, + 3a,± + ... +y„,., jL . 

are the seminvariants of the p-ic 

(ao,ai,a2,...a^)(aj, yY^ 

and are equally seminvariants, though not all the semin- 
variants, of the (p + 5 ')-ic 

(^0, a^y ... ... {Xy yY'^^, 

where q is any positive integer. 

It has already been shown, and will be otherwise exhibited 
presently, that gradients which are seminvariants exist only 
when their weights, degrees, and extents are such as to make 
— 2^(;<0. It has also been seen that a gradient which is 
a seminvariant of type w, i, p is the coefficient of the highest 
power of Xy i. e. in a co variant of 

i%,a^,a^y...ap){XyyY, 

and, more generally, the coefficient of the highest power 
^i{p+Q)- 2 to of 0 ? in a covariant of the quantic of higher order 

(ao, a^y a^y ... %y ... {Xy yY'^'^- 

Thus, for instance, a^ — ZaQa^a^^-2aYy a ^adient anni- 
hilated by 12, for which ty = 3, i = 3, p = 3, ip^2w = 3 is 
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a seminvariant of cf's+J {x, where q is 

zero or any positive integer, and is tne leading coefficienb of 
CO variants 

{a^^ 0^3 — 3 c/g + 2 a^) + . . . 

(^0^ ^3 — 3 (Xq (Xg + 2 a/) ir® + . . . 

(ay^ a3 — 3 (Xy ^2 + 2 + . . . 

&c., &c., 

of the cubic (ay, (Xj, a.^ {x, yY, 

the quartic ((Xy, c^j, <x- 3 , aj (^r, 2/)^ 

the quintic (x/y, (Xj, ag, <X 3 , (X^, cy {x^ 2/)^ 

&c., &c., respectively. 

It has also been seen (§ 112) that a gradient G„, ; of typo 
X, p, which satisfies 

f, p = d, 

and is such that ip — 2tv=0, has the further property of 
satisfying the fourth linear differential equation 

■= 0, 

where 0 = ,M,±+(p-l)a,± + 

SO that it is an invariant of the p-ic 

(flo. «i. yY\ 

while still only a seminvariant of the higher binary quantics 

(xxy, CX2, ... xxp, ... { x , 

Thus, for instance, 

^ ^3 d- 3 

for which iv = 4, i = 2,p = 4, ip — ^w = 0, is an invariant of 
the quartic 

K> «1. «2> «3. «4U®> 2/)'> 

and a seminvariant of the quintic, sextic, &c,, 

(flfd, rt4, a5)(a;, 2 /)®, 

(oo, «!, ftg, a^) («, 2/)«, 

&c., 

being the leading coefficient in covariants 

((Xy(X4-~4aj(X3+3(X2^)a;^+ ... , 

(ofy - 4 Gj a3 + 3 ag'^) + . . . , 

&c., 

of the quintic, sextic, &c., respectively. 

We need not then dissociate invariants from semin variants 
in searching for them by means of the annihilator 12. A sem- 
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invariant found will be in particular an invariant for the 
binary in case the excess (to use another word of 

Sylvester’s) ip~-2w vanishes. It has already been estab- 
lished, and will again appear, that there is no rational integral 
invariant of a binary ^>ic which is not thus given. 


119. A seminvariant of extent involves all ,ap> 

Suppose if possible that a,., where r < 2^, is absent from a semin- 
variant 8 of extent p. We may write the fact 

ilS = 0 

in the form 




+ 2 « 1 — +...+ru, 


5 




4- (r + 2) (.if,. 








Now, on our supposition, all of the left-hand side but 


v+i 


is free from a,,. But the sum vanishes. Therefore 


is free from a,.. Therefore r = 0, i. e. is free from . 

A seminvariant fiee from a,, is thus free from and 

therefore from a,. +2? from ((,.4.3, &c. Finally it is free from etp. 
Our supposition that a seminvariant of extent p exists 
which does not contain all of (^q, (^ 2, ... ctp is consequently 

untenable. 


120. An invariant of a binary p-ic involves all the 

coefficients. Being a seminvariant, it must by the preceding 
article involve all of a^, a^, ((g? ^ ^ extend as far as a,.. 

Also being an an ti-semin variant, annihilated by 0, it must by 
the same reasoning involve all of a^, ap- 2 i since, 

reckoning extent from back to it extends to 

121. Bepeated operations with 12 and 0. We proceed to 
pay attention to the results of operating with 12 or with 0, 
once or any number of times in succession, on any gradient 
whatever. 

The operator ^ A 



142 


REPEATED OPERATIONS WITH £l AND 0 [l21 

acting on any gradient p produces another gradient. The 
degree of the produced gradient is that of ^ p. Its weight 
h w — I y where w is the weight of Ou, i p. Its ’extent is either 
the extent of 0^^ p or less. These facts are clear when we 
remark that any term of 12, for instance, operating 

on a term involving a,, in G^^^py on for instance, 

has the effect of replacing that’ term by another, 

of the same degree and weight one less, one suffix being 
diminished by unity and none increased. 

Thus if (? is a gradient of weight Wy degree i, and extent 
not exceeding py 12 G is a gradient of weight iv—l, degree i, 
and extent not exceeding p. 

Consequently = 12.12 is a gradient of weight w — 2y 
degree iy and extent not exceeding p. 

And generallj^ by r repetitions of the 12 process, 12’‘(? is 
a gradient of weight w— r, degree iy and extent not ex- 
ceeding p. 

This 12 process cannot be repeated indefinitely without 
leading to a vanishing result. For a gradient of negative 
weight is an impossibility, the weight of a gradient being 
a sum of numbers chosen from among 0, 1, 2, ... Thus when 
we take w+l for r, if not sooner, we must have 

12«'+i(? = 0, 

and consequently also 12^+2 gt q, 12’^+^ = 0, &c. 


122. We may reason in a similar way with regard to the 
operator 


0=pai:^ + {p-l)a'^^+... + a^ 






p-i 


Operation with this produces from a gradient of extent p or 
less another gradient of the same degree, of weight greater 
by one, and of extent not greater than p. The term extent 
is here used in the sense of the definition (§ 116). That 
the extent cannot be raised beyond p by operation with 
0 results from the fact that 0 itself is taken as involving no 
letter a,, with a suffix (extent) greater than p. Thus, G being 
of weight Wy degree i, and extent not exceeding py 

O^G 

is a gradient of weight w + Vy degree i, and extent not ex- 
ceeding p. 

Here, again, the succession of gradients produced is not 
indefinitely continued. For the greatest possible weight of 
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a product of i constituents of weights chosen from among 
0, 1, 2, 3, ... is ip^ that of a%. Consequently 

Qip-^G 

can be nothing more than a (non- vanishing or vanishing) 
multiple of and therefore 

Qip-w+lQ ^ Qip-ia + 2(y ^ q , &C. 

We may also consider the results of successive operations 
with both of 12 and 0 in any order on a gradient. The 
conclusion, drawn readily from the above, is that, G being 
any gradient of weight w, degree i, and extent p or less, 

0”i 12^"a 0^3 . . . 0 , 

where mg, m3, ... , 'U.g, ... are positive numbers, is, 

unless it vanishes, a gradient of weight 

— mi—mg — m 3 — ... 'U.g + '^3+ ...» 

of degree i, and of extent not exceeding p. 


123. The alternant of 12 and 0. The operators 12, 0 are 
linear : but this is not the case with the operators 12^ 0^ 120, 
0 12, &c. Thus, for instance, 


( o o 1 

* i“" +<“•“> SiTto, + “'‘ 3V +"'S 


Moreover the operators 12, 0 are not commutative ; i. e. the 
compound operators 120 and 012 are not identical in meaning. 
Thus while 


/ 7 ^ ^ ^ 

+P- 1 




= l-P«oj^ + 2(p-l)ai^ +3{p-2)a2^ + ... 


‘5a, 


■ia^ 

+ p . 1 a^_, 


5* 52 52 

Sa^Saj’ Sa,* 




-f terms involving 
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[l23 


012=j,. 1»,2 +0,-l)2„.^^ + (p-2)3<t,A+... 

+ the same terms in r — r — .... as in 120. 

We thus see, however, that the two compound operators 
differ only in their linear parts. The non-linear parts of both 
are just the algebraical product of 12 and 0. This leads us 
to consider the difference 120 — 0l2 of the two compound 
operators, the alternant, as it is called, of 12 and 0. It is 
always a fact that the alternant 00 — of two linear 
operators 0 and 0 is a linear operator. In the present case 


+ {3(y-2)-2(p-J))o,j^+... 









Now let the operation be on 0, a gradient of degree i and 
weight G satisfies the two linear differential equations of 
§ 117, which express its homogeneity and isobarism. Using 
the two equations, we see that what we are led to is 
(120-012) (? = p,iG-2.wG 
= (ip--2w) G, 


124. An important application of this result has already 
been mentioned in § 97. Let the gradient G be an invariant 
I of (a^, a,, ag, ... [x, yY, so that 12/ = 0 and 01 = 0, and 

therefore 012/ = 0 and 120/ =0. We have the consequence 
that {ip — 2iv) I = 0^ i. e. that the degree and weight of an 
invariant of a binary ^-ic are connected with p by the relation 
ip — 2w = 0. 
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As another application let the gradient (? be a semin- 
variant S» Then ilS = 0, and therefore 0Q.S = 0, so that 

Q.0S = (ip — 2w)8, 

which tells us that the result of operating first with 0 and 
then with 12 on a seminvariant of extent not exceeding p is 
to reproduce that seminvariant multiplied by a numerical 
factor. 

This is in accord with the conclusions of §§ 109, 110. 

125. Alternant of 12 and 0*'. Important information is to 
be gathered from the alternants of 12 and 0^, 0^ ... which, 
though not linear, have simple equivalents when the functions 
on which they operate are gradients. 

It is assumed throughout this article and in what follows, 
except where otherwise stated, that the operation is on a gra- 
dient G of weight w, degree and extent not exceeding 
For brevity the G is not as a rule written. 

The ‘ excess * ip — 2w, in which p is always the suffix of the 
highest element which occurs in 12 and 0, and may, it must 
be remembered, be greater than the extent of (?, is, also for 
brevity, denoted by ?/. 

Thus instead of writing 

(120 — 012) G = {ip — 2w) 0, 

we write merely — •••(!) 

Now notice that 

1202-0212 = ( 120 - 012)0 + 0 ( 120 - 012 ), 

and also observe that, G which is operated on being of 
weight w and degree i, OG is by § 122 of weight w+l and 
degree i, so that the excess for 00, corresponding to rj for 0, 
is ip — 2{w + 1) = 7]— -2, Thus 

1202-0212 = (,;-2)0 + 0r7 

= 2(7y-l)0, ...(2) 

since r;, being numerical, is commutative with 0. 

Again 

1203 - 0^12 = ( 120 - 012)02 + 0 ( 120 - 012)0 + 02 ( 120 - 012 ) 
= (t; — 4) 02 + 0 (v — 2) 0 + O^rj, 
the excess for O^G being ip— 2 (^ 1 ^ + 2), i. e. r; — 4, 

= 3(»7-2)02. 

L 


1431 


...( 3 ) 
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In like manner we notice generally that the excess for 
O^'O is ip -- 2 (w + r), i.e. r; — 2r, and that generally 

= (x20-on) 0’-i + 0(X20-~0x2) 

+ 02(I20-0X2)0**''3+.., + 0’-i(X20-.0X2) 

= [r? ~ 2 (r - 1)] + 0 [r; 2 (r- 2)] 0^-2 

■ + 02 [rj - 2 (r - 3)] 0^'-'^ + . . . + O’-i 7} 
= {rr]~-2[l4-2 + 3 + ... + (r-l)]}0’‘-' 

= r (r;-r+ 1) 0’’"h ... (i?) 

Ex. 1. Deduce that 

OQ:'~irO = r(-i]-r+ 1) ll'-h 

Ex. 2. Prove that 

irO^' = 12’-' 0"“^ {012 + r(T]-r+l)} 

= (012+1 . i/) [012 + 2(7/~1)] [012+3(7/-2)] 

... [012 + r (r? — r+ 1)] 
= 120 (1'20 + 7/-— 2) [120 + 2 (77 — 3)] ... [120 + (r— 1) (7;— r)]. 

Ex. 3. Ill like manner 

0"12’‘= (120^1.77) [110-2(7]+!)] [120-3(7] + 2)] 

... [120— r(7] + r— 1)] 
= 012(012 — 7] — 2) [012 — 2 (7]+3)] ... [012 — (r—1) (7] + r)]. 

Ex. 4. Prove that 

12’0M2*0* = 12*0M2’0»-, 

0'‘12^ 0*12* = 0^'^2^ O'*!!’; 

12’•0^ 0*12* = 0*12*. 12" 0’’. 

Ex. 5. Prove by mathematical induction that 
0’’12* = 12*0’’-(7/-r + 5) r5l2*-' 0""' 

+ 1) , 1) 0-^- ... 

1 . u 

{Hilbert.) 

126. The excess non-negative for a seminvariant. Use of 
the results of the preceding article gives a proof (Sylvester’s) 
of the fact (§ 112) that for no seminvariant can the ‘ excess ’ 
ip — 2w be negative. Since, if S is a seminvariant of extent 
p or less, 12>S = 0, the results give 

120 , 8 = r}Sf 

1202. >S=2(r]-l)0/S, 

1203. ASf=3(7]-2) O^aS, 


120" . /S = r(7]-r+l)0’-i>S^, 
&c., &c. 
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If rj, or ij) — 2 is negative, the coefficients on the right in 
these equalities form a numerically increasing series of nega- 
tive numbers. None of them can vanish. Now (§ 122) there 
must be a number r, equal to or less than ip-w + l^ for 
which and all greater numbers O'S = 0, and consequently 
120’ >S = 0. The rth of the above equalities gives then 
0 = r(rj — r+l)0''~'^8, 

and therefore = 0. This necessitates = 0, and 

this again, by the (r— l)th equality, that 
0 = (r— l)(r/ — r+ 2) 

i. e. 0^'~^S = 0. Proceeding thus backwards step by step, we 
eventually find from the first equality that 0 = i. e. that 
S = 0, since is negative and not zero. In other words, the 
supposition that there is a scminvariant 8 for which rj is 
negative is untenable. 

We repeat that the rj which it is here proved cannot be 
negative is ip~2w where p is the greatest suffix occurring 
in 12 and 0. The extent of a seminvariant of 
K, ...ap) {x, yf, 

if not p itself, is less than p. In this latter case the semin- 
variant is also one of (a^, etj, ctg, ... {x, yY\ and we might 

have taken // as our p in the above reasoning. Thus, if p' 
is the extent of a seminvariant of weight w and degree i, 
ip^—2w cannot be negative. 


Ex. 6. Use the results of this aud the preceding article to prove the 
theorem of § 111, that any seminvariant *9, of extent not exceeding p, 
leads a covariant of order rj of (a^, a^j (x, i. e. that 

^0 . . ... 

S is not fractional in a?, and is annihilated by 12— 

Ans. = 0. Therefore whose excess is negative, 

= 0. The coefficients in the result of operating with Dj — y'b/'bic 
are of the form (r !)“^ (HO’*— r (ry - r-f- 1) i. c. of the form 

(r !)“^ 0’'12;S', which vanishes. 


127. It is clear that the above reasoning, which shows 
that there is no seminvariant with a negative ry, has no applica- 
tion to the cases of ry zero and ry positive. In these cases one 
of the series of multipliers ry, ly — 1, ly — 2, ry — 3, ... on the right 
of the equalities of the last article vanishes. Thus from the 
fact that = 0 it does not follow that 0^8 0. It is 

the factor iy — ry on the right of the critical equality which 
vanishes, and not the other factor O'^S, 

For a positive or vanishing ry, a number 

{w ; i,p)-{w-l ; ip) 
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has been found in §§ 113, 101 which cannot exceed the 
number of linearly independent seminvariants (or invariants) 
of weight IV, degree i, and extent p or less. It is now to be 
proved that the number is exact. 

This famous theorem, stated by Cayley and much used, 
remained long without proof, and was even doubted. The 
first demonstration of it was given by Sylvester, by means of 
the results of § 126. The method to be here given is different 
from his, but is based upon the same results, though, as we 
shall see, an alternative basis is the theorem of § 100. 

128. Exactness of Cayley’s number of linearly inde- 
pendent seminvariants of given type. Let G be any gradient 
whatever of degree i, weight w, and extent not exceeding p. 
Let r] be ij) — 2w the excess for G. For Q?G, Q.^G, &c. 
the excesses are ?^ + 2, )7 + 4,»7 + 6, &c. 

Take the operative equalities (1) to {R) of § 125, and 
operate, not always on 6r, but on G in the first case, on 12 (? in 
the second, on Q.'^G in the third, and so on, so that rj has to be 
replaced by rj, rj + 2, r/ + 4, ^+6,... in the successive cases. 
We obtain 

ilOG-OnG = r]G, 

120-12G^-0^122(?= 2(7? + 1)012(?, 

ao^a'^G-O^a^G = 3 (t? + 2) o^a^G, 


12 0’12’ -1 G - 0^'irG = r (t? 4- r ~ 1) 12’*-i G, 

&c., &c. 


Multiply the first of these by the second by — - — ^ ^ ^ ; 

2.3.,(, + l)(, + 2) . - . ly 

^ ^ 2 . 3 ...r. t; (t) + +r— 1) ’ 

&c., and add. We thus obtain 


ao 


j-i- ^ 

[l.r, 1.2.,, 


(r, + l) 


oa 


+ 


1 . 2 . 3 . + 1) ( t , + 2) 






since for a great value of r the residual multiple of 0*12’* G 
does not exist, for 12*®+^ G vanishes, and therefore O'* 12*’ (3 
vanishes if r is + 1 or more. 
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Consequently, if rj is positive, the result of operating on the 
gradient 

with 12 is to produce G. 

The gradient is a finite one, for though the operative series 
is regarded as continuing to infinity it produces really only 
a finite number of terms,, since 0^‘iV'G vanishes when r 
exceeds w if not earlier. 

We have thus proved that any gradient whatever, of weight 
w, degree and extent jo or less, for which ')]=.ip — 2w is 
positive, can be obtained by operating with 12 on some 
gradient or other of weight + degree i, and extent p or 
less. The same was otherwise proved in § 100. 

Now for w write w — 1. It follows that every gradient of 
weight degree 'i, and extent or less, can be obtained 

by operation with 12 on some gradient of weight w, degree i, 
and extent p or less, provided that — 2 1) is positive, 

i. e. that ip — 2w<i;^-~l. 

This tells us that if we write down the most general 
gradient G' of weight and degree w, i, and of extent p or less, 
where ij) — 2^^;< — 1, and operate on it with 12, the result must 
be the most general gradient of weight and degree 
and of extent p or less. For the arbitrary coefficients in the 
first gradient may be so chosen that the derived gradient may 
be any one of type w—l,i,pov less, and so in particular may 
be any single product of its type we choose. 

Consequently the coefficients in the derived gradient 11 G' 
are all linearly independent. 

Now, in the notation of §§ 101, 113, G' contains 

(w ; i, p) 

terms, and 12 G' contains 

{w-l ; ip) 

terms. For G' to be a seminvariant the condition is QG^ = 0, 
i. e. the coefficients of these (w—1 ; ip) terms have separately 
to vanish. They are all independent, by the above, if 
'ip — 2w<C — l, and are linear functions of the (w ; i p) arbitrary 
coefficients in G\ Their vanishing determines {w—\\ip) of 
the coefficients in G' in terms of the rest. In other words, 
exactly ^ ^ 1 ^ p) 

are left arbitrary. This, then, is the exact number of linearly 
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independent serninvariants of weight degree and extent 
not greater than p, 

(If 77 < — 1 for G\ the general gradient of type w, p, it 
has not been proved, and is not generally true, that SlG' is 
the most general gradient of type The general 

g]*adient of this type will as a rule contain more terms than 
occur in ilG\ But contains as many linearly inde- 
pendent coefficients as G' does. Otherwise we could write 
down a particular G' satisfying flG' = 0 , which we cannot 
do when rj < 0 .) 

Ex. 7. Use § 125, Ex. 3 to obtain another proof that every G for 
which 7 / > 0 is an SIG', 

Ans. — 0. Hence, by a transj^osition in 

the first equality, 

1 .r/.2(r]+l) ... {w-jrl) {7) + w)G = X20{...}. 

Ex. 8. Use the same example to prove that, if r/ < 4 ^ — 1 for G, 

[0X2 — r/--2] [ 0 x 2 — 2(77 + 3 )] ... [0X2 — (77 + w+ 1 )] G 
is annihilated by X2, so that it is a seminvariant or zero ; and that if 
it is zero, as must in particular be the case when 77 = — 1 , G must be 
of the form OilG\ 

Ans. Remember that 0 cannot annihilate a gradient for which 

7 ]> 0 . 


Ex. 9. It may be proved by aid of § 125, Ex. 5 that, when the 
operation is on a gradient for which 77 = ip — 2w>0, the operator of 
§ 100 , 

1 p- + — f27^73i + ••• > 

and tliat of the present article, 

Q.0 120 ^ 12 ' 

M + 1 .2.j,(i,+ l) 1.2.3.r,{r, + l)(T, + 2)'^"'’ 
are identical. {Proc. Lond. Math. Soc. Vol. XXIV. p. 23.) 


Ex. 10 . If G is a gradient for which 77 is negative prove that 
0X2 0^X2" 0^X2^ ^ 

V U ’^1+22 1+2+3’*’^*"/“^^’ 


and 


/ Oa 0X2^0 V-0 

^ 1.77 1 . 2 . 77 (77— 1) 1 . 2 . 3 .77 (77— 1) (77 — 2 ) *’/ 


128 (bis). Separation of gradients into seminvariant and 
other parts. We can by direct differential operation express 
the general gradient of type -i, p) as a sum of parts all of 
which are coefficients in covariants of a ^-ic, and thus confirm 
and amplify the above conclusions. 
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From §§ 109, 110 we see that if is any term in 

a CO variant of order ot, so that isr— 2r is the 17 for <7,., then 
{X 20 -(r+l)(.jr-r)}CV = 0 , 
i. e. {120 — (r+ 1 ) (ry + i’)} 0 ,. = 0 . 

The proof that this condition is sufficient as well as necessary 
is a good exercise on what has preceded. By § 125, Ex. 3, 
the condition necessitates = 0 . Now 0 does not 

annihilate any gradient for which r?> 0 . It follows that, if 
r] < — 1 for 0,., 12 ’ = 0 . Therefore 12 ’’ 0,. is a seminvariant, 
unless it vanishes. But it does not vanish, seeing that 
0’ X2’‘0,. does not, but is, by Ex. 3 again and the given con- 
dition, 

{(r+l)(r)-f r)-l .7]} {(r+l)(r 7 +r )-2 (77 4-1)} ... 

{ (r 4- 1) i'n+r)-r (77 4- r ~ 1)} 0,, 
i. e. r(77 4-r4-l).(r-l) ( 774 -^ 4 - 2)... 1 ( 774 - 2 ^) 0 ,.. 

Thus 12’’ 0,. is a seminvariant, and, by § 110, 0’’12’‘6V and there- 
fore Gr is a numerical multiple of the coefficient of in 

the CO variant which it leads. 

Now consider the most general gradient 0 of type Wy i, 
and take as usual 77 = ip — 2 w. Let this be zero or positive. 
Gradients included in G figure as 

(1) seminvariant coefficients ol in covariants of order 77 , 

( 2 ) coefficients of in covariants of order 77 4- 2, 

(3) coefficients of x^'^^y'^ in covariants of order 77 4 - 4, 

&c., &c. 

(^(;4■l) the coefficient of x'^^^y^ in the one covariant of 
order 7 ] + 2 w = ip, i.e. in the ith. power of the ^-ic. 

By the above these included gradients, respectively, satisfy 
and are determined by the differential equations 

(1) (120 — 1.77} (?j=0, 

(2) (120-2(77 + 1)} (?2=0, 

(3) (120-3 (77 + 2)} 03 = 0 , 


{w-\- 1) (120 — (t^; + l)(77 + 'M;)} = 0. 

We will see that the general 0 can be written as a sum of 
w+ \ parts satisfying these equations respectively. 

If are known constants, we are told by the 

elementary theory of partial fractions that an identity among 
products of 'Ti — 1 factors exists of the form 


^ - + t^} 

where A^, A^, ... A „ are constants. In fact, for r = 1, 2, ...n, 
.4,. = { (a,. - tti) (a, -a^... (a, - a,._i) . (a,. - . (a, - a„) } "h 
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Here for t we may if wo like write a symbol of operation 
instead of one of quantity, and deduce an identity with meaning, 
provided the operating factors are commutative. Hence 

n _ 5 L ^^2 1 j \ 

(120- 1.7] X20-2(r] + l) 120 -(!(;+ l)(7) + 'u;)) 

{120 — 1 .7]} (120 — 2 { 7 ]+ 1)} ... (120 — (ty+ 1) {y} ^^w)} G, 

for easily written down numerical values of ^ 2 > ••• 

Now, putting 1 for r in § 125, Ex. 3, and remembering 
that 12*^'*'^ 0 = 0 (§ 121), we have 

(120-1.7]} (120-2(7] + 1)}...(120-(w+1)(7]+^)} 0 = 0, 

the factors in the operator on 0 being commutative. 

We have then succeeded, by operating with products of vj 
out of the ^t;4- 1 factors, in obtaining an identity 

w+i 

0=2 ^r> 

1 

where 0^ is annihilated by 120 — 1.7], by 120 — 2 (7/ -}- 1), 
and so on. 

Thus we have expressed the general 0, with t] zero or 
positive, as a sum of seminvariants Oj and other coefficients 
in covariants. (We might also take 7 ] = — 1 ; but in this case 
there can of course be no seminvariants of the type.) 

If, instead of the general 0 on the left, we take only the 
general 0,., which is annihilated by ^0 — r ( t] + r— 1), every- 
thing on the right vanishes except 0,.. Thus in the general 
0 = 20,. every 0,. is general. 

Accordingly the general gradient 0 of type w, i, p, with 
7] not negative, has been expressed by direct operation as 
the sum of (1) the general sem invariant Oj of the type, 
(2) the general second coefficient Og in a covariant led by a 
seminvariant 12 Og of type 1, p, (3) the general third 
coefficient 0.^ in a covariant led by a seminvariant Q?G.^ of 
type w — 2, i, p, and so on, and lastly {w-\-l) tho (^^;+l)th 
coefficient in the only co variant led by a seminvariant of type 
0, i.e. in the ith power of the jt>-ic. 

A conclusion as to enumeration from the fact that the 
number of arbitraries on the left of the identity G = 2 (?,. must 
be the same as on the right, is that {w ; i, p)^ the number of 
arbitrary multipliers in the general Gy is equal to the sum of 
the numbers of linearly independent seminvariants of degree % 
extent or less, and weights — 1, — 2, ... 0 respectively. 

In like manner the sum for weights tt;— 1, 2, ... 0 is 

{w—l\ iy p\ By subtraction, the number of degree extent 
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p or less, and weight is {w\ % p) — {w—l\ i, p)y as was 
proved in the last article. 

Having obtained the most general seminvariant Gi of type 
w, i, p, which, upon giving to its value and writing 0 12 + 
for 120, may be written 

L 0^} 0^ } f. 0^ Ip 

( r; + 23 1 2(?] + 3)3 ’* 1 w( 7 ] + w + l)) ’ 

where G is the general gradient of the type, we have also 
(§ 110) the most general co variant of degree i and order rj of 
a p-iCj namely, ^ 

More generally, for r = 0, 1, 2 , ... w, we have that the most 
general co variant of degree i and order r/ + 2r is 

where 

A+i{f^0~l.r|} {120~2(rj + l)}...{120-r(r]+r~.l)} 

. {120~-(r + 2)(T^ + r+l)}...{^20-(^(;+l)(r/ + ^t;)} G. 

Ex. 11. All covariants containing coefficients for which 9] = 0 are 
of even order. Exhibit them ; and in particular exhibit all invariants. 

Ex. 1 2. All covariants containing coefficients for which 77 = 1 or — 1 
are of odd order, and only exist for quantics of odd order. Exhibit 
them ; and in particular exhibit all linear covariants. 

Ex, 1 3 . If by (j) is meant any given differential operator 

<p {d/lx, b/iy, 'd/'bz, ...), 

not necessarily with constant coefficients, if F{t) denotes 
(t-a,) {t-a^)...{t-a„), 

and if ...) is any given function of the independent variables, 

express any solution u of the differential equation F{(j)) u =/(a’, 
in the form + where, for every s from 1 to n, u, is 

a solution of the differential equation 

(<!>-«.)«. =/(®. i/> «> •••)• 

Every such + ... satisfies the equation. Prove this. 

Ex. 14 . Use § 125 , Ex. 2 to express the general G for which 
fp— 2w;= —17' is negative as a sum of coefficients in covariants of 
orders 77', 97' + 2 , ... ip. 

129 . Arithmetical conclusions. Some arithmetical con- 
clusions of interest with regard to numbers of partitions may 
be drawn from results at which we have arrived. 

Since the most general gradient of type 1, % p can 
when ip^ 2 w<^ — l be derived by operation with 12 from the 
most general gradient of type i, p, the former cannot 
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contain more arbitraries than the latter, i, e. more terms than 
the latter. Hence if — 2 'ty < — 1 

{w\ i,p) < {w-\\ ip). 

Again, wo have shown in § 126 and elsewhere that if 
ip--2w<0 there is no seminvariant, and in § 128 that if 
'ip — 2 ^y < — 1 there arc exactly {w ; — (^y — 1 ; i, p) semin- 

variants. The case ip — 2w = ~-l is included in both cate- 
gories. The conclusion from this case of 'ip— 2 ^y = — 1 , i.e. 
of ^ Cip + l)j where i and p must clearly both be odd, is 
that if i and are any odd numbers 

(i [ip + 1] ; i p) = (§ 1] ; b P)‘ 

This is only a particular case of the fact that, for any iv not 
exceeding ip, whatever numbers i and p may be, 

('ly; p) = (Ip-^v; i, p), 

which is immediately seen by noticing that the products of 
weight w and those of weight ip—w are conjugate in pairs. 
If, in fact, ... is one of the first type, the conjugate 

one of the second type is ... 


130. Beciprocal partitions. The number {w ; 'i, p) is, it 
will be remembered, the number of ways in which the number 
w may be written as a sum of i or fewer numbers, none 
exceeding p. It is an important fact that this number is also 
the number of ways in which w may be written as a sum of 
2) or fewer numbers, none exceeding i ; in other words, that 
(w ; i, p) = (w;p, i). 

'riie following proof is duo to Feri'ers. Another will present 
itself in the next chapter. 

Let any partition of ^v into i or fewer parts, none exceeding 
p, be the partition into + '^2 + % + ...+% , where no part is 
greater than p nor than the preceding part, and where one or 
more at the end may be zero. Write down dots in a row. 
Next write dots under the first of these dots in a second 
row. Then write in a third row dots under the first % of 
the 71^2. + '>^2 + '^3 + • • • "b ~ 

have been written. We have thus visibly arranged a partition 
of w into i or fewer parts, none exceeding p. 

Now read the arrangement by columns instead of rows. 
We have in the first column a number, m^, of dots not greater 
than i. In the second column we have, say, dots where 
m 2 >mi and so >i. In the third we have dots where 

m 3 >m 2 and therefore >i: and so on. Finally, in the pth 
column we have either no dot or a number of dots 
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not greater than any previous m, and so not greater than i. 
We have thus visibly arranged a partition of w into 

+ 111 ^ 2 , + ^3 + . . . + 

a sum of p or fewer numbers, none greater than i. 

Thus to every one of the (w ; i, p) partitions we have 
a conjugate one of the {w ; i) partitions. Similarly, con- 
sidering columns lirst and then rows, to every one of the 
{w ; i) partitions there is a conjugate one of the ; i, p) 
partitions. And no two of the one set of partitions have the 
same conjugate in the other set, for a definite arrangement in 
the one way is also definite in the other. Consequently the 
numbers {w ; and (w ; i) are equal. 

131. Hermite’s law of reciprocity. Hence we obtain 
a famous and most prolific theorem due to Hermite. 

Since (w ; 2 >) = (iv ;p, i) 

for all numbers iv, it follows that 

{w ; i,p) - 1 ; p) = (w \p, i) - ; p, i). 

Accordingly ; — The number of rational integral semin- 
variants of weight w, degree % and extent not exceeding p, is 
equal to the number of rational integral seminvariants of 
weight iv^ degree p, and extent not exceeding i. 

In particular take ip—2w. We are told that: — The 
number of invariants {i.e. linearly independent rational 
integral invariants) of degree i of a binary p-ic is equal 
to the number of invariants of degree p of a binary i-ic. 

Again, take ip-2w>0, and denote iqy-^^w by vr. Then, 
since when w are known ^ is known, we may enunciate : — 
The number of covariants of degree i {in the coefficients) 
and order 'ur (in the variables) of a binary p-ic is equal to 
the number of covariants of degree p and order tst of a 
binary i-ic. 

Another way of arriving at this law of reciprocity has 
already been noticed in Examples. There is clearly a one to 
one correspondence between root- expressions 

^ (^1 ^2) (^1 ^3) (^2 ^3) • (^^’“1 ^ i ) 

where + ^^13 + %3 + • • • = and no a occurs in more than 
p factors of a product, for seminvariants of degree p and 
weight w which lead covariants of order = ip—2w of an 
^-ic with a^, ttg, ... for roots, and symbolical expressions 

{e, - ( 0 , _ ftj) ’^13 (e^ - . , . (0,_j _ 0,y»'i-u^ 

a^^a^^aQ ,,,(i factors), 

with the sum of the tz^’s as before and no 0 occurring in more 
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than p factors, for hyperdeterminant seminvariants of degree i 
and weight w which lead covariants of order ct of a ^-ic. 
Also, the systems of root-expressions and of hyperdeterminants 
have both been seen to be complete for providing all semin- 
variants of given degree and weight by their linear combina- 
tions. That those sums of a-products which vanish identically, 
instead of producing seminvariants of the i-ic, correspond to 
those ^-products which produce zero, instead of seminvariants 
of the p-ic, follows from the fact that in the expansion of one 
of the latter every term must be accompanied by 

another -- ... where are 1, 2, ...i in a 

different order. 

Ex. 15. A binary 47i-ic has one invariant of degree 3, and a binary 
quantic whose order is not a multiple of 4 has none. (Cayley.) 

A ns. Since all invariants of a cubic are powers of the discrimi- 
nant whose degree is 4. 

Ex. 16. The Cayleyan hyperdeterminant symbol of this invariant is 

2 n 2 H _ _ 2 n 

12 23 31 . Pi'ove that, if u, v, w all denote the quantic, tlie 

invariant may be written 

bx^ bxby by^ 

b'^'O b'^'C b’^V 

bx^ bxby by^ 

b^W b'^W b'^W 

bx^ bxby by‘^ 

where v, w are not to be made identical till all the operations are 
performed; and hence that the invariant is a linear function of the 
determinants 

a,, « 2 . « 4 n -2 • (Gayley.) 

a^ , ftg ) ^3 ) ^4 j • • • > ^4 n ~1 

1 ^2» ^4» ^6’ ••• > ^4n 

Ex. 17. A binary p-ic has as many invariants of degree 4 as there 
are ways of choosing positive integral or zero values of m and n to 
satisfy 2 m -f- 3 = ^. ( Cayley^ 

Ans. Assume the knowledge that / and J are the only irreducible 
invariants of the quartic. 

Ex. 18. A binary _p-ic has a single or no ^-ic covariant of the 
second degree in the coefficients according as p is or is not a multiple 
of 4. (Cayley) 

Ans. Since covariants of equal order and degree of a quadratic 
must have the form (ac — b^)^ (aa5^-f-2^y-t-cy‘^)^”. 


2w-l 2n-l 2n— 1 

12 23 31 
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Ex. 19. The one invariant (Ex. 15) of degree 3 of a ^n-\c is the 
lineo-linear invariant of the 4n-ic and the covariant of Ex. 18. 
{Cayley) 

Ex. 20. A binary p-ic has as many covariants of degree 2 in the 
coefficients as there are solutions of 2m4-^i = ^ in positive integers 
(and zeros); and 2n is the order of any such co variant in the 
variables. {Hermite) 

Ex. 21. A binary quantic of odd order has a co variant of the 
second order and the second degree. {Hermite) 

Ex. 22. A binary quantic of order 4^-}- 2, where n is any number, 
has a covariant of the second order and third degree. {Hermite) 

Ans, Use Ex. 21 for the case of the cubic. 

Ex. 23. By the two preceding examples binary qualities whose 
orders are of the forms 4n-f-l, 4w-f2, 4n + 3 have quadratic 
covariants. Use the facts that a quiritic has a quadratic covariant of 
degree 8, the Jacobian of the cubic covariant of § 17, Ex. 20 and the 
linear covariant of § 57, Exx. 16, 17, and an invariant of degree 
4 (§ 61, Ex. 30) to complete the proof that every binary quantic 
except the quartic has a quadratic covariant whose degree in the 
coefficients does not exceed 5. {Hermite) 

Ex. 24. No covariant or invariant of the second degree in the 
coefficients can have an odd weight. In particular, no invariant of the 
second degree can be skew. 

Ex. 25. No invariant of the third degree can be skew. 

Ex. 26. A binary quantic of any odd order greater than 3 has 
a linear covariant of degree 5. {Hermite) 

Ans. Use the fact that a quintic has linear covariants of 
degrees 5 and 7 (§ 57, Ex. 17) and an invariant of degree 4 (§61, 
Ex. 30). 

132. Gradients in more sets than one. Just as we have 
dealt with gradients in one set of quantities a^, ag, ... 
in the present chapter, we may deal with gradients in more 
sets than one (Iq , (Xj , ct2 , « • • ^2 j > ^0 » » ^^2 » • • • 5 * • • • 

We have merely throughout to insert 2X2, 20, and 

for X2, 0, and As in § 119 a semin variant which 

involves one letter of any set involves all the previous letters 
of that set. As in § 120 an invariant of the quantics whose 
coefficients are the sets involves all the coefficients of any one 
if it involves one of them. As in § 125 

2 X2 (2 Oy - (2 OY 2X2 = r(rj-r + l)(2 0)’'-\ 

T? = 2 {ip) — 2 w. 


where 
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As in § 126 there can be no seminvariant for which 2 [ip) 
is negative. As in § 128 any gradient for which 2 {ip)-^ 2 w 
is positive can be written as the result of operating with 212 
on another gradient, and hence if 2 — — 1 the exact 

number of linearly independent seminvariants of weight w 
and partial degrees ij, ig) ^3) ••• is 

(w; p.^-, ...), 

where {iv] i^^Pi) denotes the number of 

ways in which w may be written as the sum of or fewer 
numbers not greater than of or fewer not greater than 
^>25 of \ or fewer not greater than p^^ &c. Finally we have 
arithmetical conclusions corresponding to those of § 129. 

The generalization of § 130 is also immediate. It will 
readily be seen, by considering as many Ferrers’ diagrams 
as there are sets of a’s, 6’s, c’s, &c., containing altogether 
w dots, that in 

{v.) , , j)i j '<^2 > P 2 > ’ Pz j • • • ) 

and p^^ or and p^^ or i.^ and P3, ... , or more than one or 
all of these pairs, may be interchanged without altering the 
number of partitions. Hence a generalization of the law of 
reciprocity is easy. 

Ex, 27. The number of co variants of any degree i and of order p of 
a binary ^;-ic, i. e. of invariants of jjartial degrees p of a p-ic and 
a linear form, is equal to the number of invariants of partial degrees 
1 of two binary 

Ex. 28. Prove that 

{w]i„pp,i^,pp, ; ...) = 222 ... (r, ; (v, ; ; i^p,) ... , 

where the summations indicate that to v^, ... are to be given 

all positive integral and zero values whicli make 

+ ^2 + ^3 + • • . = 'lo. {Franklin.) 
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GENERATING FUNCTIONS. 

133. Unfortunately no practically convenient algebraical 
formula^ is known which gives in all cases the number of 
partitions denoted by {^o;%p), i.e. the number of ways in 
which the number w may be formed by adding together i or 
fewer numbers, every one of which is one of 1, 2, 3, , 2^, or, 
which is the same thing, by adding i parts every one of which 
is one of 0, 1, 2, 3, ... , p)* tabulation of such numbers of 
partitions recourse must be had to a method known as that of 
Generating Functions. 

The origin of the theory of numbers of partitions is due to 
Euler. The theory in its application to invariants, &c., was 
first studied by Cayley with a view to, and in, his second 
memoir on quantics {Collected Works, Vol. II). The subse- 
quent writings on the subject are very numerous. Cayley 
himself, Sylvester, Franklin, MacMahon and Hammond as 
well as others have by means of it obtained results of great 
precision. 

The investigation of the number -1 ; h 2^) 

linearly independent or ‘ asyzygetic ’ seminvariants of given 
weight, degree, and extent by means of generating functions 
is only a preliminary object of the researches. The ulterior 
aims are the discovery of the number and types of the irre- 
ducible concomitants of a binary quantic, and of the relations 
or syzygies which connect those irreducible concomitants. 

The subject being a vast one only an introduction to it 
can be given here. We consider only quantics of the first 
few orders. In passing from order to order the complexity 
of the investigations necessary enormously increases. 

134. Generating function for {w ; i, p). By a Generating 
Function we mean a function of one or more variables which, 
when it is expanded in powers of that variable, or powers 
and products of powers of those variables, has for the general 
coefficient of a power or product of powers the number of an 
assigned class which is determined by the index of that power, 


^ For a formula due to Brioschi see Fah. de Bruno’s Formes Binaircs, § 89. 



160 


GENERATINO FUNCTION FOR {w ; i, p) [l31 

or the indices of those powers. It may be that only a limited 
range of the coefficients is relevant. For instance, the expan- 
sion may be an infinite one, but the class of numbers a finite 
one given by the coefficients of a limited range of terms, the 
indices of other terms being parameters irrelevant to the 
matter we have in hand. 

We proceed to see that a generating function can be formed 
w^hose expansion is 

(0 j i,p) + (l ; i,p)z + (2 

(ip ; i, p) 

and which accordingly, when i and p are known, gives the 
number of partitions (w ; i, p) as the coefficient of z^ in its 
developement. 

It is at once clear that, by definition of {w ; p), this number 

of partitions is the number of ways in which positive integral, 
or vanishing, values of r^, rj, rg, ...r^ can be found which 
satisfy the two equations 

ri + 2r2+ ... = w. 

Now this number is the coefficient of z^x^ in the product 
(1 + ... ...) (1 + ... +z''^x''^+ ...) 

(1 +z'^x-\-z^x'^’\- ,,, 

(1 + ... ...), 

where the series forming any factor may if we please be 
extended to infinity. This product may be written 

{(1 —cr) (1 —zx) (1 —z^x)..,{l —z^x)}~'^. 

It can also be multiplied out and arranged according to 
ascending powers of x. Suppose that, thus arranged, it is 

Uq -f u-^x + + . . . + + c. . ; 

then Uq = 1, and *** 'W-o ... are functions of z. In fact, 

»< = (o + ■,hP)z + {^ 

+ {w,i, p)z'° +... + {ip-,i, p)z'^. 

Notice that (0 ; % p) denotes 1. This is reasonable, for there 
is one partition of zero into i parts not exceeding p^ namely, 
into i zeros, ao* is the one con;esponding term when we are 
thinking of gradients. In particular, by convention, we may 
think of (0 ; 0, p) as denoting 1. 

Now in 

1 + ... + ... 

rr {{I-X) (l-ZX) (1—0^0?) ... (1—0^0?)}“^ 
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put zx for X, getting 

l+u-^zx + u^z‘^x^+ + u^z'x* 

= {(1—zx) (1—z^x) (l—z^x)...(l—z''*'^x)}~^, 

= -1 ^~f^; -{l+UiX + n^x^ + ...+UiX*+...). 

Here multiply through by 1 and equate the coefficients 

of x\ the equality being identical. We obtain 

1 

so that Ui = 

Vjt-2 l—z'^ 


^0 2 2; * 1 2'^ • ••♦ j z^~^ * 1 .3* 

(1-0) (1-32). ..(1-30 

Consequently (w ; p) is the coefficient of in the expansion 
of this function in ascending powers of z. Notice that it is 
incidentally proved that this expansion is a terminating one 
of degree ip, i.e. that the numerator of the generating function 
Ui is divisible by the denominator whatever numbers i and 
p may be. 

Notice also that Ui is exactly 3*^ times the result of replacing 
in it 3 by z~^. Coefficients equidistant from the beginning and 
the end in the developement are then equal. We have thus 
a proof of one of the facts of § 129, i. e. that 
(ip-w;i,p) = {w;i, p). 

135. Generating function for number of seminvariants 
of given type. It is easy to deduce a generating function in 
which the coefficient of z^ is the difference of numbers of 
partitions {w \i, p)^{w—l \ i, p). This difference is the 
number of those linearly independent seminvariants of 

whose weight and degree are w and i, if ip>2w, and the* 
number of invariants of the type if ip = 2m For values 
of w, such that ip — 2tt;<0, or rather <— 1, we are not 
really concerned with the difference in connexion with semin- 
variants. ^ 


1431 
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Since 

Uf = (0 \iyp) + {l \iyp)z^{2 

+ {w ; iy p)z ^-\- ... +(ip ; p)z^^y 

the value of {iv \ iy p) — {W’- \ \i,p)y for values of w from 
1 to ip inclusive, is the coefficient of z^ in (1 —z)'Wiy i.e. in the 
developement of 

(1 —z^) (1 —z^) ... (1 —z^) 

This developement is a terminating one of degree 1. 

Notice that from the last remark of the preceding article the 
middle coefficient in the developement, when there could be one, 
i.e. when ip is odd, vanishes ; and that coefficients equidistant 
from the beginning and end are equal but of opposite signs. 
Now (§ 129) we know that when ip — 2^<;< — 1, i.e. when 
^(;>J(ip+l), the difference {w \ % p) — {w— \ ) iy p) is never 
negative. The developement of the generating function con- 
sists then of a series of terms with positive coefficients followed 
by a series with the same coefficients taken negatively in 
reversed order. 

A word as to the first coefficient (0 ; i, p) = 1 , which is not 
presented as a difierence. It is correctly the number of semin- 
variants of degree i and zero weight. The one is We 

may if we like regard it as a difference (0 ; p)--( — 1 ; p) 

like the rest. For ( — 1 \i, p) is of course zero. 

136. Keciprocity. The generating function of § 134 may, 
upon multiplication of numerator and denominator by 

( 1 - 2 ) 

be written 

(1—2!) (1 — 2:'-^) ... (1—2!^') .(1— !^) (1— !2^) •*. 

which is unaltered by interchange of i and p. It may, in fact, 
be written 

{l-^Z)(l-Z^),..(l-ZP) 

The coefficient of z^ in its expansion is then [w ; p, i) for 

exactly the same reason that it is (w ; i, p). Thus we have 

another proof of the theorem of § 130 that 

(w •yi,p)=^iwi p, i)y 

and of Hermite^s law of reciprocity (§ 131). 
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The generating function of § 135 may also be written 
(1 (1 - 2 ’+ 2 ) (1 (1 

Ex. 1. Prove by aid of generating functions tliat 
{w ; i,p)-{w ; i-l,p) = {w-i ; 


Ex. 2. Prove that 

{w; i,p) = (w ; 0, p — l) + {'w—l ; p—\) + (w~% ; 2,^—1)+... 

+ {w—i ; f, 1). 

Ex. 3. Proye that 

(w ; = (to ; 0 , 2 )- 2 ) + (w-2 ; 1, jp-2) + ... 

+ 2 ^ ; «, i) — 2)\ 

and that 

w — > 00 

(w ; w) — (w—i ; i, W’- 1 ) = 2 ^ — 2 , n). 

n = 0 


137. The whole number of seminvariants and invariants 
of given degree. The whole number of linearly indepen- 
dent seminvariants of degree i, including invariants if there 
be any, which a binary p-ic possesses, may be found as 
follows. 

We have seen (§§ 112, 126) that there are none for which 
ip — 2w is negative. Thus the greatest weight of any is ^ip 
or 1), according as i and p are not or are both odd. 

Call this maximum weight TT. 

The number of seminvariants (or invariants if W be ^ip) 
of weight W is 

(W ; i,p)-(W-\ \%p)\ 

the number (all seminvariants necessarily) of weight TT— 1 is 
(F~l ;i, _p)-(F~2 \i,p)\ 
the number of weight F— 2 is 

(F-2 ; % p)^{W- S;iyp); 

and so on. Finally the number of weight zero is unity or 

(0 ; i, p). 

Upon addition, we have for the whole number required 
(W;i,p), 

and, restoring to F its value, obtain the two following results. 

(1) Unless i and p are both odd, the whole number of 
linearly independent seminvariants and invariants (i. e. of 

M 2 
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covariants and invariants) of degree i in the coefficients of 
the binary ^-ic is 

i f)* 

and these consist of 

{^ip ; _p) - 1 ;i,p) 

invariants, and 

(^ip- 1 ;i,p) 
seminvariants (covariants). 

(2) If i and p are both odd the whole number of linearly 
independent seminvariants, i. e. of co variants, of degree i in 
the coefficients is 

{^{ip-1) lip}, 

none of them being invariants. 

By § 134 the whole number of degree i is thus seen to be 
the coefficient of or as the case may be, in the 

developement of 

(1 (1 ... (1 

or its equivalent 

{l--z)(l^z^)...{l^z^) 

In both cases the covariants (and invariants) have been 
actually exhibited in § 128 (bis). 

We can now illustrate by a few simple cases the way in 
which generating functions give information as to the number 
and nature of irreducible concomitants. 


138. Has a linear form invariants or covariants ? For 
the linear form ax + by, p ^ 1. The whole number of linearly 
independent seminvariants (including invariants) of degree i is 
by the preceding article 

CO. in developement of (1 — 0*+^)/(l — 0 ), 
where TT = or ^ (i — 1) according as i is even or odd, 

= CO. 0 ^ in 1 + 0 + 0 ^ + . . . + 0 * 

= 1 . 

Thus of each degree there is a single seminvariant. What 
it is is clear. For degree 1 it is a, and for degree i it is a\ 
It is a seminvariant and not an invariant, for ip — 2^^; = i>0. 
The co variant which it leads is {ax + by)\ the i-th power of the 
linear form itself. 



APPIilCATION TO LINEAR FORM 


165 


188] 


Thus a linear form has no invariant, and its only oovariants 
are powers of itself. 


139. Irreducible concomitants of a quadratic. For the 
quadratic ax^ + 2 hxy + cy'^, p = 2. Here W = ^ . 2 i The 

whole number of linearly independent seminvariants and 
invariants of degree i is then 


CO. in developement of 


- ( 1 ^ 0 ) ( 1 - 02 ) 


(l-0)-l (l-02)-l 


— 55 5 5 Z ^ 

+ + + 

= CO. 0* in 1 4- 2 ; -1-202 ^20^ + 30^ + 30^+ ... . 


There is, then, one of degree 1, viz. a; and there ai’e two of 
degree 2, viz. the square of the one of degree 1 and another 
distinct from it, which we know otherwise to be the discriminant 
ac — 62, Of any higher degree i we see, by considering the 
product (1 + 0 + 0 ^ + 0 ^ + , . (1 + 0 ^ + + 0 ® + . . .), that there are 

just as many as there are ways of making up the number i as 
a sum of multiples, including zero multiples, of 1 and 2 ; and 
these are of course the products of powers of the two indepen- 
dent ones a, ac—V^ of degrees 1, 2. For instance, if r-}-2s is 
one of the partitions of i in question, a‘'{ac — b'^y is a semin- 
variant of degree i. All seminvariants of the quadratic are 
then rationally and integrally expressible in terms of the two 
a and without the necessity of introducing any other. 

The binary quadratic has therefore no irreducible seminvariant 
besides a and ac — If. 

The second of these is an invariant. The first leads the 
quadratic ax^ + 2hxy + Gy^ itself. Consequently the complete 
system of irreducible concomitants of the binary quadratic 
consists of the quadratic itself and its discriminant. (Cf. § 84.) 

Had we been looking for the irreducible invaHants only 
we might have taken the generating function of § 135. For 
the quadratic the weight of an invariant of degree i is ^2i = i. 
Thus the number of invariants of degree i 

= CO. 0 * in developement of (1 — 0 *^^) (1 —02) 

= 55 „ 

= CO. z^ in 1+0^ + 0 ^ -f 0 ® + 

There is then no invariant of any odd degree, and a single one 
of every even degree. Thus there is one, the discriminant 
ac — 62 j of the second degree, and no other which is irreducible, 
all others being powers of this. (Cf. § 78.) 
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140. Invariants of a cubic. Take ^ == 3, the case of the 
binary cubic (a, 6, c, d) {x, yY ; and first consider the question 
of invariants only. 

3 i 

An invariant of degree i is of weight — . For there to be 

A 

one then i must be even. 

The number of degree i is, by § 135, 

3 ,. ^ + 

CO. 02^ in developement oi . J-V .. i : 


= CO. in developement of 


l—z^{z + z^ + z^) 

{l-z’‘)(l-z^} 

1 2;*+! 

(l—Z^) {l—z‘^) 


1 




in developement of 7-— - , ^ 

(1— 2:)(l— 2;^) 

1 

23 

(1— (1— s'*) 

(l-2'‘)(l-2«) 

1 

/I ^4\ / 1 

Z^ 

( 1 / I 


_ 1 4 -^'^ + 2 ;® — 2 ;^ 

_ 1 — 

since the terms and z^ in the numerator cannot when 
multiplied by powers of z^ and z^^ produce terms of form z^\ 

= co. z^^ in developement of - ^ 

= co. Z^ „ — ^ — 

’’ 1 

= co. z'^ in 1 +z^^z^ . 


Thus for a degree not divisible by 4 there is no invariant ; 
and for a degree divisible by 4 there is a single one, which 
must accordingly be a power of the one of degree 4, i. e. the 
discriminant (a(i-6c)2-4 This then is the 

only irreducible invariant of the cubic. (Cf. § 78.) 
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141. Irreducible concomitants and syzygy for a cubic. 

We seek now the complete system of seniinvariants and in- 
variants of the cubic. 

Here, by § 137, the number that are linearly independent of 
degree i is the coefficient of or zi^'~“^, according as i is 
even or odd, in the developement of 

The two cases may be combined by saying that it is the 
coefficient of in the developement of 


(1 


(1 —z) (1 —z^) (1 —Z’^) * 


i. e. in that of 


1 —z^ (z + z^-^ z^) 

(1 — (1 (1 -z^) 


= CO. zi^ in developement of 


(1 -z^)(l-^z^) {l-Z^} 


-CO. z^' in developement of 7 ; ^ 

^ (1— ei) {l-z) (1— 


= CO. in developement of 


(l-z^){l^z^){l^z^) 


= CO. 2?'" 


(1— 2;2) (1— 




(1 —z^) (1 —Z^) (1 — 0 ^ 2 ) 

(1 + Z + Z^) (1 + ;5®)— 2 ;® 

“( 1 - 03 ) (i^z^Yiu^^y' 

1+Z^ 


in the numerator of which all powers of z with indices not 
divisible by 3 have been omitted as incapable of producing 
when multiplied into powers of z arising from the de- 
nominator, where all indices are multiples of 3, 

• • 1 "f" 0® 

= CO. 0* in developement of 7- tt o—t rx 
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= CO, in developement of - 


= „ „ (1 — 0 ®) (1 ...) 

(l + + . . .) (l +0^ + 0® + . , .) (l + 0^ + . t .)) 

of which the first few terms are 


1 +0 + 20^ + 30 ^ + 60^ + 60® + 80® + ... . 

We have then the following conclusions, gathered from the 
form before multiplying out. 

(1) There is one semin variant of degree 1, arising from the 
factor (1—0)“^ in the reduced generating function. This is 
the sem invariant a. 

( 2 ) Besides -the square of this there is another seminvariant 
of degree 2, arising from the factor (1 -~0^)~^. This is ac~ 6^, 
the seminvariant which leads the co variant which in § 86 has 
been called //. Denote it by H\ 

( 3 ) Besides c(? and a(ac — there is another of degree 3 . 
This is a^d —3 abG + 2 b^, the leader of the co variant which in 
§ 86 we have called O. Denote it by Q\ This arises from 
the factor (1 -0^)"h 

( 4 ) Besides the four semin variants of degree 4 which can 
be formed by compounding a, H' and G' rationally, there 
is an additional one arising from the factor (1—0^) This 
is the discriminant (acZ — 4 (ac — (JcZ — which we 
have called A, It is an invariant. 

( 5 ) There is no other irreducible seminvariant. For all the 
factors of the denominator of the prepared generating function 
are now exhausted, and there are no positive terms in the 
numerator except 1 ; and this tells us that there is nothing 
which in the developement can increase the coefficient of 0*, 
whatever i be, beyond the number of ways in which i can be 
made up of sums of multiples of 1 , 2 , 3 , 4 the indices of the 
0, 0^, 0^, 0^ in the denominator. 

There are then four, and only four, irreducible seminvariants, 
including the one invariant A. All of degree higher than 4 
can be expressed rationally and integrally in terms of these 

four a, 

( 6 ) But there is one fact more, given by the existence of 
the negative term —0® in the numerator of the reduced 
generating function. The four a, H\ G\ A, though irre- 
ducible are not independent. A relation, or ‘ syzygy ' as it is 
called, connects them. And this syzygy is of the sixth degree. 
The presence of the —0® reduces the coeflScient of 0® in the 
developement from 9 , which would be its value were the 
numerator 1 only, to 8. The number of linearly independent 
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seminvariants of degree 6 is then one less than the number of 
products of degree 6 of powers of a, G' and A. These 
products are consequently connected by a linear relation which 
reduces the most general linear function of them to one with 
8 arbitrary coefficients instead of 9. The products are 
a^G\ a^A, aH^ G\ R'\ il'A, 

The syzygy which connects them must of course connect 
a number of them which are of the same weight. Now their 
weights are 

0, 2, 3, 4, 6, 5, 6, 8, 6, 

the only three which are the same being those of a^A, 
and G''^, The syzygy then connects these. It is found to be 

which is of course the same relation as the 
u^A = (?^ + 4/i^ 

of § 86. For a, (?' are the seminvariants which lead the 
covariants u, //, G; and a syzygy connecting the semin- 
variant leaders of covariants connects also the covariants led, 
as otherwise by means of the syzygy we could form a co- 
variant whose seminvariant leader vanishes, i.e. a covariant 
with y for a factor, which is impossible. 

The complete system of irreducible concomitants of a binary 
cubic consists then of itself, its quadratic and cubic covariants 
H and (?, and its discriminant A. The four are connected by 
a syzygy of the sixth degree in the coefficients, and, it may be 
noticed, of the sixth order in the variables. 


142. Irreducible invariants of the quartic. For the case 
= 4, that of the quartic, we at present confine attention to 
the investigation of the number of irreducible invariants. 
Since here ^ip =■ the number of linearly independent 
invariants of degree i is, by § 135, 

CO. 0^* in developement of 

(1 -^^> 1 ) (1 (1 - 0 ’+^) (1 

(1 (1 (1 

= CO. in developement of 


1 


~ CO. z* in developement of 


z 
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= CO. 2®' in developement of (i Ssa^i- T* ) 


( 1 - 00 ) 

__ 1~;S2 

for z^ in the numerator can be a factor only of odd powers in 
the developement, 


= CO. 0^* in developement of 
= CO. 0^ 


1 

1 


Hence there are two, and only two, irreducible invariants, 
one of degree 2 and one of degree 3, since there are just as 
many linearly independent invariants of any higher degree 
as there are combinations of that degree of these two. The 
two are (§ 80) 

I = ae— 4M+3 c2, 

J = ace + 2 hcd—ad^ — c®. 


There is no invariant of higher degree which cannot be 
expressed rationally and integrally in terms of them. 


143. Invariants of the quintio and. sextic. The applica- 
tion of these methods has been continued a good many stages 
further. The labour and ingenuity required increase con- 
siderably as we advance. 

For the case of the quintic, ^ = 5, the result is that the 
number of linearly independent invariants of degree i is the 
coefficient of z'’ in the developement of 

(1-04) (1-08) (1-012) 

There are then four irreducible invariants of the quintic, of 
degrees 4, 8, 12, 18. They are not, however, independent, as 
the presence of — 0 ^® in the numerator implies. This presence 
diminishes the number of linearly independent invariants of 
degree 36 to one below the number of ways of making up 36 
by means of repetitions of 4, 8, 12, 18. In other words, there 
is a ‘ syzygy,* of degree 36 in a, &, c, c?, e, f the coefficients 
of the quintic, which connects the irreducible invariants of 
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degrees 4, 8 , 12 , 18. This syzygy will be exhibited in a 
later chapter. It expresses the square of lu in terms of 
“^45 and 

For the sextic the number of linearly independent invariants 
of degree i is the coefficient of z* in the developement of 

1--0^Q 

{l—Z^) (1—^^) (1—2?®) (1—2?^®) (1—2?^®) 

There avefive irreducible invariants, of degrees 2 , 4, 6 , 10 , 15 ; 
and these are connected by a syzygy of degree 30, which 
expresses the square of rationally and integrally in terms 
of /g, J 4 , /g, and /jQ. 

For the full investigation of these facts reference should be 
made to Cayley’s second memoir on quantics. 

144. Generating function for concomitants of given 
degree and order. A now departure in the use of generating 
functions dates from Cayley’s ninth memoir on quantics 
(Collected Works, Vol. VII). The earlier use of them had not 
succeeded in exhibiting complete systems of irreducible co- 
variants for higher quantics than the quartic, and indeed 
mistaken inferences from it had indicated the erroneous 
conclusion that there were not complete systems of finite 
number. That there were had meanwhile been conclusively 
established by Gordan’s method of transvectants. The two 
theories have now been completely reconciled, and verify 
one another’s conclusions. The error arose from considering 
all syzygies independent, whereas there are syzygies of 
the second order connecting syzygies, for values of p ex- 
ceeding 4. 

Let us return to § 134, where it was shown that the number 
of linearly independent partitions of w into i or fewer parts, 
none exceeding p, is the coefficient of z^^^ (notice that we 
have changed the notation) in the developement of 

1 

( 1^0 ( 1-^0 

in positive powers of and therefore of 2 ? ; and consequently 
that the number of linearly independent seminvariants of 
weight w and degree i of a binary p-ic, 
i.e. (w ;i,p)-('W^l ; i, p), 

is the coefficient of z^^* in the developement of 

1 — 2 ? 

( i - l ) -^ 2^)... (1 - 2^0 ‘ 

Here put for z and acc^ for The number of the 
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seminvariants is therefore the coefficient of in the 

developement of 

l~.rr2 

(l“ aojP) (1 (1 ... (1 {l-^ax'^) 

in positive powers of a, and powers of x positive and negative 
as they present themselves. 

Now ip — 2w is the order of that co variant of the p-ic 
which any seminvariant of weight w and degree i leads. Con- 
sequently the number of linearl}^ independent covariants of 
degree i and order ct, where is essentially non-negative, is 
the coefficient of aV in the developement of this last written 
generating function. In particular, the number of linearly 
independent invariants of degree i is the coefficient of a* in 
the part of the developement which is free from x. 

For the quadratic, the cubic, and the quartic the generating 
functions are 

(1— (l—a) {l—ax~^)^ 

1 —x~^ 

(l—aoj) {\—ax~'^) (1— 

\—x~^ 

(1 —ax^) (I —ax^) (1 —a) (1 —ax~^) (1 —ax~^ 

145. Reduced generating functions. We need only those 
terms in the developement which involve positive powers of 
X as well as of a. Now it proves to be possible to separate 
those parts of the generating function, for a given value 
of p, which give rise to positive powers of x from those 
which give negative powers. It will be verified without 
difficulty that the three last written generating functions, 
for the cases of the quadratic, the cubic, and the quartic, may 
respectively be written 

A {xi)—x~^ A 
B lx} — x~^ B {x~^), 

G{x)^x-^G{x-^\ 

where 

^ ^ax^) (1 ^ 

I. . s I -a^x^ 

W — -^ax^) (1 — aV^) (1 —a^x^) ’ 

1 —a^x^^ 

(1— aa?^) (l—a^x^) (1— (l—aV) 


G(cc) = 
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Hence the numbers of linearly independent co variants of 
degree i and order tn for the quadratic, cubic, and quartic are 
respectively the coefficients of in the developements in 
ascending powers of a of -4 B {x), and G {x). 

From A {x) and B {x) we at once gather the information of 
§§ 139, 141 with regard to the irreducible concomitants of the 
quadratic and cubic respectively. 

From G (x) we gather in like manner the full information 
as to the quartic. It has jive irreducible concomitants whose 
degrees and orders are given by cv^x^, a^, The 

first is the quartic itself 

u = (a, b, c, d, e) {x, y )* ; 
the second is its invariant of the second degree 
I = ae — 4bd + 3c^; 
the third is its Hessian 

to 

H = (ac — b^)x^ -4- =x^e^ (ac — b^); 
the fourth is its invariant of the third degree 
J = ace-4-2bcd—a(P — ¥e—c^ I 
and the fifth is its covariant of degree 3 and order 6 

to 

G 'Ei {iv^d—3abc -\-2b'^)x^ A *** Ex^e^ {a^d — 3 ahc 2h^) . 

The second term in the numerator tells us that the 

five are connected by a syzygyof degree 6 and order 12, which 
reduces the number of linearly independent co variants of this 
degree and order to one below that of the number of products 
of the degree and order in question of u, /, i/, G. This is 
readily found to be 

As to invariants alone, the terms in A (aj), B (x), and G (x) 
which are free from x arc the developements of 
11 1 . 

whence the information that the discriminant is the only 
invariant of a quadratic, and that of §§ 140, 142 for the cubic 
and quartic, is at once gathered. 

146. Beduced and representative generating functions. 
The Quintic. To methods and results for quantics above the 
fourth order we have only space to allude. Most of the 
investigations are due to Sylvester who, with the collaboration 
of Franklin, has obtained for quantics of the first ten and the 
twelfth orders the numbers and types of complete systems of 
concomitants, or rather, as he himself points out, the types 
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and numbers of systems which must, if they err from com- 
pleteness in the higher cases, err by defect and not by excess ; 
the possibility of there being more arising from the fact that 
the labour of discovery has been reduced to tractable dimen- 
sions by the adoption as a fundamental postulate for all cases 
of a fact observed for the first six orders, viz. that new 
syzygies and irreducible concomitants do not exist for the 
same degree and order. To this postulate Hammond has shown 
that there is an exception in the case of the septimic, for 
which the investigations had previously indicated a speciality 
not occurring in other cases so far as examined. 

The first step in the process is general for all cases, and 
consists in showing that, when, as in § 145, the ‘crude’ 
generating function of § 144 is written as the difference of 
two parts, one of which gives all the terms in the develope- 
ment which proceed by positive and zero powers of x, and 
the other those which proceed by negative powers, the former 
part may be written in the form 

Op + (yjOJ + + . . . 

( 1— (1 — ( 1 — a *) ( 1 — 
where the order of the numerator in x is less than that of the 
denominator, and where Oq, 0^, C 2 ,...are finite rational and 
integral functions of a. This is called the reduced generating 
function. 

The second step is one which has to be performed for the 
cases of quantics of successive orders separately. The 
numerator and denominator have to be multiplied by such 
factors as to reduce the latter to a product of 1—ax^ and such 
factors as 2 1 — a^, 

where i and are recognized as the degree and order of an 
irreducible covariant, and j as the degree of a known irre- 
ducible invariant. In all cases examined this has proved to 
be so possible as to keep the numerator a finite expression. 

The reduced generating function thus prepared is called the 
representative generating function. For orders of quantics 
which have been examined the denominators of the repre- 
sentative generating functions are products of and 

of factors of the simple forms 

1— 1— a-^. 

For the quintic (p = 6) the numerator of the representative 
generating function proves to be 

1 -i- a® {x^ + OJ® + x^) + {x^ + x^) + a^{x + x^ + x'^’- x^^) 

+ a® (x^ 4- x^) + (x + x^-^x^) 4 {x^ 4 x^) 4 a^ {x^ 4 x^ —x^) 
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+ (x^x^ — x^) + (x^~x^—x^) + a^^ {--x^ —x^) 

+ {x^—x^ — x^^) + a^‘^{—x'^ — x^) +C6^® (1 —x‘^—x^ — x'^^) 

and the denominator 

(1 —ax^) (1 (1 —a^x^) (1 —a^) (1 —a®) (1 — a^^). 

The third step in the process is one of sifting, or ‘ tamisage ’ 
as it is called. We have certain irreducible concomitants, or 
say ‘ ground forms/ to use a common designation, represented 
in the denominator. The earlier terms, after the first 1, in 
the numerator are positive, and indicate the existence of other 
ground forms. Proceed onwards from term to term in the 
numerator. As long as the degree and order of a term a^x^ 
in the numerator cannot be made up as a sum of the degrees 
and orders of previously occurring terms, we have revealed 
the existence of as many new ground forms of that degree 
and order as there are positive units in its coefficient. When 
we have reached a term whose degree and order can be made 
up as a sum of degrees and orders of ground forms whose 
existence has been previously revealed by the numerator, not 
also those represented in the denominator, the excess of the 
coefficient of that term above the number of ways in which 
this can be done is the number of ground forms of the degree 
and order of the term in question, diminished by the number 
of syzygies of the degree and order which connect ground 
forms that have previously occurred, in the denominator as 
well as in the numerator, but increased, as will presently 
happen, by the number of syzygies of the second order which 
connect previous syzygies and are of the degree and order in 
question. 

For instance, regarding the representative generating 
function for the quintic above, the eight terms in the 
numerator which immediately follow the first have all the 
coefficient + 1, and the degree-orders of these terms, aV, a^x^^ 
a^x^, a^x^y a^x, a^x^, a^x^, are such as to make it clear 
that none of the terms can be written as a product of powers 
of the preceding terms. They indicate, then, that besides the 
ground forms of degree-orders (1, 5), (2, 2), (2, 6), (4^ 0), (8, 0), 
(12, 0) given by factors of the denominator, there are others of 
degree-orders (3, 3), (3, 6), (3, 9), (4, 4), (4, 6), (5, 1), (5, 3), (5, 7). 

Again, the coefficient of the next term aPx^'^ in the numerator 
is —1. This indicates that there must be one syzygy of 
degree 6 and order 11 connecting some of the fourteen 
ground forms of degree-orders less than (5, 11). It is found 
to connect the products C^ 2 , 2 ^ 3 , 9 » C' 2 , 6 ^ 3 , 6 > where 
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Cy 3 is the ground form of degree T and order s. In particular 
(7/ 5 is the quintic itself. 

As soon as the degree-order tsr) of each new ground form 
in succession is found, we may, if we please, alter the form of 
the representative generating function by multiplying its 
numerator and denominator by 1 — and so put that 
ground form in the same position as those whose represen- 
tatives were before in the denominator, thus narrowing the 
further search by means of the numerator. In particular, 
when we know all the ground forms, we may write the 
generating function with the product of all their representative 
factors 1— a'a;®, l—a\ &c. in the denominator. The sifting 
of the numerator is then a process of search for syzygies only. 
This idea has been developed by Hammond. The A [x), B (a?), 
G {x) of § 145 for the quadratic cubic and quartic are generating 
functions thus written. 

Notice that the terms free from x in the developement of 
the representative generating function for the quintic above 
are the terms in the developement of the result of putting 
0 ? = 0 in it, i. e. of 



(1 — a^) (1 — (1 * 

This then is the representative generating function for in- 
variants of the quintic. It leads to the conclusions already 
stated in § 143. 

There prove to be twenty-three ground forms of the quintic, 
of which four, /g, /jg, are invariants. 

147. A method for extracting representative generating 
functions for invariants only will now be illustrated by the 
comparatively simple consideration of the sextic. 

Writing ^ for we have to extract from 

^\3)(2)(l)(-l)(-2)(-3). 

where {n) means - — a part which provides the terms 
free from z in its expansion. 

Since the product (3) (2) (1) (—1) (~2) ( — 3) is unaltered by 
writing in it z~^ for 2 ? and for z~'^, we may replace the multi- 
plying 1 by 1 or by | {2 i.e. ^(1 ~;5) (1 - 
and have the same terms free from z provided. Hence, noticing 
that - 

(l-^)(2) (l) = -{(l)-(2)}, 
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(3)(-3)=y:^{(3) + (-3)-1}, 

we have to look for the part free from z in the expansion in 
ascending powers of a of 

Here we may replace the last factor by 2(3) — 1, since 
{( 1 ) — ( 2 )} {(—!) — ( — 2 )} is unaltered by the interchange of 
0 and Thus we look for the part free from 0 in 

1 

a^(l —a) (1 — a^) 

{(l)(-l)(3) + (2)(-2)(3)-(l)(-2)(3)-(2)(-l) (3) 

-^( 1 )(- 1 )- 4 ( 2 )(- 2 )+^( 1 )(- 2 )+ 1 ( 2 )(- 1 )}. 

The parts provided by the separate products here can all be 
obtained by noticing that, if n is positive, the part free from 2; 
in a product 

is + + 

Thus, for instance, 

(1) (-2) (3) = ■ (i_a2) {\-az^) 

___ 1 1 + az + az^ + 

{l—a'^z^) (l—a^z^) 

produces the same part free from 0 as it would were the terms 
az + az^, of odd order, missing from the numerator, i. e. it 
produces 

The other products — we have taken the worst — are readily 
dealt with in the same way ; and we thus have, as providing 
all the terms free from 0, 

1 \ \ + i 

(1 -a) (1 -a^) 1(1 -a^} (1 -a*) (1 -a*) (1 -a®) 

l + a« 1 11^ 

(1 -a^) (1 (1 -a®) (1 -a') 1 -a** 1 -a®r 

N 


1431 
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which is with little difficulty reduced to 

(1 (1 -a^) (1 -a®) (1 ’ 

and yields the information as to the sextic included in § 143. 

147 {hin). Sylvester and Franklin have also exhibited gene- 
rating functions for the whole number of seminvariants of 
any degree for the quantics they have studied. 

Moreover, they have obtained representative generating 
functions of two or more quantics of low degrees, and studied 
their indications as to systems of ground forms. 

For these researches, and for the full theories above illus- 
trated, reference should be made to the first four volumes 
of the American Journal of Mathematics. A few exercises 
are here left to the student. 

Ex. 4. By § 137 the whole number of semiu variants (including 
invariants) of degree i of a binary ;mc is ip ; i,p) or (| ip —^ ; i,p), 
according as ip is even or odd. Show by the method of § 144 that 
this number is the coefficient of a* in the part of the developement of 

1 

(l—aa;^) (1— aa;^"y..(l — 
in ascending powers of a, which is free from x* 

Ex. 5. Prove that the number of linearly independent seminvariants 
of weight w and partial degrees i, i' of a jp-ic and a p'-k is the 
coefficient of in the expansion of 

\-z 

Ex. 6. Show, as in § 144, that the number of covariaiits of order ^ 
and partial degrees i, i' of a p-k and a jp'-ic is the coefficient of 
a'a^^'x^ in the developement of 



(1 - ox^) (1 - ax^~2). . ,(1 - axT^"^ (1 - • (1 (1 ~ . (1 - (1 - a'x"^) 

Ex. 7. Show that for two linear forms the reduced generating 
function for numbers of concomitants is 

1 

(1 — aa;) (1— a'ai) (1— aa')’ 
where a refers to one form and a to the other. 

Ex. 8. Show that for a linear form and a quadratic it is 
1 -^-ahx 

where a refers to the linear form and h to the quadratic. 
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Ex. 9. Show that for two quadratics it is 

1 +5&V 

(1-fea;^) (1~6V) (1-6^) (l-6'2) {l-bb'Y 

Ex. 10. The system of irreducible invariants of a cubic and 
quadratic consists of invariants of partial degrees (4, 0), (0, 2), (2, 1), 
(2, 3), (4, 3) ; and the last of these need only occur to the first power 
in the expression of any invariant. 

Ans. G. F. 

1 

(1 - a‘) (1 (1 - cfl?) ’ 

found by method of § 147. 

Ex. 11. For a quartic and quadratic the representative generating 
function for invariants is 

(l-b^) {1-aP) 

Interpret this. 

Ex. 12. Show that, by writing 

1 ( 1 _1 ) 1 

1 (1 — 507** 1 — (1 — (1 — 

and applying the method of the latter part of § 147, we can obtain 
the generating function for invariants of a p-ic and quadratic from 
that for in- and co- variants of a j?-ic. 

Ex. 13. Obtain the generating function for invariants of a quintic 
from that for in- and co-variants of a cubic by obtaining as in § 147 
the part giving terms free from x in the expansion of 

iilris+dsr-- 

Ex. 14. If F{x) is the representative generating function for in- 
and co-variants of a (2? — 2)-ic, that for invariants of a ^-ic can be 
found by obtaining the part giving terms free from x in the expansion 

‘'f F{x)/{l-a^) {\-ax-^). 

148. Real generating functions. From representative 
generating functions Cayley has passed to what he calls Real 
Generating Functions, 

Let us return to § 145. The generating function 
^ — (1 — (1 

for the quadratic has told us that there are two ground forms, 
the quadratic u and the discriminant A ~ ac — h^, and that 
there are just as many concomitants of any type as there are 
products of that type of powers of u and A. This tells 

N % 
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US that all concomitants of the quadratic are terms which 
actually occur in the expansion of 

1 

( 1 -^) 

This is the real generating function for the quadratic. 

Again, for the cubic, that B (x), which write in the form 
1 + 

(1 -^ax^) (1 -^a^x^) (1 —a^) * 

is the generating function, has told us that there are as 
many concomitants of any type as there are such products of 
u, Jn, A and 0 of that type as do not involve G to a higher 
power than the first. And this information is exactly ex- 
pressed by saying that concomitants of the cubic are linear 
functions of those products of the four ground forms which 
occur in the developement of 

1 + G 

which is the real generating function of the cubic. 

Once more, for the quartic, G {x\ or 

1 + 

(1— (1— a^) (1— 

tells us in like manner that there is a real generating function 

l + G 

such that all concomitants of the quartic are linear functions 
of terms which actually occur in its developement, i. e. of the 
products into which G does not enter to a higher power than 
the first. 

For the quintic, and beyond, the form of a real generating 
function derived from the representative generating function 
of § 146 is not unique, owing to the number of different ways 
in which we may replace the many terms in the numerator 
by products of ground forms. Cayley has shown in his 
tenth memoir that the most useful form into which a real 
generating function of the quintic can be thrown is 

sP(i-Q) 

(1— U) (1— ^ 2 ^ 2 ) (l’”^2,«) (1^*^4) (1"”A2) 

where every P and Q, in the products whose sum is the 
numerator, are products of ground forms and powers of 
ground forms chosen from among the complete system of 23 
whose forms will be exhibited in a later chapter. All the 23 
occur in the numerator and denominator together. 
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For invariants alone, real generating functions are 

(1) for the quadratic — ; 

(2) for the cubic - ^ - , not the same A of course as in (1) ; 


(3) for the quartic (i Z.jy 

(4) 

/c\ 1 + Tin 


(5) for the sextic 
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HILBERT S PROOFS OF GORDAN’S THEOREM. 

149. An irreducible invariant has, it will be remembered, 
been defined as one which cannot be expressed rationally and 
integrally in terms of invariants of lower degree than its own 
belonging to the same quantic or quantics. 

Similarly, an irreducible covariant is one which cannot be 
expressed rationally and integrally in terms of covariants and 
invariants of degree in the coefficients lower than its own. 

In the cases of binary quantics of low orders, it has been 
seen in the last chapter that the number of irreducible in- 
variants and covariants is limited. 

And in § 61 it has been stated that Gordan, using the 
symbolic method of the German investigators, has proved 
that a complete system of transvectants is coextensive with 
a complete system of covariants and invariants, and does not 
comprise an unending series of irreducible forms ; thus 
showing that any binary quantic, or system of binary quan- 
tics, has only a finite number of irreducible co variants and 
invariants. His original proof has since been modified and 
simplified. See Grace and Young’s Algebra of Invariants, 
Chapter V. 

Several quite different simpler proofs of the finiteness of the 
system of irreducibles are due to Hilbert; and one of these 
establishes it for ternary and higher as well as for binary 
quantics. We will first give at length his earlier proof, which 
deals with binary quantics only. 

150. Diophantine equations. Some lemmas as to the 
solutions in positive integers of a system of linear indeter- 
minate, or Diophantine, equations are necessary. 

(i) An equation 

a^x^ + a^x^^ *.. + a^x^^ 0 , 

where ai, Ug, are given positive integers, is not satisfied 
by any set of positive values of x^, ,,, x^. In fact, the 
only values, none negative, which satisfy the equation are 

Xi = x^=: ... =aj„ = 0. 
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(ii) An equation 

+ f + = k, 

where k^ as well as ag, ... is a positive integer, has, if 
any, only a finite number of positive integral solutions, zero 
being counted for the purpose a positive integer. For the 
whole number of ways in which the number k can be ex- 
pressed as a sum of n or fewer positive integral parts is finite, 
and the limitation that the parts be integral multiples of 
some or all of OTg, ... imposes a further restriction. 

(iii) An equation of the form in (i), except that some of 

the coefficients are positive and some negative integers, is 
satisfied by an infinite number of positive integral, or some 
vanishing, values of ... But of this infinite number 

of positive integral sets of solutions only a finite number are 
what may be called simple sets, i. e. sets which cannot be 
obtained by adding together other sets of positive integral 
solutions. 

Let the terms with negative coefficients be transposed to 
the other side of the equation, so that this may be written 
+ a.^x.^ + . . . + + . . . + 

where every a and every h is a positive integer. 

That there are positive integral solutions is clear. For 
instance, 



— ^m + 1) ^m + l — ^2 — ^3 — *** — 




~ ^ni+2 “ 

^m + 3 ~ •• 

II 

8 

'll 

o 

and 

~ ^m+2J ^m+2 = ^1) ~ ^3 “ * 

. . = X^^-y^ 




^m + 4 ~ * • ' 

II 

II 

o 


are sets of solutions. Moreover, we may take for iCj, x^^ x^ 
any the same positive integral multiples, or any sums of the 
same positive integral multiples, of the values of a?!, ccg, ... 
in one or a number, respectively, of these particular sets, and 
thus obtain another set of solutions. The number of sets is thus 
infinite. Not all sets are as a rule obtained in this manner, 
for there will usually be other sets in considerable number, 
for which some or all of x^.x^, ... have smaller non- vanish- 
ing values, than in sets of solutions comprised in the above 
aggregate. 

We have, however, to establish that the number of simple 
sets of solutions is in all cases finite. 

No set of solutions in which oj, and where 

a^x^ and iw+i^^m+i terms on the left and right re- 

spectively, can be simple. For any such set of solutions is 
the sum of the first set of solutions written above and another 
set. 
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Thus in a simple set of solutions, if an x on the left, say, 
exceed the greatest coefficient on the right, none of the ic’s 
on the right can exceed ; and if an x on the right, x^^i 
say, exceed the greatest coefficient on the left, none of the 
O/’s on the left can exceed 

Simple sets of solutions can then occur only in one or both 
of two overlapping classes, the class in which no x on the 
right exceeds the greatest coefficient on the left, and the class 
in which no x on the left exceeds the greatest coefficient 
on the right. 

In the first class we have 

a^X^ + + . . . 4- Cl,n^m (^m+i + ^n»+2 + • • • + 6„) 

where denotes the greatest of Now by (ii) 

the number of sets of positive integral, and vanishing, sets of 
values of x^, x^, ,,, for which this is the case, is finite; 
and each set gives for the determination of x^^^, ••• 

an equation like 

h = ^w+l^wi+l’h 2 "h ... "f" ^n^n> 

of which the number of sets of solutions is, again by (ii), finite. 

And quite similarly in the second class there is only a finite 
number of sets of solutions. 

Of these sets some will be simple ; but the vast majoi'ity, 
as a rule, not so. 

It is, however, completel}^ established that the number of 
simple sets of solutions, being part of a finite number of sets 
of solutions, is itself finite. 

^ (iv) If ai,a2,...a„ ; •••yn;*- are all the 

simple sets of solutions of the equation in (iii), now proved 
to be finite in number, all sets of positive integral, including 
zero, values of which satisfy the equation are 

comprised in the system 

+ ^ 1 ^ 3 + ••• > 

= « 2^1 + /^ 2^2 + y 2 ^ 3 + ••• > 


where ^2> j a known finite number of letters, have 
positive integral, including zero, values which maybe assigned 
at will. 

For the set oJj, ajg, ... if not simple, can be expressed as 
a sum of other sets. These, if not simple, can be expressed 
as sums of other sets ; and so on. Proceeding in this way, 
we eventually get the set ajj, a?2, ... x^ expressed as a sum of 
sums of sums of &c. of sets which can no longer be written 
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as sums of sets, L e. as a sum of multiples of the simple sets 

^1 j ^2 > * * * ^« j /^i ) /^2 > * * * 5 yi > y2 > • * • j * • • • 

(v) What has been proved as to the finite number of simple 
sets of positive integral and zero solutions of a single Dio- 
phantine equation may now be extended to the case of 
a number of such equations. Suppose that we have r such 
equations in Xp, these variables not all necessarily 

occurring in every one of the equations. By (iv) the variables 
x^, x,2t Xn which occur in the first equation must in virtue 
of that equation have the forms 

/^i^2 "h yi^3 ‘h J 
+ ^2^2 + y2^3 + . . . , 


+ A»^2 + yn^3 + • • • > 

where , yi , y2, otn , , yn . have definite 

positive integral or zero values, and ... are a finite 

number of variables to which zero and positive integral 
values alone are open. Substitute these expressions for 
x^^ x^, ,,, Xn in the remaining r — 1 equations. These become 
r— 1 equations in and ^3) ••• > a finite 

number of variables whose generality as positive integers or 
zeros is only limited by the r— 1 equations. 

The first of these r — 1 equations may now be treated 
exactly as the first of the r equations was, and substitution 
may then be made in the remaining r — 2 equations ; and so 
on continually till we get to a single equation only. To this 
the results of (iii) and (iv) apply. Thus we find eventually, 
on successive substitution backwards, that all the p variables 
0? j , 0^2 , ... can have no more general values than are in- 
eluded in a'^ = A,r, + B,T,+C,r,+ ..., 

X2 = “^2^1 T “^2^2 "b ^ 2^3 

wheie -Aj, ( 7 ^, ... , A-2) ...» ...» -A Bp^ ( 7 ^, ... are 

definite positive integers, or some of them zeros, and where 
Tj, Tg, Tg,,.. are a finite number of arbitrages to which any 
positive integral and zero values can be assigned at will. 

In other words, a system of any number r of linear Dio- 
phantine equations can, if soluble at all in positive integers, 
have only a finite number of simple sets of solutions 


-Ai> A2, A-g, ... ; JSj, B.^y B^y ... ; ( 7 ^, Og, ( 7 g, ... *, &c., 

all other sets of positive integral solutions being sums of 
multiples of some or all of this finite number of sets. 
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Ex. 1. The only simple set of solutions, excluding the all zero set, 
of the equations i = = zJrx = x->ry 

is the set cc = 1, y = 1, ; 2 : = 1, i = 2. 

Ex. 2. The simple sets of solutions, besides the all zero set, of 

are those of the table .t, y, js;, m, w, i 

1, 0, 0, 1, 0, 0, 1 
0, 1, 0, 0, 1, 0, 1 
0 , 0 , 1 , 0 , 0 , 1 , 1 

Ans. It is easy to reduce the given set to 

X — y — V, z-=. Wj i ■=. w. 

Ex. 3, The only not all vanishing simple sets of solutions of 
4 {x = 2^2^+316-1-4 

from which disappears, leaving the equation 2 a; = i^ + 2v, are given 
by the table 

a;, u, V 

0, 1, 0, o’ 

1 , 0 , 0 , 1 
1 , 0 , 2 , 0 

This proves that any product of powers of a^, rtg, for which 
4i = 2161 is a product of powers of «o^V 

151. Application to invariants of one binary quantic. 
Now it has been seen in Chapter V that if a^, Og, ... are the 
roots of the equation in x :y 

(«(,, «!, « 2 , ... a„) (x, VY = 0 , 

and if 

e = a\ (ctj - aj)"** (oj - (a^ - . . 

is a\ times a product of differences between its roots, such 
that 71 j 2 , ••• positive integers, or some of them 

zero, and that all roots occur in the same number i of 
factors where 


— 7ij2 +'>^13+.. 

.+«]2„ 

= nj2 + %3 + . . 

• "h *^2 P > 

= '^hz + '^23 + • * 


= n-^pA • 



then 2e, 

where the 2 means that the roots are permuted in all possible 
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ways and the sum taken, is, if it does not vanish identically, 
an invariant of 

K, (Xj, ... a^) {x,yY) 

and, conversely, that any invariant can be expressed as such 
a sum Se, or at any rate as a sum of numerical multiples 
of such sums for which 1 is the same though the individual 
ns may be different. 

We have to prove that any such sum 2 e can be expressed 
rationally and integrally in terms of a finite number of ele- 
mentary sums of the kind. This will show that any invariant 
is a rational integral function of a finite number of elementary 
invariants. It will not show that these elementary invariants 
are irreducible, but it will that all irreducible invariants occur 
among them. 

It will be observed that the system of equations above 
in i and 7 I 23 , ... is a system of Diophantine equations 

such as that contemplated in § 150 (v). Bringing to bear 
on the system the theorem which has been proved, we learn 
that every such product e as above is a product of powers of 
a finite number of elemental products ^ 3 ? ••• which 

obey the same laws, one elemental product being given by 
every simple set of solutions of the system of Diophantine 
equations, so that generally 

' — '1 ^2 • • • '/A J 

for some set of positive integral, including zero, values of the 
indices ... 7 "^. 

Every invariant is then of the form 

for some such sot of indices, or a linear function of such 
sums ; and no such sum which does not vanish identically 
can fail to be an invariant. 

The student must bear very clearly in mind the exact 
meaning of the summation denoted by the 2 . The summa- 
tion is that of the 1.2.3...^ terms, obtained by putting 
for the roots as they occur in the fully written expression 
of ^ 1^0 coiTesponding roots in every one of the 

1.2.3 permutations of the roots a^, Cg, « 3 , ... Op of the 
quantic under consideration. The number of terms in the 
summation is in the first place, and is to be regarded as, 
the full number p I of these permutations, though among them 
in any particular case there may be expected to be repe- 
titions or cancellings or both. Other meanings might, but 
must not, be attached to the 2 . For instance, the meaning 
might be attached that to each of eg, ... separately be 
given every one of its permutational values. We should 
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then get it is true an invariant or an identical zero, but we 
should have no security that every invariant is thus obtained. 
An instance of the need for this caution will occur in an 
example on the quartic to be given presently. 

152. We now bring in an idea from the theory of equations 
which will enable us to complete Hilbert’s proof of Gordan’s 
theorem. 

Consider one of the elemental products eg, ... It 
is also one oip ! similar products of which the rest are obtained 
from it by permuting the p roots Uj, *** in all possible 
ways. These p ! products are the roots of an equation 

,..+P^i = 0, ‘••(1) 

of whose coefficients some will frequently vanish identically. 
Those which do not will be rational integral invariants. For by 
Newton’s theorem on the sums of powers of roots (Burnside and 
Panton’s Theory of EquationSy 4th ed., ^77) can be 

expressed rationally and integrally in terms of Sj, jg? 
sums of the first, second, ...^ I th powers of the p ! values of 
which are the roots of the equation. Now Sj, 
rather such of them as do not vanish identically, are invariants 
exhibited in a form which is a case of the general form of 
§ 151. 

Thus the equation (l) expresses e/* as a linear function of 
the first p! — 1 powers ••• of with an absolute 

term, the coefficients and absolute term being invariants 
expressible as rational integral functions of 
we multiply through by we obtain an expression for 
which, upon insertion in it of the already obtained expression 
for becomes a linear function of whose 

coefficients and absolute term are rational integral functions 
of ••• Multiply again by and again replace 
by the expression for it; and repeat the same process any 
number of times that may be desired. We thus obtain the 
fact that, the index being any number not less than p !, 

where Qj, Q 2 f»Qp! invariants capable of expression as 
rational integral functions of the pi invariants and zeros 

s*!? Jg, ... 9|,i, i. 6. ... 

Proceed now in like manner with eg, a second of the 
elemental products € 2 ,.,.e^. This again is a root of an 
equation of degree pi whose first coefficient is unity and 
whose other non-vanishing coefficients are invariants ex- 
pressible rationally and integrally in terms of pi sums of 
which those which do not vanish are invariants, viz. 
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Sfg. ... Se/'. Consequently, if is not less than p\, 
we have ^ + 

where ,.,Rp\ are invariants expressible as rational 

integral functions of ... 

In like manner we have like expressions for powers not less 
than the p ! th of €3, 6^, ... the remaining elemental products 
of powers of and differences between roots. 


153. The number of irreducible invariants of a binary 
quantic is finite. We now return to the general expression 
of §151 2 €/»... e;>. 


There is, in the first place, only a finite number of these 
expressions for which none of the exponents rg, , . . exceeds 
pl — l; viz. 

Take, however, any one in which one or more of rg, ... 
exceeds^ ! — 1, and express such higher rth powers of elemental 
factors in terms under the S by the expressions obtained in 
the last article in terms of powers less than the ^ ! th. Having 
done so, multiply out the expression obtained. The result is 
an identity like 




where none of the indices on the right exceeds ^! — 1, and 
where ... are rational integral functions of the /x times 


sums 



.■W'> 



2e/,., 

.. 2./>, 



Sv*,. 

..Se/', 


which are all rational integral invariants, and are themselves 
all included in the form for values of the indices 

not exceeding p ! 

Thus every sum ••• therefore (§ 151) every 

rational integral invariant, is a rational integral function of 
a finite number of rational integral invariants ; viz. of those 
included in the form ••• 

for values of the indices none of which exceeds p !, and which 
are indeed all less than p ! except that one of them may be 
equal to p ! when all the rest are zero. 

It is well to repeat that the summation is to be taken as 
including^! terms, one corresponding to every permutation of 
the p roots. 
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As already pointed out in § 151, it must not be supposed 
that we have here the exact number of irreducible invariants, 
of which all other invariants are rational integral functions, or 
the forms of invariants which are irreducible. The number of 
the invariants in terms of which all invariants are here shown 
to be capable of rational integral expression is, for qualities of 
low orders to which Gordan's method of transvectants and the 
arithmetical method of the last chapter have been applied, 
vastly in excess of the necessities. Moreover, no precise 
number is really assigned at all by the above reasoning ; for 
even when the elemental products 62, ... are known for 
any quantic we have still no information as to how many of 
the sums vanish identically. 

But a finite number of expressions has been definitely 
specified, all non-vanishing individuals among which are 
invariants, and in terms of which all other invariants can 
be rationally and integrally expressed. That some of these 
only are strictly irreducible invariants, while the rest are 
rational integral functions of them, does not affect the argu- 
ment that all invariants are rational integral functions of 
a finite irreducible system. A selection from a finite system 
is itself finite. 

A modification of Hilbert's method has been proposed by 
Kempe. He succeeds in using a more readily exhibited system 
of products of differences in place of the elemental products 
contemplated in this chapter. See his paper ‘ On Regular 
Difference Terms,’ Proc* Lond, Math, Soc, Vol. XXV. p. 343. 

154. The cubic and quartic. Little is taught us as to the 
invariants of quantics of particular orders by exhibiting the 
method in their particular cases, but for the light thrown on 
the method itself we exemplify it in the cases of the cubic and 
quartic. 

For the cubic (a, c, d) (x, whose roots are a, ^8, y, any 
invariant is a numerical multiple of 

Sa‘(/3-yr(y-a)-(a-^)‘, 

where i = s -f- ^ + r = r + s. Of these equations (§ 150, Ex. 1) 
the only simple set of solutions is r = s = ^=: l,i = 2. Thus the 
only elemental product is 

e = a?{^-y){y-a) {a-0). 

The 3 ! permutations of a, y in this give three products 
each equal to e and three equal to —e. Thus the equation 
with invariant coefficients satisfied by e is 
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All irreducible invariants are then included among 
Se, 2 €2, 2e^ 

of which the first, third and fifth vanish, while the second, 
fourth and sixth are 

66 ^, 6 €^ 6 e®. 

Of these the second and third are numerical multiples of 
powers of the first. Thus 6 e^, or, say, 

is the only irreducible invariant of the cubic. 

For the quartic (a, b, c, d, e) (x, t/)^, whose roots are a, fS, y, 6 , 
invariants have the form 

0 ~ yY (y ^ ay {a - ISf (a ~ by' 0 ~ bf (y - 5 )^', 
where i — s -{-t + = t +r + s' := r + s + f = r' + 1 >' 

of which the simple sets of solutions are given in § 150, Ex. 2 , 
and tell us that the elemental products are 

6i = — y) (a -6), 

^2 = ^ (y-^) 

H ^ (y~^)j 

These are, it will be noticed, as is not the case in general for 
the e’s corresponding to higher quantics, of one type, and are 
the an, av, aw of § 80. 

The 4 ! permutational values of are 

an, av, aw, —an, —av, —aw 

each four times repeated ; and the values of and 63 are the 
same in different orders. 

The equation with invariant coefficients whose roots are the 
24 values of either or fg or is (§ 81, Ex. 5) 

{{e^—l2l€ + a^nvw) {€^—12l€ — a^nvw)y = 0 . ...( 1 ) 

The irreducible invariants are included in the finite number 
like ^ c t*- c 

where neither of A, fx, v exceeds 24, and where if either one 
is 24 the other two vanish. 

This example, then, affords an instance of the great excess 
over the number of irreducible invariants of the finite number 
of invariants among which they are included according to the 
present investigation. For we know from previous chapters 
that the only really irreducible invariants are 

and 


, = Se 


, = 2 ). 


3 n 


= -2^ 


1'2 


= = — 2€«e- 


3*^1 


4a^ {n^ {v—w)^-v^ (w — u) (n-v)}. 


It also aflfords an illustration of the care which must be 
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taken to attach the right meaning (see § 151) to the summa- 
tion S. If in instead of taking this as meaning the 

sum of 24 terms obtained by permuting the roots as they 
occur in in all possible ways, we had wrongly taken 
it as meaning that e| is to be given its 24 (or its 6 essentially 
different) values, and similarly, we should have had a sum 
of 24^ (or 6^) terms which vanishes identically, and should 
not have obtained the, in fact irreducible, invariant 
a^{u^ (v-~w) + (w—u) -\-w^(u-v)} 

at all. Or, if we had taken it as meaning the sum of the 
6 . 5 terms where e and e' are two different roots of the 
equation (1) for or for the same failure would have 
resulted. 


155. To secure clearness we have in the last four articles 
restricted our field of investigation as much as possible, and 
have confined attention to invariants, and to invariants of 
a single binary quantic only. Neither Gordan’s theorem, 
however, nor Hilbert’s line of argument is of such restricted 
application. 

Equal fulness of treatment is unnecessary in the next two 
articles, which deal respectively with the case of covariants of 
a single binary quantic and the general case of covariants 
and invariants of more binary quantics than one. 

156. The number of irreducible covariants and invariants 
of a binary quantic is finite. Let us use the word co variant 
as including invariant as a particular case, and also as in- 
cluding the quantic itself. 

Any covariant of the binary p-ia 

K. ai,a2,...a^)(x,yy 

whoso roots are a^, a^, a^, ... Up is, by Chapter V, of the form 
S . a^' {x-a^yf'i . . . {x-apyf'v . 

(“i - «2)”" («i - “s)”'* (“2 - “a)"”’ • • • . 

where the positive integers, or some of them zeros, 

'^1 j *^ 2 ? * "^ 12 ’ ^ 13 > ^237 • * * 

satisfy the Diophantine equations 


= + -nig + '^3 + . • 

. + w„, 

= mi + %2 + '>’'i3 + - 


= m2 + %2 + 'n23+.. 

•+^21. 

= ^3 + 7123 + 7123+ “ 

•+»3P 

= + n^p + ^^2? + • 
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or is a linear function of such sums for the same values of 
i and tst ; and all suras of this form are co variants. In par- 
ticular, those for which the are all zero are invariants, 
and those for which the 7i’s are all zero are powers of the jo-ic 
itself. 

Now by § 150 (v) the number of simple sets of solutions of 
these Diophantine equations for i, and the 771 ’s and n's is 
finite. Every product, such as that under the ^ above, is then 
a product of powers of elemental products of the same form 
and with the same properties. 

If these elemental products are called rq, exactly 

as in § 152, these severally are roots of equations of degree p !, 
in each of which the coefficient of the first term is unity, 
and the other coefficients are covariants which are rational 
integral functions, in the first case of ... in 

the second case of ^7?./, ... &c. Hence, as in 

§ 153, all covariants can be expressed rationally and integrally 
in terms of covariants included in the limited class 

where neither of the indices exceeds p !, and none is in fact so 
great asjo! unless all the others vanish. 

Remark that, the number of irreducible covariants (in- 
cluding invariants) being finite, the number of irreducible 
semin variants (including invariants) is also finite. For, if 
any co variant is a rational integral function of other co- 
variants, the coefficient of the highest power of x in it is that 
same rational integral function of those of them which aie 
free from x (i. e. the invariants among them) and the co- 
efficients of the highest powers of x in the rest. 

Ex. 4. In the case of the cubic the elemental products are 
a {x -ay) {x - ^y) (a? — yy), 

(y-a) 

and a{x—ay) (/3-y), a{x-/3y) (y—a), a{x — yy) (a-/3). 


157. Several binary quantics. The proof that all co- 
variants and invariants of a finite number of binary quantics 
are rational integral functions of a finite number of covariants 
and invariants of the system is similar. 

For a system of a finite number of binary quantics whose 
leading coefficients are or^, ... , and whose roots are 
a^, ag, ... ttp in the case of the first, d/, Og', ... in the case of 
the second, and so on, the general expression for covariants 

0 


im 
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of which all other covariants are linear functions of one 
degree and order is of the form 

2 n (.x'-~a 2 /). n (x-ay ) ... 

n (a, .-a,) . n (o/-a/) ... O (a, .-a/) ... }, 
where n(a 3 — a^) denotes a product of a number of the ditter- 
ences x — x — a^^y ^ ... x—a^,y and their powers, 11 {x — ay) 
a product of a number of the differences X'-a^y^ x — a^y^.,, 
X — a\/ y and their powers, FI (a,. ~ a J, 11 (a/ — a/) , &c., products of 
numbers of differences between two roots of the first, second, 
&c., qualities and powers of such difiierences, and FI (a,. — a/), &c., 
products of differences and powers of differences between roots 
belonging to different qualities of the system. Also, in a 
product under the 2, all roots a^, ••• S quantic 

occur in the same number i of factors, all roots a/, ... a\,> 

of the second quantic occur in the same number i' of factors, 
and so on. The summation 2 consists of //!... terms at 
most, obtained by permuting the p roots a^, ... the p 

roots a/, a^y ...a^y, &c., in all possible ways. 

The conditions as to degrees in the various as, a'^s, &c., are 
expressed by + . . . linear Diophantine equations in i\ ... 
and the exponents of powers of diferences ; and ot, the order in 
0?, 2/, is determined by another sum of the exponents. Now 
the whole system of ^> +//+... + 1 equations in i, . . . , tsr and 
the exponents has, liy § 150 (v), only a finite number of simple 
sets of solutions. To each simple set of solutions corre- 
sponds an elemental product. If these elemental products are 
(Oj, (Og, <*> 3 , ... , the general 2 above is, as before, capable of 
expression in the form 2ci)j’‘i(i)2’2a)./‘3 . 

Also, precisely as before, every elemental product satisfies 
an equation of finite degree, in no case exceeding /;! p'! ... , 
whose coefficients, after the first which is unity, are rational 
integral functions of a finite number of sums of powers of 
0 )^ and the results of permuting among themselves the various 
roots in Hence, as in earlier cases, the sum 

can be expressed rationally and integrally in terms of the 
finite number of like sums in which rg, ... do not exceed 
definite numbers ; and these like sums are all rational integral 
covariants and invariants. All rational integral covariants 
and invariants of a system of binary quantics are then 
rational integral functions of a finite number of such con- 
comitants of the system. 

In particular, all invariants of the system are rational 
integral functions of a finite number of invariants. For if 
an invariant, free from the variables, is a rational integral 
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function of invariants and covariants, we obtain, upon putting 
the variables equal to zero in the identity of the invariant 
and the function, an identity in which all the covariants are 
replaced by zeros while the invariants alone remain. 


157 (bis). Hilbert’s second proof. This depends on the 
following far-reaching theorem : 

If (Tn is any system whatever of rational Integral functions 
of n letters , then it is 'possible to choose in the system 

or„ a finite number i^i, '5^2’ functions s^Lch that every 

function F of the system is a sum + ... -h 

where A-,^^ A.^, ... Af^.^ or such of them as are not constants or 
zero, are rational integral functions of Xo, .. . a\^. 

We will confine attention to homogeneous functions, or 
forms, in .aq, rr.^, ... ; and in so doing shall lose no 

generality. For, when we have proved the theorem for 
systems of homogeneous forms in n letters, where n is any 
number, we may put 1 for x,^, and thus be sure that it holds 
for not necessarily homogeneous functions of a — 1 letters, 
where n — l is any number. 

There is no limitation whatever to the nature of the definite 
laws which the forms F of (t„ arc required to obey. It suffices 
to know that a form written down at will either definitely is 
or definitely is not an F, 

First notice that the theorem holds for a system in one 
variable x^. The forms included in are numerical multiples 
of powers of and it suffices to take a single one of 
lowest degree. 

We will now assume the theorem true for every in 
aq, x^, ... x,^^J, and prove it true for every in x^, x^, ... x^. 

In a chosen 0 -^ take a form F^ of lowest (or any) degree r. 
If it does not possess an xf term apply to Fj, and to the 
entire system, a transformation 

x^ ^ x^ , x.2^ = iiq -f- , ... 

1 T Aj, , X , 

with definite numerical values of Aj, Ag, ... A„ which are not 
values of iTj, aq, ... x,, making F^ = 0. F^ is thus given a term 
which is a numerical multiple of Now remove accents. 

By division every jFas now written can be given the form 

F = PF^ + Qxf-^ + Rxf-^ + . . . + ^, 

where P is a form in the new x^, P,...Z 

forms in the new x-^,x^,.,. only. 

For all the foi*ms P in the Q’s constitute a By 

0 a 
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our assumption there is a finite number Q.a •••Qa these 
Q's, such that every other Q is a sum 

jQo + ... 4-^aOft- 

Thus, if Q 2 occurs in Q.j in and so on, and -^ 3 » ••• 
ai-e the corresponding P’s, every F is such that a relation 
holds like 

P™ FF, == A, {F,~ 1\F,) + A , (F , - 1\F,) + . . . 

+ -4^ (P„ — PaP 1 ) + 4- . . . 4- 

i. e. is of the form 

F =iljPj4--4<;P24-...4- A^F ^ + lld‘y^ ^ -( + ... + Z, 

where P, 8, Z are free from x,^. 

Here the P’s for different forms F in constitute a cr^^_y 
By our assumption there is a finite number of them, 

Pa 4 1 ? Pa + 2 ; • • • Pj3 > 

such that every other is a sum 

-4a^l/ia + i4--4a4-2Pa+2'h ••• 4 -d^PjS. 

Hence, by a repetition of the above argument, every P is a sum 
P= AjFj A,^F.^ 4 ... + AaFai- Aa+iF^^^ + ... 4-^^P^ 

4- SxJ^^ 4 4 . . . 4- 

with a new A^, A,^, ... A^, and 8, 2\ ... Z. 

Again the /S’s here constitute a and we can repeat the 
same argument ; and so on. Presently we find that every P 
in 0 -,^ is a sum 

F=A,F, + A,F, + .,.+A,F, + Z, 

where P^, P 2 ,...Pa are forms in o-„, and Z is a form in 
x^y Xoi ... only. The forms constitute a o-.a~il one 
more repetition of the argument tells us that there is a finite 
number of forms P^, Po,,..P^ in (r„ such that every other 
form in o-,^ is a sum 

F= A^F, + A.,F, + A^F^. 

Thus if the theorem is true for every (7„_j it is for every o-^ ; 
and, as we have seen that it is true for every o-^, the mathe- 
matical induction proving its universal truth is provided. 

157 (ter). Now all invariants I of (Uq, ai,...a^) {x,yY 
constitute a system of forms in a^y...ap. There is 
then a finite number of the invariants, /j, ... f^j,, such that 

every other invariant can be written 

I = Ai/j4 A 2/2 + ••• 4* 

where A 2 y...Af^ are forms in a-^,.,.apy but not 
necessarily invariants. They are however isobaric, and obey 
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the degree and weight condition r] = ij) — 2 lu =: 0 appropriate 
to invariants, because / and /j, 7^, ... Ip are and do. 

Now, putting ?; = 0 in § 128, Ex. 8, we know that the 


operator 


o)-(' 


■IV (iv -f 1 ) ' 


produces an invariant from any gradient for which = 0 
which it does not annihilate. Remembering that I and 
are annihilated by and by 0, we obtain by 
operating with it on the identity above 


I =: I,XA, + T,XA, + . . . T,XA, 


7]^ 7j^ + + ... + 7^ , 


where Ji, • • • 7^ are invariants, not all at any rate vanishing. 

Thus every invariant 7 which is not one of 7j, 7^;, ... 7^ is 
reducible. It is in fact reducible in terms of 7^^, 7^, For 

Ji, Jo, Jfx iiiay be taken for 7 and expressed as sums of 
invariant multiples of 7^, 72, ... /^ ; so can the invariants 
7/, J ^, ... which occur as coefticients of 7j, ... Ip. in the 

expressions for the 7s; and so on, till at a last stage degrees 
have been reduced so low that the multipliers are numerical. 

Accordingly there is only a finite system of irreducible 
invariants, namely the lowest base .system for which Hilbert’s 
theorem of § 157 {hiii) holds. 

This proof has been given for the case of one binary />-ic. 
It however applies equally to invariants of a system of binary 
quantics. We have only (§ 132) in the operator X to take 212 
and 20 in place of 12 and 0. 

In particular it applies to the invariants of a system 
comprising one or more binary quantics and a linear form 
y'x — x'y, i.e. (§ 69) to co variants (including invariants) of the 
one or more quantics. Thus all co variants and invariants of 
a binary quantic or system of binary quantics can be rationally 
and integrally expressed in terms of a finite base system 
... K^, of covariants and invariants. 

The usual completion of the proof of the finitencss of the 
system of irreducibles for ternary and higher quantics depends 
on the following theorem — see Ex. 6 below : 

If M is the modulus or determinant of the general scheme 
of linear transformation (§ 2), aiid if [i/] is the operator 
deduced from M by replacing in it I, dx., by dc., then, if 
vx take any product of coeficienfs and variables in ct trans- 
formed quantic or quantics, or any linear function of such 
products with the same order txr and degree or degrees, if we 
express it in terms of the coefficients and variables in the 
untransformed quantic or quantics and the constants I, dr., of 
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the transforwMion, if we no'W multiply it by a high enough 
integral power of M to make it integral in I, and then 
operate on what is obtained with [i^*] just enough times to 
obtain a result free from I, this result will he a covariant 
{or invariant ^ = 0), unless it vanishes. 

The application to invariants is as follows. Having 

/ = + ... 

substitute, on both sides, transformed coefficients for untrans- 
formed, and go through the above processes. In the end 
i, Jj , Jg , . . . Ij figure as before the substitution, but for 
numerical multipliers, while invariants and zeros replace 

-^ 1 ? -^23 ••• 

Ex. 5. If the linear transformation a;=:LY+..., ..., of deter- 
minant M, is the result of a sequence of transformations 
rr = Z,cc^+ , ... and x^z=zl^X ^ ..., 
of determinants jl/^, prove that M = and ~ 

Ex. 6. If Gy a function of degree i and order in the final 
coefficients and variables, is called 6? (?, ...) when expressed in terms 
of ly ... and the original coefficients and variables, and G{l^y ...) when 
expressed in terms of 1^^ ... and the intermediate coefficients and 
variables, prove that 

and hence prove tlie theoi’em of invariancy, just stated, for the linear 
transformation x = ... , ... , which may be general. 

157 (iv). Syzygies and syzygants. Irreducible invariants 
(or covariants and invariants) are in general too numerous to 
be algebraically independent. We can find rational integral 
algebraic functions of them which vanish identically when 
expressed in terms of the coefficients (and variables). Such 
a function is called a syzygant, and a relation syzygant = 0 
is called a syzygy. 

A syzygant (in invariants, say) multiplied by an invariant 
is still a syzygant, and so too is a sum of products of syzygants 
and invariants. A direct application of Hilbert's theorem 
(§ 157 bis) to syzygants, regarded as a class of (non-homo- 
geneous) functions of the finite number of invariants, shows 
that all syzygants can be expressed as sums of invariant mul- 
tiples of a finite number of s^^zygants, i.e. that irreducible 
syzygants are finite in number. 

Irreducible syzygants may be connected, as functions of the 
invariants, by syzygies of the second order. There may also 
be syzygies of the third order among syzygants of the second 
order ; and so on. But it has been shown that the succession 
of orders of syzygants must terminate. 
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158. Recapitulation. We have seen in Chapter VI that 
the leading coefficient, that of the highest power of a?, in any 
covariant of 

W = (ffo, ••• «„) VY 

is a sem invariant, i. c. is annihilated by 

’ 

and consequently possesses the half invariant property of 
being invariantic for such linear substitutions as 

X = X ■{■mY, y y* 

It has also been seen that conversely 

>S cifj, (I2) 

any gradient of extent not exceeding p which is such as to 
satisfy the differential equation 

as=o, 

and which is consequently a seininvariaut, is the leading 
coefficient of a co variant whose order 'sr in y is given in 
terms of p) and i and 7P, the degree and weight of by the 
relation 

13J = ip -^2 'IV ; 

in fact, that the covariant in question may be written 

.jpp-2io^x g , cfj , a . ap) , 


where 


0=.pa^r-- +{p-\)a^. 


+ ••• 




If OT = 0, the seminvariant is an invariant. 

Thus covariants, including invariants as a particular case, 
and seminvariants, also including invariants as a particular 
case, are equally numerous, and correspond one to another. 
If any relation or syzygy connects certain covariants, the same 
syzygy connects their seminvariant leaders, and vice versa. 
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Another expression for the same covariant, whose leader is 
the seinin variant S ... a^), is 

a^_i, a^_2, ... ao), 

where S{ap^ the anti-seminvariant obtained 

by interchanging and and &c. in the semin- 

variant 8 ,,, a^). 

159. Elimination of x between u and its successive deriva- 
tives with regard to x. Two interesting conclusions at once 
follow from the results of Chapter VI. 

Of these the first is that if in any seminvariant 
8 {ao. cti, ^ 2 , ... %) 

of 'll we replace 

tip by u, i. e. by (a^, a^, a .,, ... (^c, yy\ which call 

«p-i (■'•■. yY~\ 

which call 


«>y 
«1 by 


1 

PiP-i ) . 


1 

P(P-i)- 


. , n O 

-3 1 - c. by a^,x^-ir2a^xy + a^y^, 

which call a^, 

which call a^, 


no X appears in the result, which is merely the seminvariant 
itself multiplied by where w is its weight. 

The result of substitution is annihilated by 


c) ^ c) 

Con — +3C2^— + . . . 4-^Cp-l — • 

^^1 ^^2 ^^3 

Now, writing u,. for yu/^x'^, for every value of r from 1 to yi9 
inclusive, we see that this is 




'P -3 


7) 

‘ €)U ' 


which, when it operates on a function of u, %o, ... is 

merely y^o:. The annihilation tells us then that the result of 
substitution is free from x. AVhat does not vanish wlien the 
substitution is made in a seminvariant is clearly into that 
seminvariant ; for weight is order in x, y in the result, and 
the form of result independent of x is the form we should get 
by putting x — 0 first and then making the substitutions. 
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159] 


The intimate connexion of the theory of seminvariants 
with that of elimination between u and its ^-derivatives is 
now apparent. For instance, from § IS/ we conclude that, 
if u is any rational integral function of order p in x, the 
number of linearly independent rational integral functions 
of and its successive derivatives with regard to x, which 
are of degree i in the coefficients and free from is (-1 ip ; p) 
or ^ ; i, p), according as ip is even or odd. And again, 

from known facts as to numbers of irreducible seminvariants 
of binary quantics of the first few orders we obtain that, 
for the values 1, 2, 3, 4, 5 of p, the numbers of rational 
integral functions of some or all of a p-ic function of x and its 
successive derivatives, which are independent of a?, and in 
terms of which all such rational integral functions independent 
of X can be rationally and integrally expressed, are 1, 2, 4, 5, 
23 respectively. 

Once more, from § 128 or from § 100, we gather that any 
rational integral function of u, a p-ic in x^ and its derivatives, 
which is throughout of degree i in u and the derivatives, and 
in every term of which the sum of the indices r for factors 
like yu/^x"' is constant and equal to ip — iv^ can be written as 
the derivative with regard to a? of a rational integral function 
of u and its successive derivatives if ip — 2'?{’>0. 


Ex. 1. Integrate the differential equation 

dh(j du d^u 1 /dhv^ __ 

dx* dx dx^ 2^dx‘^y 

Ans, ii = 4da; + e, where ae — 46(Z+3c^ = 0. 

Ex. 2. If 14 = 3ca7-f d, express rationally 

, . „ . . du (Pu d^u 

and integrally in terms of u, j • 

Am, Here ip — 2i4? = 1. Assume the most general form and 
determine the arbitrary coefficients by operating with d,/dx. 


160. Covariants obtained by substitution of OJ-derivatives. 
The second important conclusion referred to at the outset of 
the preceding article appears to be due to Faa de Bruno 
{Am, J. III). It is that if we make the same substitutions 
as in the preceding article for (Iq, aj, 

pj ^p-\y ••• ^^o)j 

the anti-seminvariant obtained by interchanging and (tp, 
and &c., in a semin variant S(ao, (Xg. ... cCp) of weight 
IV and degree i, the result obtained will be the covariant of 
which that serainvariant is the leader multiplied by ( -y)""* 
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Noticing that the substitution of a,, for a,, is that of if 
where A\. is the A,, of § 92 with x/]j put for m, we see by § 93, 
bearing in mind the isobarism of weight oi 

S{cip^ ^2^-2’ •** ^^o)» 

that the result of the substitution is 

(a,„ a^.i, ... «o)- 

Now by § 109, since (— ... is the last coef- 
ficient in the co variant which S ,,, ctp) leads, the 
covariant going with 8 in 

H{a.p, ... (O- 

Of these two expressions the former is (-“2/)^^ times the latter. 

Thus from any seminvariant a mere substitution derives 
the corresponding covariant. 

If the seminvariant is an invariant, the substitution has 
the effect only of multiplying it by ( — i. e. by {—yY’, 

since ip— 2'?^=0 for an invariant. This accords with the 
result of § 159. 


161. A seminvariant is given by certain of its terms. In 
the substitution of § 159 put —(Ii/cIq for and 1 for t/, i.e. for 
«i 5 <^^25 ••• substitute 


^'0 — ^^0’ 

= 0, 

/ ^ 

d/n IZZ do 


^3 = ay — 3 an + 2 9 

^ a. ^ ciY 


/ .. ai ^a, ^a.- 

a, =a,-4-^t,+ 6;J-a2-3-i3 


G ^ 

Up = (Up, ap_i, Up.2 , ... «o) (l> - t) • 

The result of § 159 tells us that 

<Sf («o, «!, « 3 , ... ay) = S {%', 0, a^, a^', ... a/), 

where 8 denotes any seminvaidant, or, in particular^ invariant. 

Thus all rational integral seminvariants are rational integral 
functions of the 2 ^ expressions (i. e. a^), d^^ d ^^ ... a/. These 
expressions are all integral in a^, a^, ... a^, but, after the first, 
are fractional in a^. The^^ are seminvariants, fractional after 



16l] SEMINVARIANTS GIVEN BY CERTAIN TERMS 203 

the first, for it is easy to see that they are all annihilated by 
12. This will appear in another light presently. 

It follows that if we know the terms free from in any 
semin variant or invariant, we know the whole expression of 
that seminvariant or invariant. To find this whole expression 
we have merely to write the values of ... tip instead of 

(to, ... in the given terms. We shall see presently that 
this substitution may be effected by differential operation. 

We shall also notice later a means of obtaining the terms 
free from in invariants. 

The search for rational integral seminvariants and invari- 
ants may be regarded as the search for rational integral 
homogeneous isobaric functions of a./, which, 

when the full values of r//, arc substituted in them, 

are integral in 

Ex. 3. Given a^cP the terms free from h in the discriminant 

of the cubic (a, b, c, d) {x, yY (cf. Chap. VI, Ex. 36), obtain the full 
expression for the discriminant. 

Ex. 4. Verify that a,/' 

= — ct^ 

Ex. 5. No seminvariant has for a factor. 

Ex. 6. The number of linearly independent seminvariants of type 
Wy i of a /)-ic, whose terms free Irom a, arc integral, and whose other 
terms are integral in a^, ,,,ap though not necessarily in is 

{w ; 

Since (w— 1 ; f — 1, jp) is the number of products of type 
n', i which involve a^, this difference is the number of products of the 
type of a„, «/, a/, ... «/. 

162. Coefficients of quantic deprived of its second term 
are seminvariants. If we inspect the expressions for 

(Xq 5 ^ 2 ’ ^ 3 5 • • • 

in the last article, we notice that they are the coefficients of 
X^\ ... in the result of depriving the ^^-ic 

(ao, a^,...af){x,yf 
of its second term by the substitution 

x = X- Y, y = Y, 

of which the modulus is unity. 

Now this substitution is one after which a seminvariant as 
well as an invariant persists in form, for it has the effect of 
altering all roots by the same addition ai/a^. and leaves the 
leading coefficient or a/ unaltered. 
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We thus see clearly the meaning of the identity of the last 
article 

>S(ao, a 2, = ^(cro, 0, a 2, a./,.,. a/), 

We also see clearly the reason of the fact that 
are themselves (fractional) seminvariants. For the roots of 
the transformed ^-ic are 

“f" d-]^/ ) ctj "j“ • Op "I" ) 

where Cj, are the roots of the untransformed /:>-ic; 

and 


aj+ «i = ai- 

«o P 


- - ^2) + (ai - 03) + . . . + (g^ ~ ap) 

P 

so that every root of the transformed is a function of the 
differences between roots of the untransformed ; which neces- 
sitates that being symmetric functions 

of the roots of the transformed p-ic, are functions of differences 
of the roots of the untransformed, of course symmetric in these 
roots from their rationality. They are then (fractional) semin- 
variants of the p-ic. 


163. Completion of the theorem of § 42 Consider the 
results of making ,,, integral by powers of as 

factors ; and write 

^0 = = ^^0? 

±2 = d^d^-d^a^-ai^ 

~~ ^^'0^ ^^3 ■“ d ''^ — ^d^yd^d.^ "f" 2/ d-^ , 


A-p d^ ^dp d'Q^ ^ (dp^ dp_iy dp^ 2 i ••• ^0) (Ij ^1/^0)^ • 

The degree of every one of these integral expressions is equal 
to its weight. They are all seminvariants, being annihilated 
by f2. 

The equality 

S{aQy dl, d^y d^y.,, dp) = S {d^y 0 , «/, y ... dp) 
may now be written 


A A 

^ (^0 5 d\y ... dpi) — 0, 5 — 2 



Lot S be as usual of weight w and degree L Notice that every 
non-vanishing argument on the right involves d^ explicitly to 
the degree 1 — r, where r is its weight. Every product of 
i arguments on the right consequently involves d^ to the 
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power i—%v, where v: is its whole weight. Therefore upon 
multiplying through by we obtain that 

Oq {Pq ) ^^3 ) • * • ^p) ~ ^(l> ^25 -^3'**' ^p)f 

which is a rational integral function of A^, A only. 

We have here the completion of the theorem of § 42. It 
was there proved that a binary ^-ic cannot have more than 
2? algebraically independent covariants and invariants includ- 
ing itself, but that if — 1 distinct from the p-ic itself and 
independent of it and one another can be found, then all others 
must be capable of expression in terms of it and them. We 
have now proved that there actually are ^9 — 1 covariants 
distinct from the ^)-ic, namely, those whose leading coefficients 
are the seminvariants A^, A.^,.,,A^,. These are certainly 
independent of one another and the /)-ic ; for in the series 
cigy A^, ^ 3 , ... A^ each involves one of the coefficients 
(Xq, which is absent from all those which precede 

it. We have also shown that the expression for any rational 
integral seminvariant or invariant S (cIq, a^, a,^^...ap) in terms 
of ce( 3 , /I 2 , An^,,.,A^, is rational, and is integral in all but the 
first ttoi which it involves only in the form of the factor 
ao— 

The expression of the covariant (or invariant) whose leading 
coefficient is S in terms of those whose leading coefficients are 
ao) A^^ A.;^,...A^,, of which the first is the 7 >-ic itself, follows. 
The covariant whose leading coefficient is a seminvariant is 
unique (cf. §§ 111, 112). Now, if u is the ^>ic, and K the 
CO variant with leading coefficient /S'(aQ, a^, the 

covariant whose leading coefficient is 
is 


Also, if a.., 
are A,, A.,,... 


are the co variants whose leading coefficients 
>S'( 1 , 0 , a„ a 3 ,...aj 


is a covariant. For it is a rational integral function of co- 
variants, and is of constant degree and weight throughout ; 
and therefore is of constant order in x, y, since the degree and 
weight of Ar the leading coeflicient of a,, are both r, and 
consequently the order ip — 2w of a,, is r(p — 2) so that the 
order of any product of as which occurs is ^v{ 2 ) — 2) where w 
is the constant weight. This covariant is the one whose 
leading coefficient is S(l, 0, Ag, A.^,...Aj). Hence the identity 
of seminvariants 

^ h (cLq , (Xj , O/t ^ , (^ 3 ) . . . Clfp) ~ ^ ( 1 ) 2 ’ "^3 5 * * ' ^ 

necessitates the identity of covariants 

u^-^K = S (1, 0, ag, 0.3, ... Op). 

, In other words, any covariant or invariant can be expressed 
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as the result of dividing a rational integral function of 
ttg, 03,... by the power of u, where w and i are the 
weight and degree of the leading coefficient of the co variant 
in question. 

In particular, any invariant T equivalent to 

0, tty, ... ap) ; 

for, in the case when K is an invariant, i/) = 2 w. 

We have here reasoned for cases when w^^i. The student 
can supply the slight modification of reasoning necessary 
when v^<i. In such a case the result is best written 

K = 0, ^aj • • • ^p) > 

so that any covariant, whose leading coefficient is of smaller 
weight than degree, has a power of the qu antic for a factor. 

164. A complete system of protomorphs is not unique. 
The seminvariants jl.,,... or 

V«3'. 

do not stand alone among rational integral seminvariants as 
being a set of p in terms of which all others can be expressed 
rationally and integrally but for a power of the first, which 
may be a negative power, as factor. 

A system of p seminveiriants possessing this property is 
called a set of j^rotomovpkic seminvariants or protomorphs. 
We proceed to see that an allowable system of protomorphs 
is composed of and any set of p— 1 rational integral sem- 
invariants £3, ... Bp, which are such that 

B^ is of weight 2 and involves a.,, 

Bn ,, 3 „ CI 3 , 

Bp ,, P (q, 1 

necessities which require that no coefficient a,, of the quantic 
occurs in a 5 with a lower suffix than r, and that a,, occurs 
in Bj. multiplied by a power of only. 

To see this, take any seminvariant, and, if occurs in it, 
take the expression for Bp, 

= aoX+/(«o. «1, ••• 

which gives 

Up = Uq ^{Bp f {pQ-) a^, (^2) ••• 

and substitute in the seminvariant this value for a^. The 
seminvariant is then expressed as a rational function of Bp 
and Uq, a^, a^,.., integral in all of them but 

Again, for ap_^ substitute in like manner in terms of Bp^^ 
and aQ,a-^,a^,.. and continue this process as long as 
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possible. We thus obtain an expression for the seininvariant 

((Xq 5 j ~ (Xq CIji, -^2 9 ••• 

But cannot, as a matter of fact, enter in F, To see this 
operate on both sides with 12, which annihilates H and 
^ 2 , JSg, ... Wo obtain 

0 = i?3, ... = 0, 

i.e. J^i?y^(Xj = 0, 

the differentiation being partial with regard to as it occurs 
explicitly in F. The conclusion is that it cannot so occur. 
It is proved then that 

>S (<Xq, (Xj, (X25 •»* ^2^ ~ ^^0 ^“^(^0 5 ■^2» -^3 5 ••• 
for some rational integral form of F and for some integral or 
zero value of fjL. 

Notice the two special conveniences of the protomorphs 
Aa, A p of § 163. One is that the form of F for them 
is at once written down from the form of S ; and the other 
that F does not involve explicitly. For these protomorphs 
weight, extent and degree are all equal. For others weight 
and extent only. 

Protomorphs must not be confused with irreducible sem- 
invariants. A complete system of irreducible seminvariants 
and invariants, proved to exist in the preceding chapter, is 
a system in terms of which all rational integral seminvariants 
can be rationally and integrally expressed, without the oc- 
currence of a negative power of as factor. 

165. Protomorphs of lowest degrees. The system of proto- 
morphs which has been most used is a system 

ao, C.,y (/o, C4,... Gp 

in which each is of the lowest possible degree. 

Those of even weights 2, 4, 6,... are of the second degree ; 
viz. the system of § 114 

6*2 =aQa^-aj^ = A^, 

O 4 = «(, — 4 WjCfg + 3 

Gq = — 6 + 1 — 1 0 


^2n=«0^^2n~( j g 

2 71/ 

where ( ) denotes the number of combinations of 2 x 1 things 

r together. 
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Observe that if Cg* - ^2 u vanish, we obtain in 
succession 0, ... = 0,so that, if 2?^ is the 

greatest even integer in jy the order of a quantic, all invariants 
of that quantic vanish by § 26, Ex. 1. Hence also (cf. § 26, 
Ex. 2) all invariants vanish for a binary (2 /1+ l)-ic if it and its 
covariants led by C^4,.*.C'2„ have a common factory and 
all vanish for a 27i-ic if it and its co variants led by 
Og, C4, ... ( on-? ^ common factor and if its invariant 
vanishes. [Hilbert.) 

Ex, 7, In either of these cases all covariants have the same common 
factor. {Hilbert.) 

Ex. 8. Conversely to § 26, Ex. 2, a binary 271-ic or (27i+l)-ic 
must have a linear factor raised to the (7i+l)th power if all its 
invariants vanish. [Hilbert.) 

Ans. Let tir^, OTj, ... he the orders of G^, ... the co variants 
of a pdc u which are led by Cg, C4, ... , and let fj. be their L. C. M. 
If we form the eliminant of to and j the 

coefficients of powers and products of k^y k^y ... in it are invariants 
(§§ 18, 45); and if tliese invariants vanish G^^ G^y ... have all a factor 
of u in common, so that, &c. 

Ex, 9. In the case of a quintic u, the vanishing of three invariants 
of degrees 4, 12, 8 determined as the discriminant of ... , the 

lineo-linear invariant of and (6403^+...)^ and the lineo-linear 
invariant of (C^cc^q- ...^ and , necessitates the vanishing of 

all invariants. 

A 7 i 8 . The first condition necessitates that C^x^-\- ... is a square 
y", unless all its coefficients vanish. The second and third then 
necessitate that u and ... have y for a factor, in the first case. 

In the second case it is easy to see that if, as we may, we take a = 0 
and /= 0, then 6=0 and c = 0, or cZ = 0 and e = 0. 

Ex. 10, If Uj, ttg, ... ttp are the roots of (ag, a^y ... a^) (or, 1/)^= 0, 
prove that the protomorphs C'g, 6^, C\y ... are numerical multiples of 

< S (Oi - a^Y, a„« S (aj - (a, - a^)*, 

aY'S,{a,-a,y {a,-a,y {a,-a,y, ... 
respectively; and write down in this notation the covariants which 
they lead. 

Ex. 1 1 . If the roots of a 7>-ic are all real, the roots of its covariants 
led by protomorphs of degree 2 are all imaginary. For instance those 
of the Hessian aie imaginary. 

Ans. Because a sum of squares of real quantities cannot vanish. 

Ex. 12. The covariants led by protomorphs of degree 2 are those 
of § 61, Ex. 33. 

Ex, 13. Prove that any gradient G of degree above 2 in aj, ag, 
... a^p{, ^*2»+i) wlilch contains no term free from all of «j, ... 

may he expressed in the form 

A®o'h'^i^2 + ••• nGin + Qi 
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where Pj, ... are gradients (or zeros), and Q is zero or a 
gradient free from in which none of a^, a^j ... «« occurs to a higher 
power than the first. 

Ans. Arrange the factors of terms in G alphabetically as in § 71. 
Take any term free from a^, and let be the fiist of ag, ... a„ 
which occurs in it to a power above the first. Substitute in it for 
its expression in terms of and products. The term is thus replaced 
by a part with as a factor and terms alphabetically previous to 
itself. Repeat the process for all these terms except those with 
or Uq for a factor; and go on in this way as long as possible. As there 
is only a finite number of words of i letters in an alphabet of 2n or 
271-1-1 letters, the procedure must stop; i.e. a time must come when 
the term of G as re-written involves only multiples of rtg, (7^, (7^, ... (7^^ „ 
and terms without second or higher powers of any of ... 

Ex. 14. Show that if G is of weight w and degree i there can be 
no residual gradient Q in the expansion above if 

i^ n and to < 1 -|- 2+ ... + — ti) ( 71 + 1), 

i.e. <(«+l)(«-Jn), 

Ex. 15. If /S is a seminvariant which leads a covariant of 
{%, a^, ... «,„) (x, yY’', or of (a„, te,, ... aj„+i) {x, 

SO that, as the case may be, 2m— 2w<t^0 or t (2?i+ 1) — 2zo 0, 
then, if m is any number greater than n{n-^\) / {2{n^\)i--2w} 
and not less than w/t, gradients (or zeros) Pj, P„ exist such that 

.r ^ P,ao + P,(7g+ ... +P„C'g«. • {llilhert.) 

165 {bis). For odd weights there are (§ 114) no semin variants 
of degree 2. For each odd weight there is, however, a proto- 
morph of degree 3, We can find by the method of § 114 
seminvariants of degree 3 and the requisite odd weights in 
succession. O 3 , (7g, are thus uniquely determined, but after- 
wards there is a choice. For instance (9 ; 3, 9) — ( 8 ; 3, 9) = 2 , 
and ( 11 ; 3, 11 ) — ( 10 ; 3, 11 ) = 2 . We must select one of two 
for Og, one of two for (7^^, and so on. 

A definite system C^, Grjy 0^, C'n, ... can be obtained by 
operation with — (ip — 2 tt;) on (7^, (7^, Cg, ... re- 

spectively. The results contain terms 

respectively ; and we have only to see that they are all 
seminvariants. Now if is a seminvariant, so that GlS — 0, 
{a^O — {ip — 2 w)a^} S is another. F or 

Xi {a^O — {ip — 2w) a^] S ^ aQ {il0 — {ip—2w)} S, 

= a^OaSy by § 125 ( 1 ), 

= 0 . 
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We thus obtain the succession of cubic protomorphs 
^3 = (“oO-2 0^-2) cti) G., 

= a^^ ~ 5 ci^ -f 2 + 8 — 6 ct.^, 

G, = -^{a,0-2{p-^)a,]G, 

= a^-ay^’-7a^^a■^a^-\^ ^aQa,^a.^~^^aQa^a^-\- \2a^a-^ 

&c., &c. 

Ex. 16. If ^ denotes <)/^ % + 'b/'b + . . . -f b/b , prove that 

= (a^b/ba^^ + a^b/ba^ + ... +a^b/bap)—(j)+l)apb/bap; 

and hence that a^^O—lay generates seminvariants from semin variants, 
and in particular generates a system of cubic protomorphs of weights 
3, 5, 7, ... from . {Cayhy,) 

Ex. 17. If (f) denotes a 2 b/bai-h 2 a^b/ba 2 + +(p—l)apb/bap_^f 
prove that a^^—2wa^ is an operator with the same efficacy. {Cayley,) 

Ex. 18. These two operators may, respectively, be written 

+ (%as-aia,)~ + ... 

' / . S 

+ S - 1 ) «i «j> ’ 

OUp 

{«„a,-20^ + 2(a„a,-2a,a,)^^^ + ... 

+ (p - 1 ) («„a,- 2 a, a^_,) 2p «! S • 

{Cayhy) 

166. If y'6i***yp covariants whose leaders are the 

protomorphs Og* ••• ^py expression for a sem- 

invariant S in terms of them and a^, 

S = a^-^^F{aQ, (7^, C'g , . . . (7,,), 

where the function F is rational and integral for a rational 
integral S, leads to the expression for the co variant K whose 
leader is 

K = u-f^F{u, 72, ya,-.y,,> 

This follows by the same argument as in § 163. In fact, in 
general the expression for a semin variant or invariant in 
terms of any system of protomorphs leads to exactly the same 
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expression for the corresponding covariant or the invaidant in 
terms of the co variants led by the protomorphs. 


167. Seminvariants as integrals of il/S = 0. Another 
aspect of the reason for the expressibiiity of any semin variant 
or invariant in terms of p independent ones should be noticed. 
A semin variant is an integral of the ditterential equation 








t) aS _ 




which is properly regarded as beginning with a vanishing 
multiple of 

Now Lagrange's theory of linear partial differential equa- 
tions tells us that when we have p independent functions S 
of ^ 0 , which satisfy this equation, any other S 

which satisfies the equation i.s a function of those /). 

But in §§ 161, 163, 164, 165 we have sets of /> independent 
solutions, viz. 

/ / /. 

Uq , 1(^2 } (t.^ j. . > ttp , 

^0 J 2 ’ 0 > * • * > 

^^'0 ) ) ^3 ’ • • ’ 5 


We thus have it clearly exhibited that any seminvariant or 
invariant, oven though fractional or irrational, is capable of 
expression in terms of a set of protomorphs. 


168. Protomorphs for systems of quantics. A seminvariant 
of the system consisting of two binary quantics 

c(2,...<g (x, yy\ 

(7^0, V) vy'> 

is (§ 115) a solution of the diflferential equation 

-1 a'L-) “ 




in the p +p' + 2 variables , cq , ag , . . . • We 

need +1 independent solutions of this equation: and 

these are afforded by a set of protomorphs of the />>ic, 
a set of protomorphs of the jo'-ic, and the one additional 
All seminvariants of the system can then be 
expressed in terms of these + 1 seminvariants. 

Moreover, we can easily prove a theorem due to Clebsoh, 
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that the expression for any rational integral seminvariant of 
the system can be expressed in terms of 
of protomorplis B^,,,,B\f in a form 

which is rational, and is integral except as regards and 6o- 
As in § 164, we reduce it to the form 

^0 ^^0 ^ -^(^ 0 ’ ■® 2 » **• » ^ 0 > -^2 > -^3 5 * * * }> 

whej’e F is rational and integral in its arguments. We also, 
upon expressing the annihilation by Sf2, obtain that 



and this tells us that F involves %, in the connexion 
aobi-aJ)Qmly. 

And, quite generally, rational integral seminvariants (in- 
cluding, of course, invariants) of any number of binary 
quantics are rational functions of sets of protomorphs of 
those quantics severally, and of the leaders 

— aJjQ , . 

of the Jacobians of one of the quantics and the rest, and are 
integral except as to powers of Cq, , the leaders of 

the quantics themselves. 


169. Protomorphs applied to the analysis of irreducible 
systems. The cubic. There is a method due to Cayley for 
finding the complete system of irreducible seminvariants and 
invariants of a binary quantic, and therefore the system of 
iiTeducible covariants and invariants, from a system of proto- 
morphs, which is simple for the cases of the cubic and the 
quartic. 

It is of very little consequence whether we start from the 
system of protomorphs a^, A^, of § 163, or the 

system , C 2 , Cg, . . . of §§ 165, 165 (bis). For the cubic these 
systems are the same, since Ag = 0^ and A, = C,. 

By § 163 any seminvariant of degree i and weight w of the 
cubic (a, 6, c, d) (x, yY is of the form 

A^), 

■where F{A^, A^ is rational and integral. 

Here, if i > ^^;, the seminvariant is integrally expressed, and 
has the positive power a*'"’*' of a as a factor. It is then 
a rational integral function of a, Ag, Ag, and is not irre* 
ducible, unless it be only a itself. 

If w the seminvariant is a rational integral function 
^(Ag, Ag) of Ag and Ag, and is not irreducible unless it be 
either Ag or Ag itself. 
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Any irreducible seminvarianfc, other than a, Ag, Ag, must 
then be the result of dividing some rational integral function 
of A 2 and by a power of a. Such a function, being divisible 
by a, must vanish when a = 0, i.e. when we put for Ag, 
the values 

A^^2}A 

Now the one rational integral function of these which 
vanishes is 

Any other can only vanish in consequence of having this for 
a factor. We are thus led to form 

and to conclude that A is a seminvariant — it is of course the 
discriminant, a full invariant. It is found as one whose 
weight exceeds its degree, so that it is not a rational integral 
function of a, A 2 , Ag. 

We are also led to conclude that any other seminvariant 
whose weight exceeds its degree is given by the rejection of 
an a factor from a function ^’(Ag, Ag) of which 
A 32 + 4A2^=a2A 

is a factor, and consequently that it has A for a factor, and is 
not irreducible, but a rational integral function of u, Ag, Ag, A. 

Thus all rational integral seminvariants of the cubic are 
rational integral functions of some or all of a, A 2 , Ag, A, 
which alone are irreducible, and are connected by the syzygy 

Ag^-h 4A2^ = a^A. 

These are the results of § 141. 

170. Irreducible system for the quartic. Consider now 
the quartic {a, h, c, d, e) [x, yY ; and take the protomorphs of 
§§ 165, 165 [Us), 

a, C/g = — Sate + = ae ~ 4 -1- 3 

the terms free from a in which are 

0, G' = -6^ Cg' = 26^ (7/ = - 46(i + SrA 

As in the last article we are led to a seminvariant (not now 
an invariant) 

D = a^d'^—Gabcd + iac^ + 4:Pd — 3b^c‘^j 

which may, so far as we know at present, turn out to be 
irreducible, though that it was irreducible in the case of the 
cubic, for which there were three protomorphs only, affords 
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no reason why it should be now that there are four. The 
terms free from a in D are 

Any seminvariant not a rational integral function of these 
five will, by § 165, be the result of rejecting a factor which 
is a power of a from a rational integral function of a, (/g, Og, ; 
and such a rational integral function may present itself in the 
form 

F{a, O 3 , O 4 , /)), 

where F is rational and integral in its arguments. The result 
of putting a = 0 in this is 

CV, 0/, C D'), 

and must vanish identically, since F^ expressed in terms of 
a, 6 , c, cly 6 , has <t for a factor. 

Now a result, distinct from =0 wldch led to Z), 

of eliminating h, c, d from 

c; = 2 ?A 6V=-4fez+3c2, ly = 
is (7/(7/-/)'= 0 , 

and this leads to 

— 7) = a (ace *i- 2 bed — ad^ — e — c'^) 

= ajy 

which shows two things : ( 1 ) that there is a new seminvariant 
J, an invariant, in fact, which may prove to be irreducible ; 
and ( 2 ) that D is not irreducible, but is equal to G^G^ — aJ. 

We have now further to look for rational integral functions 
of u, (Tj, G.^, 64 , J which have a for a factor, so that the same 
functions of 

0 , (7/ = 6 V = 26 ^ 0/ = -4M+ 

*F = 2 bed — J^e — C'^ 

vanish identicall 3 \ 

But there are no such new functions. For G^ involves 
a letter c which does not occur in (7/ or CY, so that no 
relation connects it with them ; and J' involves e which does 
not occur in either (7/, G.( or (7/, so that it again is indepen- 
dent of the preceding. 

Consequently «, 63 , G^^ J is the complete system of 

irreducible seminvariants and invariants of the quartic. Of 
these G^ is what in previous chapters we have called 7. The 
result is that of § 145. 

The one syzygy which connects members of the irreducible 
system (cf. § 145) is also exhibited. We have, as above, 

-f AG,]^ = u^i), and GJJ^ — /) = a/, 
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from which, after elimination of the reducible i), there results 

a*V- a^af^ + C.;- + = 0. 

171. The method is not suited for extended application to 
higher binary quantics. It may be pursued in dealing with 
the quintic and the sextic, but the labour is enormous owing 
to the number of eliminations and the length and complexity 
of the functions dealt with. Moreover serious theoretical 
difficulties present themselves, and without guidance by a 
knowledge of the results to be obtained those results could 
hardly be thus arrived at with certainty. 

One general fact should be mentioned. The protomorphs 
(72, (/g, are in all cases irreducible; for every 

one involves a letter absent from all the preceding, involves it 
to the first degree only, and is of lowest possible degree for its 
weight. The same cannot be said of the other system of 
protomorphs which after the third ax'e of 

higher degrees than the lowest possible. 

172. A seminvariant arranged by powers of cq. When in 
a seminvariant, or, in particular, invariant, the terms free from 

are known, the whole is known. 

This has been proved in § 161. We have only to replace 
in the given terms Ug, by the a^,.,,ap of that 

article. 

Any gradient in cq', ... a/ is a seminvariant, but not 

necessarily an integral seminvariant. 

A seminvariant which is integral may be expressed in its 
integral form, when its terms free from are known, by aid 
of differentiations only in virtue of the following. 

Let Qi be the given terms free from and suppose the 
whole seminvariant to be 

S = Qi + + ... + 

where Qi~\y from cq, and where 

m is some number not exceeding the degree of S. 

If we write 


where co does not involve either or 




= o,j— + + «, 
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Hence, arranging the jsemin variant condition £lS = 0 by 
powers of and expressing that the parts of 12/S with 
different powers of for factors must vanish separately, we 
have the succession of facts 



= 0 , 



^%Qi~2 d" ^Qi-l ^ ^ 

= 0 , 

3aoQi-3-f-ct)Qj_2+ 2 ^Qi-i 

. . *«....* 

= 0 , 

^Qi-m + 2 Qt-jw+i 

= 0 , 


= 0 , 


of which all but the last two suffice to determine from 
Qi the expressions for Qi-n Qi- 2 i iR succession by 

operations with < 0 , i. e. by differentiations. 

The last equation tells us that the terms multiplying the 
highest power of which occurs in a seminvariant are free 
from ag. 

Ex. 19. State the corresponding facts with regard to anti-semin- 
variants, derived from their annihilator 0, 


173. A simpler method of determining the whole semin- 
variant S, when its terms Qi free from are known, is given 
as follows. 

For any gradient whatever the following is an identity, 


an 1 . 


2 


a2_ 


1 . 2 . 3 Oo® 


i3l23 + ...}Gf=0, 


since the left-hand member is 


0 


a 




a„ 


+ -i;: 

1-2 0-0 «o 


1 


a 


0 


1 a 


0 


+ 
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of which the terms cancel against one another up to a certain 
point, and after that point vanish. 

Now take Q,- for the gradient (?. We obtain that 




"}■ 


1 . 2 


12-- 


1.2.3 




is annihilated by and is consequently a seminvariant unless 
it vanishes. But it does not vanish since its terms Qi free 
from do not. 

Its form is apparently fractional, but cannot be really so. 
It must, in fact, be exactly 

Qi + ^iQi-l + ^\Qi-2. + ♦ * • + Qi-m 5 


for otherwise the difference of the two would be divisible by 
and annihilated by 12. Now this is impossible, since no 
seminvariant can have for a factor, semin variants being 

. (X ^ a cc ^ . 

functions of ^ > ag ~ 3 — 0^2 4- 2 , . . . , which are the 

Uq CIq 

non- vanishing and independent Qq, otg, cts, when = 0. 

The full expression for a seminvariant is then found by 
operating on its terms free from with 


a 


3 


ao 1 . 2 . 3 a„8 


0 


Ex. 20. Prove that this operator annihilates any gradient with 
a^ fur a factor, and produces from any other gradient a seminvariant, 
not necessarily integral, which is also produced from the terms in it 
which are free from a^. 

Ex. 21. If 6^ is any gradient, f2(ai6r) involves as many arbitraries 
as G, 


174. Annihilator of terms free from in invariants. There 
does not seem to be a simple general method for finding the 
terms free from in integral seminvariants of given type. 
The case is different, however, with regard to invariants, 
which are at once seminvariants and anti-seminvariants. The 
terms free from a^ in an invariant have an annihilator, which 
suffices to determine them. The fact is due to Cayley. 

Consider the two annihilators, 


^ ^ ^ ^ ^ ^ 
X2 = ^ +2ai^— +3^2^ ...+pa^,_^ 
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of invaiiants of a binary Eliminating 5/t)aj we have 

afi _ (p _ 1) I jrwo ^ (p - 1) «2 

+ «. { (p-2) «= 4 (J*- 4 + ■■■ + "" 4:; f 

-(p-i)«.|s«,4 + <,.,4 + ...+2»,..4J 

= «!(/) + say, 

where and ^ do not involve or 

Now let an invariant, arranged by powers of a-^ as in the 
last two articles, be written 


We find that, since and 0, and therefore 1) a^l2, 

annihilate J, , „ 

V/it/ = 0, . 

\lfR^_-^ + (l)R.i = 0 , 

^Ri-^^ + <l>Ri-i = 0 , 


= 0 . 

Of these the first is the result important for our purpose ; 
but before examining it we notice that the last, viz. 



tells us that, since c — Ri-m = 0 by § 172, w^e must also have 

. — = 0, i.e. that the terms which multiply the highest 

power of which occurs in any invariant are free from both 
Hq and ^2 • 

The more important conclusion, gathered from the first of 
the above equalities, is that the terms free from in an 
invariant of a binary ^-ic have the annihilate!' 
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We need to know conversely that all gradients 
for which ip 2 w, and which have for an annihilator, 
are the terms free from in invariants. When this is known 
we can be sure that we have a means, by expressing the anni- 
hilation by \//, of finding tliose terms in all invariants of a given 
degree, and thence, in either of the ways of §§ 161, 172, 173, 
the complete expressions of the invariants. 

We shall encounter a proof of this converse proposition in 
the next chapter (cf. § 186). It amounts to proving that all 
gradients for which ip = 2w in cIq, a/, . . . c//, the coef- 
ficients in the quantic deprived of its second term as in § 162, 
which are annihilated by xf/', the result of accenting the letters 
(«^ 2 J cts, ... <X|, in are invariants, i. e. are annihilated by 0 as 
well as by which latter must annihilate them since it 
annihilates a./, a./, a/. Note that no expression fractional 
in (Iq can be annihilated by 0. 

It is for the present left to the student to establish the 
proposition for himself by the sequence of theorems of the 
following four examples. He will see from Ex. 25 that if 
G' satisfy xj/^G' = 0 it must certainly satisfy OG' — 0, provided 
ip — 2 'u; = 0, as is the case. 


Ex. 22. Prove that, if by the substitution cb = A" + m y Y the 
quantic (a^, cq, a^, ... a^) (a?, y)^ is transformed into 

{\y ^ 2 , ... Hp) {X, Y)^\ so that (§ 92) 


a^ = 

Ug = a 2 + 2a^m-f &c. &c., 

then 


and, generally, 





c)a« 


A 

c)a,. 


l|l.2.3...rA+2.3...(r + l)mA 


»*+l 


+ (p--r-f-l) (p — r + 2)... 


the last case of which is 


+ ... 



A - A.. 

the operations on the left being all upon a function of fq, aj, Wg, ••• 
and those on the right all on the function of a,,, a^, ag, ... to which 
it is equal. 
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Ex. 23. Hence show that the operators 

. ^ ^ 

“ = “» 57, + - 5V 

a, ^ ^ ^ ^ ^ 

w?- - 12 = a,— +2a2— + ...+i3a^;— 


«oT” +2^1 
«o( ^«i 




-'d«i’ 


^ « V wr ^ 0,^.0 V 

0_^(*p-2«-)-^,I2 = p«,-+(i,-l)a,^-- + ..,+«,^ 

a,n J) „ a a ) 

“ vr«57. +-+^“"-'J)7J’ 


transform into operators of like forms. 


Ex. 24. Show that the only necessary modification of the above when 
the operation is on a seminvariant, and when m is the non-constant 
^ 1 ) ^ 2 J are consequently the 0, a/, ap 

of § 162, is that the undetermined 'd/'ba^' is to be taken as defined by 
the persistence in form of 12. 


Ex. 25. By this and the fourth of Ex. 23 prove that the effect of 
operating with y\r\ i. e. 

5 ^' +^^-^>“^'557 + - + <74,7] 

on a gradient in a/, a^\ ... Qp' is the same as that of operating on 
the equivalent function of ••• S a^O’-a^{;ijp — 2w), 

since 12 annihilates it. 


175. Taking ^ = 5, i. e. the case of the quintic 
(«, h, c, d, e,f) {x, 3 /)®, 

the annihilator xjf is 

3ac<^/^c + (2ae— 12^^) <^/^d-\-{af— 16cc?) y^e — 20ce Yc^/. 
An invariant of the quintic of degree i, and consequently of 
weight f i, if such exist, can then be found as follows. Write 
down the most general gradient of the type in a, c, e, /. 
Operate on it with the annihilator \/^, and equate to zero the 
coefficients of the various terms in the result. If the equations 
can be satisfied by values of the arbitrary coefficients in the 
assumed gradient which are not all zero, we obtain as many 
linearly independent invariants of the type as there are 
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coefficients left arbitrary. If they cannot be so satisfied there 
is no invariant of the type. 

The terms free from h in the invariant are thus found, 
and the whole expression for the invariant of which iJ, is part 
is by § 173 


where, after the operations are performed, ^ is to be replaced 
by h/a. 

In this way the invariants of degrees 4, 8, 12, 18 of the 
quintic may, with much labour in the last two cases, be cal- 
culated. 

For the sextic {a, h, c, d, c, /, g) {x, yf the annihilator x/r of 
terms free from h in invariants is, writing &c., for &c., 


^ad'^c + (3ae— I5c^)c)^ + (2q/'-~20ccZ}c^g + — 25c6)^/ — 


by means of which the invariants of degrees 2, 4, 6, 10, 15 may 
be found. 

And similarly for higher quantics in succession. 


Ex. 26. Integrate by Lagrange’s method the differential equation 
for the case of the cubic 

xl/G = (ad^c-6c%)a=:0, 

and thus show, remembering 3z = 2Wf that an invariant of the cubic 
is necessarily a power of where 

, 3bo 2¥ 

c = c id = d 1 ^ • 


Ex. 27. Integrate the differential equation for the case of the 
quartic 

ylfG = {2ad^^-\-{ae-9c^)\-l2cd7>,}G 0, 

and show that invariants of the quartic are functions of the invariants 
ae 4- 3 ac V — ad''^ — c'^. 


176. Seminvariants arranged by powers of their most 
advanced letter. The present is a convenient place for 
a theorem or two not directly connected with the rest of 
the chapter. 

Take a seminvariant S of extent 'p. We are not necessarily 
regarding it as a seminvariant of a p-ic in particular* It is 
equally one of course of any binary quantic of order not less 
than whose first 1 coefficients (after rejection of their 
binomial factors) are the (Xg, ... involved in B* 

Arrange B according to powers of its most advanced 
letter, and write it 

+ . . . + , 

where suffixes of P’s do not of course, as they did in § 172, 
&c., indicate degree. 
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Express the annihilation of iS by il, i. e. by 

""4 ■"'“■4 * ■"^'-■ 4 ' 

The terms involving different powers of ctp in ii/S' must vanish 
separately, for the vanishing is identical. Hence 
nil = 0 , 


mi + npap_iF(, = 0, 

£ll^+(n—l)pap_^Fi = 0 , 


nF„+pap_.^F,,_i = 0 . 

From these identities we draw, among others, the following 
conclusions. 

(1) the function of ... which is the co- 

efficient of the highest power of the most advanced letter 
which occurs, in a seminvariant >S\ is itself a seminvariant. 

(2) When which consists of the terms free from the 
most advanced letter in a seminvariant, is known, the rest 
of the seminvariant can be found by aid of a succession of 
operations with and divisions by multiples of i. e. by 
aid of differentiations and elementary algebraical processes 
only. 

Ex. 28. In the case of an invariant, prove that also when the 
terms free from are known the whole invariant can he written 
down by aid of differentiations and elementary algebraical processes 
only. 

Ans. Consider the annihilation by 0 as we have that by 12. 

177. Seminvariants as seminvariants of seminvariants. 
Another interesting conclusion which can be drawn from the 
identities of the preceding article is that any seminvariant of 
a seminvariant of a binary quantic, regarded as itself a binary 
quantic in : 1 , where is the most advanced letter in- 
volved, is a seminvariant of the original quantic. 

If 

is any function of the P’s, 


by the identities proved. 
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Now the seminvariant S of the last article is 
and if we write this 

1 )", 

we have generally 

p _ n p, 

r ! 

But, with this change of notation, 

iT/^ ~ hi + ~ ^ + • • • + 1 h 

= +22f 








which is of the form of 12, and annihilates functions of the P's 
which are serninvariants of looked upon as a qiiantic in a^'A. 

Such serninvariants are then also annihilated l)y 12, i. e. 
they are serninvariants of the quantic whose coefficients are 

This includes as a very particular case the result (1) of the 
preceding article. 

Ex. 29. Meaning by semi-covariant of {a^, ... a^) (j>c, yY a 

function of the coefficients and variables annihilated by 12 — 
prove that any semi-covariant of a seminvariant of a binary quantic 
regarded as itself a binary quantic in where is its most 

advanced letter, is a seminvariant of the quantic. (J. 1\ Thompswi!) 


178. Serninvariants derived by differentiation of semin- 
variants. One more fact with regard to any seminvariant 
and its most advanced letter ap may be mentioned. 

We immediately prove the alternant identity 


12 12 = 0, or = — {p + 1) : 


according as 12 does not or does extend beyond 

If then /Sf is a seminvariant which does not extend beyond Up 
12 . '^S/'^ap = 0 , 
i. e. 'bS/'dap is a seminvariant. 

By repetition it follows that are 

serninvariants, unless they vanish. 

This again includes as a particular case the result (1) of § 176. 

If a,, is a letter short of the last Up which occurs in a semin- 
variant, we have 
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The theorems of these last articles are partly Cayley’s and 
partly Sylvester’s. 

179. Passage from discriminant to discriminant. To Cayley 
is due an application of § 176 (2) to the determination 
of the discriminant of a binary _p-ic from that of a binary 
(p— l)-ic. Let us apply it to find the discriminant of a cubic 
from that of a quadratic. 

The discriminant of (a, 6, e, d) (x, yY is an invariant which, 
when we put ci = 0 in it, becomes the discriminant of 

X {ax^ + 3 hxy + 3 cj/^) , 

which is a numerical multiple of the product of the squares 
of differences between 0, a, /3, where a, /3 are the roots of 
ax^-{- Zbxy-\- ^cy’^, with the factor necessitated by its known 
degree. Now this is a numerical multiple of a'* (aj3)^(a~^)^ 

c2(4ctc-362). 

These then are the terms free from the most advanced 
coefficient d in the discriminant of the cubic. The other 
terms are determined from them as an example of § 176^ 


180. Operators which generate seminvariants. Sem in- 
variants and invariants can be derived from gradients which 
are not seminvariants by operations involving differentiation 
and elementary algebraical processes only. In fact, all semin- 
variants can be thus obtained. The idea is Hilbert’s. 

In § 128, Ex, 8, it has been pointed out, and the fact has 
been used in § 157 {ter)^ that if F is any gradient in some or 
all of aQ , aj, . . . for which = — 1, then 


(\ (i. 

y' i{r,+2)^y 


oa 

2(t} + ‘3) 


)-(■-, 


Oil 


w{r] + w+l) 


)F ...(1) 


is a semin variant or zero — the latter of course if r/ = — 1. The 
fact is so important that other forms of operator equally 
effective for producing seminvariants from gradients will now 
be given. 

It was proved in § 128 that, if G is any gi'adient in 
***<^pi some of them, for which y = ip^2w is 

positive, 




ilO + 

1 . JJ 


1 


ilO^il 


1.2.3.»j(tj + l)(r? + 2) 




.|G=0, 
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and in § 100 was proved the really equivalent theorem that in 
the same case 

f, ao Q?0^ „ 

r I'* 1".2^ 12.23.3* 

Now for G put where J^is any gradient of degree i and 
weight w-{-l in ag, ... or some of them. The two 

theorems tell us that 

12 I 1 - — 0 12 + , Tx 0312* 

( l.T] 1.2.r)(r]+l) 


and Ql 


rj 1 . 2 . r) (t] + 1 ) 

O^S1^+...If= 0 

f 012 120*12 12*0*12 

I 1^ 1^.2^ . 2^ . 3^ “ 3 


Now write w instead of -ly + l, so that i^is any gradient of 
weight IV and degree i in ag, ... or some of them, for 

which 7] = vp — 2w is greater than — 2, i. e. <'— 1. Wo have 
to put 7] + 2 for 7; 5 and deduce that 




(?] + 2) 1 . 2 . (rj + 2) (?; + 3) 


1.2.3.(rj + 2)(7j + 3)(7/ + 4) 
or its equivalent 

c oa no^a 


0*12* 


0*12*-. , 

,..(2) 

r.+-\F, 

...(3) 


is annihilated by 12, so that it is either zero or a seminvariant. 

In particular, taking t] ^ ip-~2w 0^ so that the expres- 
sion (2) is 

( 0X2 0^12^ 

\ 1.2 1.22.3 1.22.32.4'^“’3 ’ 

this, and equally the expression (3), is either zero or an 
invariant. 

If r) = ip — 2 w — 1 for JP, the expression (2) is 

f 0X2 02X22 0^X2^ 

i 12 “^ 12,22 12,22.32"^***) * 


1431 


Q 
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and this, or its equivalent the second expression, is necessarily 
zero, for there are no seminvariants (of. § 112) for which 
ip’-2w = — 1 . 

It will be noticed that the operator in (3) has the advantage 
over those in (1) and (2) of not involving rj explicitly, though 
for its effectiveness we must have rj < — 1 . The general con- 
clusion arrived at is that if we write down any gradient or 
sum of gradients whatever, with arbitrary multipliers, and 
arbitrary degrees and weights subject to — 1, the 

result of operating on that sum with 

012 a02l2 Q?0^a 

12 12^ 22 12.22 32 

is a sum of seminvariants and invariants, except for cases 
when it vanishes, as it must in particular for degree-weights 
subject to ip— 2^t; = — 1. 

It is not hard to show by § 125 that the operators in 
(1), (2), (3), though in very different forms, are the same. 


181. We thus obtain all seminvariants and invariants 
whatever. To see this it suffices to observe that the result of 
operating on any seminvariant S is to produce S itself, for 
12>S = 0, so that 011>S = 0, £10^0.8 = 0, &c. 

If, then, we operate on the most general gradient of weight 
Wy degree i, and extent in no term exceeding p, which ac- 
cordingly contains {w\ i, p) arbitraries, we obtain a result 
with (w; if p) — (w—1 1 i, p) arbitraries, which is the most 
general seminvariant of the type in question. There is always 
the requirement — 2u; < — 1. 

We may distinguish between those gradients of type w, iy p 
from which either form of operator produces seminvariants, 
and those which it annihilates. The latter are those gradients 
F of the type which are of the form 0F\ [Note that if 
ip — 2[ip—w)y i. e. 2w—ipy were positive, all gradients F 
would be of the form 0F\ by the duality of 12 and 0 and 
the fact that when ip — 2w is positive all gradients are of 
the form 12 jF''. But we are attending to cases in which 
ij:?— 2^^; < — 1, for which, except in the one case where < is 
replaced by = , there is no such expression in general possible.] 
This we can see as follows. First, if the result of operation 
vanishes, F is of the form OF', for the expression of the 
vanishing of (2) may be written 

12 0122 
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which is of the foi*in in question. Secondly, the operatoi* 
must annihilate an 0F\ For 


( l.(rj+2) 1.2.(ri + 2}(r/ + 3) 

Ip. 

I 1.(7, + 2) 1.2.(r, + 2)(7, + 3) ‘**r ’ 

_ Q i 2 , ^0^^ } jn. 

\ 1.(7, + 2) 1.2.(r, + 2)(7,H-3) ***) ’ 


since 0 Q. . aO = ilO , OQ., MO = £10 .0^0.^, ... by 

§ 125, Ex. 4. Now this must vanish, for r, + 2 is the r, of F' 
and is positive, so that the expression is 0 operating on a 
vanishing result, by the first equality in § 180. 


182. To determine seminvariants and invariants by this 
method we naturally operate on the simplest gradients we 
can choose, i.e. on single products of letters chosen from 
among Qq, ... ap. Unfortunately no simple rule presents 

itself as to what • products can and what cannot be written in 
the form 0F\ i.e. what products lead to seminvariants or 
invariants and what to zeroes. 

In the next chapter we shall, however, see that when we 
are not limited to a particular extent p a like method can 
be employed with perfect definiteness, and we can assign 
an exact system of products to which there is a one to one 
correspondence of seminvariants. 

Ex. 30. Obtain the invariant ace + 2hcd — a(F-—¥e — c^ of a quartic 
by operating on a single term of it with 

oa 

172 172^3 “ 1.2=*. 32.4 ”* ’ 


Ex. 31. If F = 0F\ where F is of the type Wy ij p and 
ip — 2w<i(i — ly prove that 


F'=: a 


£10 £1W^ 

12 22 l=*,2^3=* 



F. 


Hence if F is general of type w— 1, p, so as to involve 
1 ; p) arbitrary coefficients, F or OF' must also be a sum of 
(to — 1 ; iy p) independent multiples of linearly independent gradients. 


182 (bis). The above has all been stated for one quantic 
only. In the case of a system, we have only to replace X2 and 
0 by 212 and 20, and to mean 2 (ip) — 2w by t,. 

iJso covariants of a p^ic are (§ 69) invariants of the pAo 

Q 
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and xy^—afy^ with accents removed. Thus, in particular, 
from a rational integral function of a^, ... and y of 
degree i and order 'ey, and of total weight ^ {ip + attaching 
weights 1, 0 to x and y, the operator 

O'iV 

1.2 '^1.2^3 1 . 22 , 3274 '^“*’ 

where Of ^ OL—y'b/'bx and 0' ^ 0 —x'b/'by, derives a co- 
variant or zero. 

Ex. 32. Show that the covariant produced from the first term 
in a covariant (7, by operation with 1 O' Of + . . . is — — - C, 

1.2 tST + 1 

Ex. 33. If A 7 , iS7) ••• 11^® covariants of a 2^-ic or 

(2?i4'l)-ic u which are led by the quadratic protoinorphs (7.^, (7^, 
... and if K is any other covariant [not invariant), a relation 
holds of the form 

K" = r„w+r,z,+r,7i,+... +r„7fr,„, 
where n is a positive integer, and F^, Fj, ... are covariants. 

Ans. In Ex. 21, with S the seminvariant leader of K, substitute 

1 1 n O 1 i* 

P ’ i^ (p-T) § 160 a relation 

^ Q^u+Q,K\ + Q,K,+ ... + Q„K,„ 

follows, where such as do not vanish among Qn rational 

and integral in the coefficients and variables. Multiply by x\ so 
choosing A that X-\-mw = ix{i2)^2w)y with (jl an integer, and also by 
Then operate as above, getting the result with m + fx for n. 



CHAPTER XI 


FUETHEK THEOKY OF SEMINVARIANTS. THE BINARY 
QUANTIO OP INFINITE ORDER. 


183. Q, expressed by means of roots. We commence this 
chapter by a consideration of the expression of seminvariants 
by means of the roots of a quantic, and more particularly by 
means of the sums of like powers of the roots, which might 
well have been given at a much earlier stage. 

It was seen in § 91 that a seminvariant of 
(cIq, aj, ^2, ... ap) {x, ly, 
in virtue of its having 


^ ^ ^ /IX 

for an annihilator, is a function of and the differences 
between roots. It is accordingly annihilated by 


a = „._+2.,_+. 




...( 2 ) 


where a^, ag, ... are the roots. In § 88 we have seen that 
functions of the roots annihilated by (2) are necessarily func- 
tions of their differences. 

We can see as follows, what is thus suggested, that the 
effects on any function of the coefficients, which is therefore 
a function of and the roots, of the operators (1) and (2) are 
identical, but for sign. 

If 


f{x) = K, cig, ... ctp) {x, ly = cCq (ir-tti) (x^-a ^) ... (x-a^), 
= -ao(»-«2)(«-«3) ••• • 

Therefore 2(^)/(a:) = -2 ^ (x). 


Now in this identity equate coefficients of the same powers 
of X on the left and right. It follows that 

^(^)«o = 0. 
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Consequently, when operating on any function of 


CCq, (Xj , <X2 ) • • • } 



184. f2 expressed by means of sums of powers of roots. 
Now by Newton’s formulae for symmetric functions (Burnside 
and Panton, 4th ed., § 77), aj, ctg, . . . can be expressed, rationally 
and integrally, in terms of Qq and s^, Sg) ••• fhe sums of the 
first, second, ...pth powers of the roots. Thus any rational 
integral function of a,^,,.,ap may be expressed as 

a rational integral function of and Sgj ••• l^^t us find 
the expression for 2 {c^/^a) which is suitable for operating with 
on functions so expressed. 


We have at once 



1 


so that 
In particular 




Also 2 c(q = 0. Thus, the operation being on a function 
of Uq and s^, s^j ••• 



bere 8q = p. 



184] SI IN TERMS OR SUMS OP POWERS OP ROOTS 231 
We conclude that 

r. ^ „ S <) 

SI = +2^1— +... + ^a 

i. e. that the 12 operator is identical in form, but for sign, 
when expressed in form for operation on a function of and 
the s's, as when expressed in form for operation on the equi- 
valent function of ^ 2 , ... Note however the absence 
of from the s-form of 12. 

We gather then that, when a function of ofo, <^ 2 j ••• 
a seminvariant, so is the same function of i. o. p, and 
^ 1 ) ^ 2 , ... Sj,. The latter function when expressed in terms of 
the a’s will of course have a negative power of as factor, 
since the s’s are functions of the ratios of the a’s to a^. 

The idea of this duality appears to be due to M. Roberts. 


Ex. 1. If a homogeneous isobaric function of degree in the 
coefficients, and weight be called (^j when expressed in terms of 
••• ^^^d (j)^ when expressed in terms of and the roots, 

</)3 when expressed in terms of and and (j) when no 

particular expression is necessarily implied, prove that 


{(f) = 







^3- 


Ex. 2. With the same notation 

Ex. 3. With the same notation 

^ A +(y_ 1)^ 

o. r i* s 5 1 ), 

= S(a» +2s,^^+...+ps,,,±J<l>„ 

which by Ex. 1 may also be written 

o*=[« A +(^-1)^^^ 
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c a «> „ s a i , 

Am, Prove the </>!, (f)^ equality by considering that, as in § 183, 
the effect of —0 is that of 2(^/c)a"^) on the function expressed in 
terms of ap and a^, Ug, ... a^. 

Ex. 4. By means of the expressions for the operators in terms 
of and roots prove the known equivalence of an operator and 
a multiplier 

110 — 0X2 = i'p—2w. 

Ex, 5. By Leibnitz’ theorem prove (§ 125, Ex. 1) that 

a-O-OH' = (-.)' {(2 i)'[2 (.- 1) -S ,4;] 

= r(^p— 2^^? + r~^) S1^~K 
Ex. 6. By means of the equivalence of 

prove that, if Sp^^, ••• regarded as functions of 5^, S 2 » >>> ^p) 

5^) Sp+r = (F + ^)«p+r-i- 

Ex. 7. By means of Ex. 3 prove that, whether m he less than equal 
to or greater than 

m«m+i= +2S3 +...+J5«y + l S„ = Os„. 

Ex. 8. Also, even when m exceeds p, 

rnSm-i = («0 + 2Si A + ... +I>Sp-t = -iiSm. 


185. It must be borne in mind that two distinct things 
may be meant by the expression of a function oi ... ap 

in terms of and the sums of the powers of the roots. We 
may mean the expression in terms of and s^,,,,8p 

only. This expression is in all cases unique, and, when the 
function of Oq, a^,,,,ap is rational and integral and of 
weight not greater than p, is the only expression. When, how- 
evei*, the weight exceeds p, there will be, as a rule, also other 
expressions involving Sy^ 2 >*** some of them as well 
as lower sums. The above articles contemplate the unique 
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expression obtained from any correct expression by giving in 
it to Sp+i, their values in terms of Sgj ••• 

We shall have occasion presently to consider the binary 
quantic of infinite order, in which the series ^* 3 , ... of 

coefficients is unending. In its case the distinction does not 
arise. 

Ex. 9 . Prove that, if a homogeneous isoharic function (f) of 
^1’ ^2J expressed in any manner in terms of and 

^2, ... Sp, Sp+ij ••• j and when so expressed is called cj)^, 

(1) I2<|,= -|.„^+2..A+...toco|</.„ 

(2) i<p =a„~<l)„ 

CUq 

(3) = 

( 4 ) |o-e>g<^= to oo|<|>,. 

186. Completion of § 174. It is interesting to gather, from 
§183 and the examples which follow § 184, the following 
conclusions : 



which, if we put a' for a + — and similarly as to all the roots, 

c^o 

i. e. if we transform (a^, ag, ... a^) (a?, 1 )^ into 
((*0, 0, a/, . . . a/) (x+tti/ag, 1)*’, 
a form without its second term, may be written 



0 — — (ip — 2w) — = S = O', 

the remainders of the I’ight-hand sides vanishing since a/ = 0 . 
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We must not lose sight here of the tacit assumption made 
that the function operated on can be expressed in terms of 
and a^-^-aJa^y + ... + which we have called 

a/, ag', ...a/. The functions which can be so expressed are, 
we know, seminvariants. The second equation really exhibits 
the fact anew. The weights w and w' are equal. Consequently 
that equation gives 12 = 0, i. e. that the function operated on 
is a seminvariant. 

In these equalities 12', O' and w' (regarded as an operator) 
are the same operators in a/ (= 0), (Xg', ... a/ as 12, 0 and w 
are in a^, ag, ... They contain the symbol c)/c)a/ whose 
meaning is not obvious, but is really defined by the first of the 
equalities. 

This symbol may be eliminated by subtracting {p — 1) a/ times 
12' from times O'. We have, in fact, since = a^^a^/a^y 

avjO'— ao'f2' = (XnO — ai {ip — 2w) 

^{{jp-\)a^-{p-2)a^^/a^} a. 

We may take this in connexion with § 174. The operator 
on the left is the xj/' of that article. We have, in fact, here 
before us the materials for the proof of the converse propo- 
sition there stated, that every gradient in a^, ... for 

which ip — 2w = 0 and which has xj/' for an annihilator is an 
invariant, i. e. is annihilated by 0 as well as by X2, which last 
must annihilate it as it does any function of (Xq, ag', (Xg', ... <x/. 
We remember that the facts of being annihilated by 12, and 
being of properly connected degree and weight, were not 
sufficient to assure us of its in valiancy, in default of evidence 
either that it had 0 for an annihilator or that it was integral 
in a^. We now see that as 12 and xfr' annihilate it, and as the 
relation ip 2 w holds, the annihilation by UqO, and therefore 
by 0, follows. 

Ex. 10. Prove that a^O--a^{ip-~2w) cannot annihilate any function 
which is fractional in and for which i'g—2v) is zero or positive. 

Ans. The terms of highest degree in in the expression of 
the annihilation of T must vanish. This 

gives P = 0. So ^ = 0, &c. 

Ex. 11. Any gradient in a^y ,,, ap for which vp--2w is 

positive and which is annihilated by — {ip—2w)y is the product 
of a power of and a gradient which it annihilates and for which 

ip—2w = 0. 

Ex. 12. Hence xj/' only annihilates gradients in a^, Ug', a /, ... a/ 
which are invariants or invariants multiplied by powers of a^. 
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187, Partial difiTerentiatioa with regard to , Sjj > • • • 

us replace a^, ... , by Cj,, Cy, c ^, ... , Cp, and 

also replace a; : 1 by 1 : y, thus considering the p-ic without 
binomial coefficients 

Co + <^12/ + + • • • + = Co ( 1 - ai2/) (1 - «22/) > • • (1 - 

Taking logarithms we have at once 
log (co + Cjy + Cay** + . . . + c^y^) 

y2 y3 yP yP + l 

= log Co-Siy-Sa|--8s^ - ...-Sp ^ ‘ 

Now regard Cj, ...Cp, and also Sp+i, ••• functions 
of Cq and Sg’ ••• Partial differentiation with regard to s,., 
where ?’< 1 and gives us the identity 

H ^ H H ^ ^ ^ 

\^yl _ I 

i r f>+l P + 2 *”) 

which holds for all values of y. Equating corresponding co- 
efficients on the two sides we have 

= 0, if m < r, and 

'be 1 

if m lie between r and p inclusive. 

bn,. r 

The other equations, given by the terms in 2/^^^ 
determine for us , -4 " " ’ ••• • 


Hence, if the operation upon the right be on a function of 
upon the left on the equivalent of 
that function in terms of Cq and Sg, ... 


bSy 


bCQ b ^ ^ ^ bc^ 

bSf. bCQ^ bSr bc\ bSr 


b bCp 

bc^ bs,. 


1 

r 



b b 

bCr+i 


+ ... + Cp^r 



bCp 


In particular, taking r = 1, we have 
b i b b b 


+ C„ 


, + c, 


p-l 


tic* 
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Let us now revert to our first notation, replacing 

so that § 1 , &C.J are the sums of the powers of the roots of 

(^ 0 , (x, ly = 0. 

The result obtained is that 

il A A 


+ 


r ^ 

p — 2 ^c)a. 


'd p 

2 TTT + . . . + r 




188. 12 as an annihilator of non-unitary symmetric 
functions. A more instructive conclusion is, however, derived 

by replacing c^, q, c^, ... by "• ’ 

equation of which S 2 > ••• the first ^ sums of the powers 
of the roots is 

With this notation we obtain that 


^ -h — 

c^Si 


7 ^ 7 ^ 

+ 24.-j-+3i. 


hbr 


*f ... +i>Vi 


ihti 


whose right-hand side is of the well-known form of 12. 
Our conclusion hence is that the seminvariants of 


cIqX^' + y 


P (P-^) 

1.2 


aoX‘ 


P-2 


Z + .-. + apy” 


are identical, but for the factor a^' ■where i is the degree in 
each case, with those symmetric functions of the roots of 


r I u \ p \ 

which when expressed in terms of are free from 

Reference is made to works on the Theory of Equations for 
the fact that a symmetric function 

-"•^1^2 * * • » 

of which l + in + n-h is the weight, and the greatest of 
Z, m, Ti, . . . is the least number which can be taken for i that 
upon multiplication by it may become integral in the co- 
efficients, may be written as a rational integral function of 

• • • 5 

^l+mf ^l+nf ) 

®i + m + n) •• • J 
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that, if none of m, 71,... is unity, and if the weight 
does not exceed p, does not occur, and 
eminvariant is thus obtained. 

[f, however, either of I, m, 71, ... is unity no semin variant is 
en. 

[f, even though this be not the case, the weight Z + tti + 7i + . . . 
jeeds then, though the expression in terms of and 
^i+m+n+.,, does not involve 8^, the same cannot 
said necessarily or as a rule of the expression in terms of Uq 
i 8.25 ••• y for &c., expressed in terms of 8^5 
> not free from by § 187 . 

W^hen p is infinite the case of Z + m + 71 + , . . exceeding 2^ 
is not arise. Thus in this limiting case 8^ does occur in 
i symmetric function S . aj*a2”*a3”... if one or more of 
a, 71 , ... is unity, but does not otherwise. 

Fhe seminvariants of ce^, a.2, ...) (x, y)^\ when 2^ is in- 
ite, are then what are called the ‘ non~unitary ’ symmetric 
ictions of a2, a3, ... , where 

Y12/+ *0 = (I-VJ) 

ih multiplied by where i is the degree, i. e. is the 
latest of the indices Z, 7a, 7 i., ... in the typical product of 
)ts summed, or any greater number. 

[t is from this point of view that MacMahon has discussed 
) concomitants of the binary quantic of infinite order. 

[t will of course be remembered that a seminvariant, of 
juantic of any order (a^y a^) {Xyyy\ which is only 

extent r, i.e. which involves only ... a,., is equally 

eminvariant of each of the lower quantics 
Xq, a^y ... a,) (xy yy\ {a^, ... a,., {Xy 2/)’+\ ... . 

us, in particular, when we have a seminvariant of a binary 
antic of infinite order, we have in it a seminvariant of a 
lary quantic whose order is the extent of the seminvariant 
d one of every order higher than this extent. If, in fact, 



+ 



+ 3^2 


2) 

c)ao 


+ ... to 00 


nihilates S {a^y a^y a^y a,.), then equally do 






+ 2ai 




+ 3(^2 




4 - 






^ o ^ 

0 N 4 * 2 J r 

®c)ai ^c)a2 


+ (^ + e a.- ^ 




&c., &c. 


aa,.+i 
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Ex. 13. Prove that, for any positive integral value of p, 

(ao. «1. «!!.••• «2>) (®> I)" 

/ a, a, a, \ „ 

- 2l 3l^ ■ 

Ex. 14. Prove that all the coefficients but that of t in the expansion 
in powers of t of 

log («o+ J <+ |l •••) “o 

are seminvariants in the letters a^, a^, a^, ... , fractional in a^. 


189. Generating functions. Perpetuants. Complete tables 
of symmetric functions have been calculated up to the 
weight 14 : for weights 1 to 10 by Meyer Hirsch (cf. Notes to 
Salmon’s Higher Algebra): for weight 11 by Faa de Bruno 
(cf. his Formes Binaires): for weights 12 and 14 by Durfee 
{Am. Joumialy Vols. V, IX) : and for weight 13 by MacMahon 
{Am. Jouryial^ Vol. VI). Thus a complete set of seminvariants 
up to weight 14, of which all seminvariants whatever up to 
that weight are linear functions, is known. 

It has been seen (§ 135) that the number of linearly inde- 
pendent seminvariants of weight w degree i and extent p or 
less is the coefficient of in the developement of 

(1 —x^) (1 — o;^) ... (1 —x^) 

Here make It follows that the whole number of 

linearly independent seminvariants of weight w and degree i 
of the quantic of infinite order, or of a quantic of order not 
less than the weight is 

CO. in derelopement of 

We may want also the number of linearly independent 
(or asyzygetic) seminvariants of degree- weight i, w which are 
asyzygetic with seminvariants of the same weight and lower 
degrees multiplied by powers of a^. This number may be 
found by subtracting from the number of weight w and 
degree i the number of weight w and degree i — 1. Thus it is 

CO. in developemont of ‘ 

1 

(1 (1 — iC®) ... {l—x*~^) 

_ x^ 

~ ” (l-«j2)(l-aj3)...(l-a;»)* 
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The Bame generating function is given by MacMahon’s 
theory of non-unitary symmetric functions. The non-unitary 
symmetric functions which give such seminvariants are of the 
form 2 . . . , where one at least of the indices I, ,,, 

is i, and where, as in general, none of them is unity or greater 
than and their sum is the weight. Now the type-products 
of weight w, whose summations give such symmetric functions, 
are in number equal to the number of ways in which w--i 
may be made up of or fewer numbers chosen from 

2, 3, ... i, i.e. to the coefficient of in the expansion of the 
product 

i. e. to the coefficient of in times this product, which is 
the developement of 

(1— oj^) (1 — ir^)...(l — oj’) 

The problem of the enumeration of the irreducible semin- 
variants of the binary quantic of infinite order admits of 
solution. Indeed it has been solved by MacMahon by an 
analysis of non-unitary partitions, and his conclusions have 
been confirmed symbolically by Stroh, Grace, and others. 
Irreducible seminvariants of the quantic of infinite order are 
called perpetuants, the name being Sylvester's. A perpetuant 
is a seminvariant which cannot be expressed rationally and 
integrally in terms of other perpetuants of lower degree. Of 
the first degree there is one perpetuant Of the second 
degree there is one perpetuant of each even weight, viz. 

— 4 4- 3 ~ 6 + 1 5 — 1 0 a/, .... 

For any higher degree i the number of perpetuants of weight 
^v is the coefficient of in the developement of the generating 
function ^ 

X^ -1 

(1 — (l — x^) ... (1 - a;*) * 

The mistaken idea must not be entertained that when we 
know the perpetuants of extent p or less, i. e. the irreducible 
seminvariants of extent p or less of the quantic of infinite 
order, we know the irreducible seminvariants or ground forms 
of a ^-ic. This is not the case. There may be seminvariants 
of extent p or less, which are not capable of rational integral 
expression in terms of lower seminvariants of extent p or less, 
but which are in terms of seminvai’iants of lower degree and 
extents some of which exceed p. One instance which we have 
met with will suffice to illustrate this. We have found (§ 169) 
that the seminvaiiant {ad—hc)^ — A{ac—h^)(bd^c^) is in*e- 
ducible when we are confined to extent 3, being an irreducible 
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invariant of the cubic. But (§ 170) when we proceed to extent 
4 it is no longer irreducible, being capable of being written 
{ac — b^) (ae-ibd-hS c^) — a (ace + 2 bed — ad^ — bh — c^). 

It is an irreducible invariant of the cubic, but is reducible for 
quantics of higher order, and so is not a perpetuant. 

For a synopsis of Stroh’s method of investigation (Matlie- 
matische Annalen, XXXVI), see Exx. 36 to 43 at the end of 
the present chapter. 

MacMahon has given completeness to his theory by exhibiting 
a complete (infinite) system in a notation of partitions (Proc. 
Lond. Math. Soc. XXVI). He has also enumerated perpetuants 
in more sets than one of coefficients (Gamh. 

Phil. SoG. Trans. XIX). 

Further light has more recently been thrown on the subject 
by ^ Grace, Young, P. W. Wood, and the present author, by 
consideration first of i distinct sets of coefficients, and of 
perpetuant types linear in every set. 

190. Reciprocity. By Herrnite's law of reciprocity there 
must be a strictly correlative theory to much of the above in 
which the ideas of degree and extent are interchanged. It 
has reference to seminvariants of a p-\c for advanced degrees i, 
just as the above theory refers to seminvariants of degree i for 
advanced extents 

The number of asyzygetic seminvariants of weight w of 
a 2>ic, for which the degree i is very great (or not less than 
w), is thus the coefficient of in the developement of 

1 , 

(i—x^) {i--x^) 

and the number of these which are really of extent p, so as 
not to belong to a (p — l)-ic equally, is the coefficient of x'^ 
in the developement of 

^ 

(1—05^) (l~a)^) ... (1— ‘ 

These facts may be independently arrived at. By § 163 the 
seminvariants in question are rational integral functions of 
^ 2 , i-e- (^ 0^2 9 ••• raised to the requi- 

site excess of degree over weight by the power of as 
factor. 

The theory dual to that of perpetuants has not been shown 
to be of great importance. For a consideration of it see Proc. 
Lond. Math. Soc.y Ser. 2, IV. 

^ Cf. Grace and Young^s Algebra of Invariants ; Wood, Proc. Lond. Math. Soc., 
Ser. 2, 1, II, III; Elliott, Quarterly Journal^ XXXVI, Proc. Lond. Math. Soc., 
Ser. 2, IV. 
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191. Power ending products. It has been noticed in the 
last article that the 

i. e. {lo ; w, p)—{\v —I ;w, p), 

asyzygetic seminvariants of a ^-ic whose weight is w and 
whose degree is a definite number not less than lo have a one 
to one correspondence with the 

— 00 , 2 >) 

products of weight w of i. e. with the ‘non- 

unitary ’ partitions of w. 

It is by reciprocity suggested as probable that there is 
a system of oo) _ _ 1 . qq) 

partitions of lo into i or fewer parts, i. e. a system of this 
number of products of weight io of i of 
to which there is a one to one correspondence of the 
; i, Qo) — (ty — 1 ; oo) 

asyzygetic seminvariants of weight lo and degree i of the p-iQi 
when p is infinite or not less than w. 

It is also suggested that those partitions of w, or those 
products, are the partitions or products which are exhibited 
in § 130 by aid of Ferrers* diagrams as the duals to non- 
unitary partitions or products. 

Now if we write down the diagram of a non-unitary 
product, we see that the absence of in the product is 
exhibited by the fact that the first two columns at least in 
the diagram contain equal numbers of dots. 

This tells us that in the dual product the letter of highest 
suffix which occurs is present to a higher power than the first. 

Products of this class are called by MacMahon and Cayley 
pmver ending products or power enders. Let us adopt the 
notation a, h, c, . . . of alphabetical sequence instead of the 
notation ag, ... of numerical sequence. Power enders 

are those products of some of a, 6, c, ... which, when their 
factors are alphabetically arranged from left to right, end in 
a higher power than the first. Thus ahd^, . . . are 
power enders, while aWd, c, ... are not. A power of a is 
not called a power ender. 

The whole number of products of weight of i of a, 6, c,... 
is { w ; i, od), and the whole number of non-power enders is 
the number of products which can be derived from products 
of degree i and weight w—\hy replacing the last letter in 
each, once only, by the next more advanced letter, i. e. is 
(w — 1 ; Qo). The number of power enders of the type is then 

oo) — (ty — 1 ; i, oo). 

B 


1431 
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We shall see that there is the expected one to one corre- 
spondence of these products with a complete system of 
{w ; ?*, oo) — — 1 ; oo) asyzygetic semin variants of weight w 

and degree i ; in fact, that the latter complete system may be 
derived, one from one, by differential operations on the former 
complete system. 

192. An annihilator of all gradients. Let us refer back to 
§ 180, and proceed to the limit when the order of the 
quantic there under consideration, or the extent of 12, is 
infinite. Remember, too, that though we find it convenient 
to speak of a quantic of infinite order we deal with gradients 
of finite weight, involving consequently only a finite series of 
the letters a, h, c, dj , 

We have now 

12 zz -j- 2 3 “h • • . to QD , 

whore denotes We have also 

0 =|)5S<, + (p-l)ct)6 + (^-2)tZc>„+... , 
where p is infinite, 

= + 0 c)|i, -f cZ — { c + 2 c? + 3 6 + . . . } 

= say, 

in which the result of operating with ip on a gradient of finite 
extent vanishes in comparison with that of operating with 
the infinite 

We have also r] = ip--^2w, 

which is infinite, and consequently always positive, w being 
finite. 

The limiting form for p infinite taken by the operator (2) of 
§ 180 is hence at once seen to be 

1 _ ^^12+ j, - 2 - ^ • r:^ + - • 

This then, by § 180, operating on any gradient in a, e, c?, ... , 
and in particular of course on any single product, produces 
either zero or a seminvariant of the quantic of infinite order, 
and equally of a quantic of order not less than the weight 
of the gradient. 

193. It is really most convincing and easiest to prove this 
independently, and not deduce it as the limit of something 
else. The student will have no difficulty in proving by the 
method of §§ 123, &c., that, 0 being any gradient of degree i, 

( 123 ^-^ 12 ) = 

(1232^32x2) no = 2i3l2(?, 

(123^-^312) 122(? = 3i32l22(?, 

&c., &c., 
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and by addition of properly chosen multiples of these we 
obtain the identity 


r 1 1 _ 

r i' I \ .2 




1.2.3 


= 0 , 


in which the series practically terminates, since = 0 , 

so that no doubt arising from questions of convergency 
presents itself. 

This tells us first that any gradient G is of the form X 2 jP, 
when we allow the extent of F to be greater than that of (?, 
and f 2 to be non-terminating. The limitation imposed by 
the requirement of ip — 2io to be positive in § 128 does not of 
course arise, p) being now infinite. 

The result we need follows by putting f 2 i^, where F is any 
gradient of degree ^ for G. This gives us that 


liji- 


1 ^ 

i 1 1 . 2 


1 

1 .273 



0 , 


so that, as in the last article, 


1 1 32112 1 32112 

i r 72 772 ~ p 1.2.3 


produces from any gradient of degree i a seminvariant or zero. 


Ex. 15. Prove in like mcanner that, with the (p of § 192, 

{n(p^<pil)G=2wG, 

(X2(p2-(p''f2)X26^= 2{2w-l)(pilG, 
{il(p^-<p^a)Q?G=^ B{2w-2)(p'^n^G, 

&c. &c., 

and hence that 

1 (pf2 1 

2w-2 T" {2w-2) (2i<7-3) TT2~ 

1 

— 77^ -TTT^ js - — 7,-“ 4- • . . , to w; + 1 terms, 

{2vj—2)\2w — B){2w^A)l,2,B ^ 

produces a seminvariant or a zero from every gradient of weight 2 or 

more. 


194. Two generators of all seminvariants. One to one 
correspondence of seminvariants and power enders. Now 

a gradient F which 

1 1 ^^ 2 X 22 ^ 

i 1 ^2 1 .2 

annihilates is of the form ^F\ for the fact of annihilation 
gives us 
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If then we can be sure that no power ending product can be 
of the form we shall be sure that the result of operating 
on any power ending product is a seminvariant and not 
a zero. 

Now this is the case. Take any gradient F' whatever, and 
let a,, be the most advanced letter TOich occurs in it, so that 
F' A ... 5 

where J?, ( 7 , ... are all free from a,., and do not all 

vanish. It follows that 




"b^r + l 


c)a,. 




= + + + terms free from 

Thus, B, not all vanishing, ^F^ contains necessarily 

a non-power ending term or terms; namely a term or terms 
ending in the first power 


Thus 


laa 1 
i 1 ^ I^T. 2 


which write 1 

generates seminvariants from all power enders. 

Moreover, from the complete system of 

; i, od) — (i(; — 1 ; i, Qc) 

power enders of degree i and weight w it generates a complete 
system of (w ; oo) — — 1 ; i, oo) seminvariants of that degree 

and weight. For, if possible, let the seminvariants 

8, = (1 -^0P„ 8, = S, = (1 -^ 0 ^ 3 , . 

generated from the complete system of power enders of degree 
i and weight iVy be connected by a linear relation 

+ A 262 ’b^ 3 ^ 3 + ••• = 

This would necessitate that 

+ + + ,,, = 0, 

i, e. that (1 — S'f) (A^ + A2-P2 d* ^3-^3 "b • • •) = 0, 

or AiPj-f- A2P2 + A3P34- ... = ‘ 9 ". C(AiPi + A2P2 + A3P3 + ...)} 
i. e., by the above, that 

A1P1 + A2P2 + A3P3+ ... 

should involve at least one non-power ending product. But 
it does not. 

It is then completely established that there is a one to one 
correspondence between a complete system of power enders 
arid a complete system of seminvariants, the latter complete 
system for any degree i being generated from the former by 
operation with 
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1 1 1 . 9-'*123 

~ % 1 iM . 2 “ 1 . 2 . 3 '*'■■■ ■ 

The theorem of § 193, Ex. 15 would lead to the same 
conclusion as to one to one correspondence, and afford an 
alternative generator of all seminvariants from power enders. 


194 (6^8). In proving (§ 193) that every Q is an we 
noticed that F might have to involve more advanced letters 
in the series a^, (Xg, ... than Q does. 

Another way of expressing Q as an Q.F will make it clear 
that there is always an F in which these more advanced letters 
enter, if at all, to the first degree only. 

Denote by the operator 


= 


2) a,. 





Then 


+ 






w ! 




5^0 ’ 




ri 


W - - +Q,r 

iia^ i>a„ 

^ r. ^ 

+ Qi 


(w+l) 


' ' /J/I I 


...( 1 ) 


<)a^+i ' ' wl ^(Xq 

This, we notice, annihilates any F of weight w or less. If 
then we take a © = of weight so that F is of weight 
^ -f 1, we have G = 0. 

Now 


^,Q + S1^,0 = ^0, 
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Hence, multiplying by «o i*espectively 

and adding, 

+ •••+«! = ••• ( 2 ) 

and this is a relation 0 = O^F such as desired. Letters more 
advanced than those occurring in G present themselves to the 
first degree only, if at all, in F, because xj/^aGy ^ic^iGy ... do not 
involve the more advanced letters. 

We can use the equality here proved to obtain another 
generator of semin variants from gradients. Take any F of 
type Wy iy so that XIjF, if not zero, is of type 1, iy and 
contains no more advanced letter than F does. Taking ^IF 
for G in (2), with for w, we at once obtain that 

I 1 ^ + . . . + '^1 


is annihilated by X2, so that it is a semin variant or zero. 

A much simpler form may be given to this by substitution 
for equalities (1), and use of Euler's 

Theorem as to homogeneous functions. This is 

The verification that this is annihilated by f2, because F is 

only of weight Wy is immediate. 

The generator thus provided, continued to infinity, i. c. 




1 





produces all semin variants from gradients. For the first form 
in which it was obtained shows that it produces any F 
satisfying 0 from itself. The second, and better, form 

gives the same information, as when f2F= 0 it simply yields 

for it is easy to prove that = (— Ifrl 'dF/lay, when 

ilF = 0. It does not, however, produce a complete system of 
seminvariants from a complete system of power enders ; for it 
annihilates those power enders which do not involve a^. 

The seminvariant thus produced from any gradient F cannot 
be of degree above the first in letters beyond those present 
in jF. 

Notice that if F is general of degree iy (y^^o) ^ general 
of degree i— 1. Thus we have that, if G is the general 
gradient of weight w and degree i — 1, then 
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^a^-a^a+ _l_a3i23 + ...|(? 

is a sum of arbitrary multiples of all seminvariants of weight 
w and degree i. 

Remembering § 93, we can hence derive the theorem that any 
seminvariant of weight w is the transvectant (lineo-linear 
invariant) of the ^-ic (a^, ... a^,) {x, y)^ and a 'u;-ic which 

is a rational integral function of some or all of the former 
^(/-ic and its successive a;-derivatives. (See also § 263 his.) 


ADDITIONAL EXAMPLES (MISCELLANEOUS). 

Ex. IG. A non-unitary symmetric function of the roots of an equa- 
tion of order p, i.e. one whose expression in terms of 5^, ... Sp does 
not involve , or, if p be not less than the weight 2 + + • . . , one 

2 (aj^a/^ttg”...) in which none of I, Qt, ... is unity, has its full 
expression in terms of the coefficients determinate when the non- 
unitary part of that expression, i. e. the part of it free from the 
unitary coefficient 6, is known, just as the full expression of a semin- 
variant is determinate from its non-unitary portion. {3Iac3fahon.) 

Ex. 17. Prove that 

^ -h + {ctc + ^ + bc)\ + {ae + -f ^ c^) 'df+ ... 

and 

2 Sah'd^-\-4: (ac-f -16'^)^^+ 5 (ad + bc)bf 

G (c(6 -f* hd -f* -g c^) 

generate seminvariants from seminvariants. (3IacMahon.) 

Ans. Form the alternants with the infinitely continued 12. 


Ex. 18. Every invariant / of a binary p-ic is a numerical multiple 
of the jpth transvectant or lineo-linear invariant of u and a jp-ic 
covariant 


'bl/'buQ, i.e, 


(IL 


^a. 



Ex. 19. Every seminvariant S of extent jp is a numerical multiple 

X 

of the ^th transvectant of the ^-ic u and a^-ic y^ev which 

is annihilated by ^l—yb/bx, 

Ans. Use § 194 {bis) and I2’'^N/<)a^ = (— 1)’V! 


Ex. 20. The coefficients of powers of x in the expansion of 

(“-‘7+‘’r:2-*TX3 + -) 



+ d 


1.2.3 
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where ^ is any positive integer, are all seminvariants, except such as 
are zero. 

Ex. 21. If .9^ is the infinitely continued operator defined in § 192, 
and if /Sj, are two seminvariants of degrees respectively, then 
^ seminvariant, unless it vanishes. (D* Ocagne) 

Ex. 22. Prove that 12 annihilates the product 

{a + 6(i*--2/) + ~ {x-yY+ ...} {a + 6(2/-«)+...} 

... {a + 6 (u—v) + ... } {a + 6(v— a-’) + ... }, 
where are arbitrary, and the series in brackets extend to 

infinity ; and hence that all non-vanishing coefficients in the product 
expanded by powers and products of x, z^,.. w, v are seminvariants. 

(S, Roberts.) 

Ex. 23. If /S' is a seminvariant of (a, 5, c, cZ, ...) (a;, 2 /)°°, prove that 
(2 it? .9- — i(p)S^ where the notation is that of § 192, is another semin- 
variant of the same degree, and weight one higher, unless it vanishes. 

{Cayley.) 

Ans. Cf. § 165 {bis), Exx. 16, 17. 

Ex. 24. If in any seminvariant of (a, Z>.[1, c. 1 . 2, c/. 1 . 2 . 3, . . .) (cr, 2 /)^, 
a, 5, c, d, ... are replaced by 5, c, d, e, ... the result gives the terms 
free from a in a seminvariant of the same degree and higher weight. 

{MacMahon.) 

Ex. 25. A seminvariant of (a, h, c, d, 6, ..,)(«?, y)^ is a seminvariant of 
the system 

(a, 6.1, c.1.2, cZ.1.2.3, ...) (aj, 2 /)^ 

(6, c.l, d.1.2, e.l.2.3,,..)(aj,2/r 
(c, d.\, e.1.2, ... 2/r 

&c., «&c. {MacMahon.) 

Ex. 26. If {«o, aj, ... Up} (a?, y)^ denotes 

+ p — 1) + . . . 4-p ! ap2/^ 

then the part free from in any seminvariant of 
{a©, «!, ... ttp} (.r, 2/)** is a seminvariant of {o^, ... Up} (x, 2/)*’~^ 

and is reducible if the first seminvariant is. 

Ex. 27. The seminvariant leader of a covariant of degree t and 
order tst greater than — 2 of Up} {x, y)^^^ is the part 

free from in a seminvariant of ap} {x, y)^ ; and if the 

first is irreducible so is the second. 

Ex. 28. If C is any gradient of weight to degree z and extent p, 
and if cr is the sum of its numerical coefficients, then, whatever x be, 
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Ex. 29. Hence any seininvariant of weight w and degree ^ is 
annihilated by the operator whicli is the coefficient of in the 

(3.+*>.+«'S,+»?S4+...)‘. 

Ex. 30. Referring to § 174, Ex. 22 for the notation, show that, if 

denotes r ! (v—r) ! j and 5/ denotes r 1 (p— ^ ^p-i> ••• 

^ ' da^ <)a,. 

are the same functions of 6/, ... 6/ and m as a,,, aj, ... a^ are of 

a^, ttj, ... Up and 

Ex. 31. In the same notation same functions 

of bp, ... 6o and — m as a^, a^, ... a^ are of a^, ... ap and m. 

Ex. 32. If, upon the substitution of X+mF, Y for x, y, 

{%, «x, - s) yY 

becomes (ao, aj, ag, ... a^) (A’', F)^, 

then (bp, —bp_^, bp_^, ... (—1)^'^^) (x, yY 

becomes (5/, —b\_^, b'p^ 2 y ••• {"^^YK) ^Y' 

Ex. 33. Any seininvariant of (a^, a,, ag, ... (x, yY becomes, when 

in it bp, -bp_^,bp_^, ... (~ If 5, are put tor a„ a„a„ ...Up, an operator 
which has the same effect on any function ot 

result of replacing in it 6^, ... by 6/, b'p-n ••• has on the equiva- 

lent function of a^, a^, ag, ... a^, and may be called a scminvariant 
operator. (Sylvester) 

Ex. 34. More generally, any operator obtained by writing down 
a seininvariant of the two qualities 

(a^, a^, a^, ... a^) (x, yY> (^p> ^p- 2 ’ (“"l)^^o) (^> 2/)^ 

the symbols 6 being written last in every term, is a seininvariant 
operator. (Sylvester) 


Ex, 35. Hence obtain the results (cf. § 186) that 

12 , ^.-^^ 2 , 0-%vi^2w)^f,il 

% «o 

are four seminvariant operators. 


Ex. 36. If Uj, Ug, ... a. are i symbols, and 

any product of w differences between pairs of them which is such that 
not more than p factors involve any one of the symbols, and if the 
product is expanded and multiplied by and in the result is 
put for every one of the first powers Uj, Ug, ... a,-, for every one 
of a^, a/, ... a/, and generally a^/a^ for every one of a/, a/, ... , 

the result is a seminvariant of (a^, Oj, aj, ... a^) (x^ yY degree t 
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and weight w ; and all serainvariants are linear functions of semin- 
variants which can he thus expressed. {StroL) 


Am, Such a function is annihilated by r h r , 

Otti da2 

and a sem invariant is annihilated by 12. Now both these operators 
are expressed by 


c)ai ^ *“ ^ ^ '* 


+ 3 



4- 



... +p |a/ > 





Or again, the functions lead hyperdeterminants (§ 60 dts). 


Ex. 37. If Aj, Ag, ... A,^ are ^ quantities whose sum is zero, then, 
after exi)ansion and substitution as in the last example, 

is a seminvariant of degree t and weight w, provided that w do not 
exceed p. (Sfro/i,) 


Ex. 38. If^ is infinite, or not less than and if 0), ... e. 

are the elementary symmetric functions 

2(A) (= 0 ), ^(AjAg), ^(A^AgAg), , A^Ag ... A^., 

then, when the function of the last example is expanded and expressed 
in terms of powers and products of « 3 , ... and substitution for the 
a’s and their powers made as before, the coefficients of the various 
products of e’s are a complete system of {w ; oo, ^) — (t^;— 1 ; oo, ^) 
linearly independent seminvariants of weight iv and degree (/Stro/i.) 


Ex. 39. If the numbers of powers and products of in the 

sum of Ex. 38 are diminished as much as possible by means of the 
relations in ... e. any one of which expresses that in some way 
Aj 4- Agd- ... + A^- is a sum of two sums 

^I'b ••• + A,^, A<^^j+ ••. + A,- 

each of which vanishes, the coefficients of powers and products of the 
e’s which remain are non-perpetuant seminvariants, and the number 
of perpetuants of degree ^ and weight w is the number of powers and 
products which have disappeared. (jStroh.) 

Am, Seminvariants which do not disappear are reducible in 
terms of seminvariants of lower degree, and others which are not 
syzygetic with these are not so reducible. 

Ex, 40. Perpetuants of degree i and weight w are just as numerous 
as products of and powers of them which when multiplied 

IIA , n (Aj + Ag) . n (Aj + Ag 4- Ag) ... n (Aj 4* Ag 4- ... + A,,) 
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are raised to weight lo in e-suffixes, i. e. to dimensions w in the X's. 
Here 

nX = e^-, n (Xj-f-Xg) = (X^ + Xg) (Xj-f Xg) ... (Xg-f Xg) ... (X,_i4-X^), 
&c., and V is or — 1) according as ^ is even or odd. (If ^ is 
even, two conjugate sums Xj + X 2 + ... +X„, X„ 4 .^-f Xj,^ 2 -f- ... +X^. are 
not both written in the last product.) {Stroll^ 


Ex. 41. The product IIX . 11 (Xj + X 2 ) ... IT (Xj-|-X 2 -i- ... + Xj,) is of 
weight 2*~^ — 1, whether i be even or odd. Consequently the weight 
of the lowest perpetuant of degree i is 2 *“^ — 1 . [Stroh,) 

Aois. For instance, i even gives the weight 
j * {*— 1) ... (^*+1) . 

1.2 


i+ *(*-0 . 

1.2 


— 1 Oi 

— -2- J 


1 . 


Ex. 42. The number of perpetuants of a higher weight w than this, 
and of degree is the number of solutions in positive integral and 
zero values of Pgi /^sj M 41 ••• 

2^'^— 1 + 2 p 2 + 3p3-f4/X4+ ... = w. 

Ex. 43. Deduce the generating function for perpetuants (§ 189), 

_ 

(1 — x ^) (1 — ... (1 — X **) 

Ex. 44. If, in the fl-notation of § 60 bis, 0.^, ... 0^) cl^aQa^^ ... , 

^ factors, is a sein invariant of degree so that 

v^d 2 +...+ F{e,, 0 ,, ... e,) = o, 

prove that it must be a product, or sum of numerical multiples of 
products, of seminvariants of lower degrees if F{0^y 0^, ... 0.) is also 
annihilated by a sum of some but not all of t)/c) 0 j, ... 


Ex. 45. The symbol F of every semin variant of degree ^ which 
is not a perpetuant is annihilated by the product of the 

parts of which do not contain 'b/bO^. 

Ex. 46. Conversely, if F is annihilated by this product, it is a sum 
of parts each annihilated by a sum-operator not containing b/bO^, and 
is not a perpetuant. 

Ans. Of. (Quarterly Journal, XXXVI, p. 132. 

Ex. 47. Hence also the lowest possible weight of a perpetuant of 
degree t is 2 *“^— 1 . 

Ex. 48. Show that 

is a perpetuant of this weight. {Grace») 
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Ex. 49. Prove that {^.2 + ^ 3 + ••• ••• 

a linear function of the perpetuant of Ex. 48 and reducible semiii- 
variants. 

Ans. The operating product of Ex. 45 reduces both to constants, 
and so annihilates a linear function of the two. 

Ex. 50. Show that 

^ 2 » ••• ^ i ) {^‘2 + ^ 3 + + — ••• > 

t factors, expresses a complete system of perpetuant s of degree u 

Ex. 51. If denotes 0^ + 0^+ ... zd,., andp 2 >i^ 3 ^ •••Fi tlenote 

the sums of products 2, 3, ...z* together of (jy^, .. a complete 
system of perpetuants of degree z is given by the expansion of 

(Froc. Lond. Math. Soc., Ser. 2, lY, p. 233.) 

Ex. 52. The lowest weight of a seini 11 variant of the quantic 
aQ{x—a^y) [x—a,^y ) ... (po--apy) which is not expressible as a sum of 
numerical multiples of products of semin variants of qualities which 
are complementary factors of this quantic, is 2^“^— 1 ; and 

is, but for a power of as factor, such a seminvariant for this weight. 
(Theory dual to perpetuants.) 



CHAPTEK XII 


CANONICAL FORMS, ETC. 

195. When a binary quantic (aQ, VY 

transformed by the linear substitution 

x^lX + mY, 2/ = rX + m'F, 

four constants Z, m, l\ m' are introduced whose values may bo 
assigned at will. These may be so chosen that the form of 
the transformed quantic is simplified by the absence of certain 
of its coefficients, or by relations among certain coefficients. 
The quantic is thus reduced to a simpler form without any 
loss of generality. 

For instance, we know perfectly well that by giving 
Z, m, Z', m' the values 1, — Uj/ 0, 1 the quantic is transformed 
into one wanting its second term. The quantic without 
a second term is then not a special one, but is in effect just 
as general as one with its second term present. Any binary 
quantic can be so expressed by means of a linear trans- 
formation. 

Moreover, it is to be noticed that the deprivation of 
a quantic of its second term is not something which can be 
done by linear transformation in one way only, but that 
there is a wide class of linear substitutions any one of which 
will effect the purpose. In fact, if by the general linear 
substitution (x, is transformed into 

(Aq, ^ 1 , ... {Xy F)^, we sec at once that 

A^ = + + — 1 ) V~^mV} + ... + 

in which we may give to Z, m, V any non- vanishing values we 
please, and obtain, by solution of an equation of the first degree, 
a value of m' which, going with those values of Z, m, Z', will 
make A^ vanish. The usual way of depriving a quantic of its 
second term is then only the simplest oi many ways. 

We see, in fact, that by proper choice of the four quantities 
Z, m, m' we may in general impose four conditions on the 
coefficients in a binary quantic, and still have a form to which 
the quantic can be reduced by a linear substitution without 
losing its generality. These may not be any four conditions 
we choose, for the equations in Z, ni, Z', m' which express four 
conditions may not prove to be consistent with one another. 
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In particular, for instance, we can never make four separate 
coefficients in the quantic vanish. For to express this we 
should have to make Z, m, l\ m' satisfy four homogeneous 
equations, i. e. to choose the ratios l/m, V /m, wf/m, three 
quantities, so as to satisfy four independent equations, which 
cannot be done. 

196. Definition of canonical forms. Now the binary |;-ic 
contains p + 1 coefficients. Taking 4 from this number, we 
see that no binary ^9-ic with less than p — Z perfectly arbitrary 
coefficients can be equivalent to a perfectly general binary 
p-iQ, subjected to linear transformation, but that there is 
a certain presumption in favour of one which has 3 
perfectly arbitrary coefficients, or whose coefficients involve 
^> — 3 perfectly arbitrary quantities, being equivalent to the 
general binary p-ic, which presumption must, however, in 
every case be tested before it can be stated as a certainty. 

A form of binary |>-ic whose coefficients involve ^ — 3 
perfectly arbitrary quantities, and which is proved to be 
a form to which the general binary pAo, can be reduced by 
a linear substitution, is called a Canonical Form of the binary 
p-ic. There may be different forms for the same value of p 
which have equal claims to the name canonical, but in 
practice, for the cubic, quartic, &c., respectively, one canonical 
form is chosen because of symmetry of shape and convenience 
of treatment^ and often spoken of as the canonical form. 

The case p — 2 of the quadratic stands by itself in that 
p — ^ is negative. Of course the three coefficients of a binary 
quadratic cannot be subjected to more than three conditions. 
To each of the simple forms XY a quadratic can be 

reduced in an infinite number of ways, since one of Z, m^ l\ m' 
is arbitrary. Indeed, the general binary quadratic 
ax^ + 2bxy -f ey^ 

can be given the form of any quadratic + 2 ft'XF+c'F^ 

whatever whose discriminant a'c'^V^ does not vanish. The 
like fact is true as to quadratics in any number of variables. 

197. Canonical forms have here been defined for binary 
quantics only. For quantics in more variables than two the 
definition is similar. A form of g^-ary ^-ic which is a simplest 
form to which linear transformation can reduce the general 
g-ary ^-ic is a canonical form of the 5 r-ary ^-ic, one form 
being regarded as more simple than another when of its 
coefficients a smaller number are arbitrary, or, as is the same 
thing, when its coefficients are known functions of a smaller 
number of arbitrary quantities. 
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The number of coefficients in the g-ary 2>-ic being easily 
seen to be 

(P+^) 7 - 1 ) 

(g~l)! 

and the number of constants in the general scheme of linear 
substitution being q^, the number of perfectly arbitrary co- 
efficients left in a canonical form will be 

(p + l) (p + 2)...(y + g-l) _ 

('Z-l)' 

when the degree is sufficiently great for this to be positive. 

198. The knowledge of invariants and covariants both 
aids and is aided by the determination of canonical forms of 
quantics. On the one hand, as we shall illustrate by examples, 
invariants and covariants supply information as to forms 
which are canonical and the reduction of general quantics to 
those forms, and on the other, since invariants and co variants 
of a (][uantic have relations to one another, expressed by homo- 
geneous isobaric syzygies, which hold however the quantic be 
linearly transformed, it suffices, in order to discover those 
relations, to consider the quantic and the invariants and 
covariants in simpler forms which they can assume without 
loss of generality. 

Geometrical interpretation of invariants and co variants is 
also greatly assisted by the simplification afforded by canonical 
forms. 

199. Canonical form of binary cubic. The binary cubic 

ax^ + Sbx^y + Zcxy^ + dy^ 

can be expressed in the canonical form 

In other words, constants A, /a, A', y! can be found such that 
ax^ + Zhx^y + Zcxy‘^ + dy^ = {\x + yyf + {\'x + ^lyY 
is an identity. 

A presumption in favour of this is afforded by the fact that 
the identification of coefficients of x^, x^y, xy‘^, 2 /^, on the left 
and right gives four equations for the determination of 
A, IX, a', ft'; but we have to be sure that the four equations 
are consistent and independent and can actually be solved. 
This will first be proved without any reference to the in- 
variant theory. 

With a change of notation, we have to see that p, q, a, /S 
can be found so as to make 

ux^ + Sbx^y -f Scxy^ + dy^ = p{x -f ay)^ + q{x 4- /Sy)'^, 
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i.e. SO as to make simultaneously 

P -f ? = 

pa +g/5 =6, 

= c, 

po? -f qfi^ = rf. 

The first three of these are consistent for the determination 


of p, q if 


1 , 1 , a = 0 , 

a, h 

a2, /32, c 


and the values of pa^ q ft which satisfy the second and third 
also satisfy the fourth if 


1 , 1 , h = 0 . 

a, ft, G 

a^, ft‘\ (I 


Wo have thus two equations for the determination of a, ft. 
Wo may write them 

JP< c Qb = 0 , 

and Ph -f Qc + lid = 0, 

where also P + Qa-^Ra^ = 0, and P + Q0i-Rft^ = 0. These 
are made consistent by taking for a and ft the two roots of 

the quadratic , 

^ a, b, c =0. 

b, c, d 

1, a, 

Having thus found a and ft, any two of the first set of four 
equations suffice to determine p and q. Thus the possibility 
of reducing the cubic to the canonical form is proved, 

and the means of doing it, by solution of quadratic and linear 
equations, aftbrded. 

The student should notice that there is failure to efiect 
what is desired when a, b, c, d have such specially connected 
values that the quadratic for a and ft has equal roots, i.e. 
when (^ad-bcy^-^i (ac--h^) (bd’^c^) = 0, 

that is to say, when the discriminant of the cubic vanishes, so 
that the cubic has a square factor. The canonical form for 
cubics with a square factor is not but X^Y, 

This leads to the general remark that a canonical form of 
the general quantic of any type is one to which a quantic of 
that type can be reduced when general, but not necessarily 
one to which every special quantic of that type can be 
reduced. 
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Ex. 1. Verify that 

(a — /i)® = {ad — hcY — 4 (ac — (hd — o®). 

Ex. 2. One binary cubic with general coeflicients can be linearly 
transformed into any other. 

Ans, Through as an intermediary. 

200. The reduction of the cubic to the form 
p(x + ay)^ + q(x + fiy)^ 

and thence to its canonical form -f is most easily effected 
by means of its one quadratic covariant, the Hessian 

(ac — + (ad — be) xy + (hd — c'^) y\ 

Kegard the cubic 

ax^ + 3 hx‘^ y ■h3cxy^ + dy^ 

as the transformed form obtained by the substitution 
x' = x + ay, y' = x + i3y, 
whose modulus is /d — a, fi’om the form px'^ + (jy^'^- 

The Hessian of the transformed is the Hessian of the un- 
transformed multiplied by the s(|uare of the modulus. Thus 

(ac — h-) x" + (ad - be) xy + (bd — C‘“) == (fS — a )‘^ pq x i/ 

= LH + ay) (x + fty). 

Consequently if the Hessian 

(ac — x^^ + (ad — be) xy + (bd — c') y^ 

has for its factors 

(ac - bi^) (x + ay) (x + /iy), 
the cubic must have the form 

2^(x + a2/)•^ + ^i(a; + /42/)■^ 

in which p and q may be found from the equations 
p + q = a, pad-qfl = b. 

Thus (jod- ay) and q^ (x + Py), the X and Y of the canonical 
form, are found. 

The determination of the canonical form of the binary cubic 
effects the solution of a cubic equation. (Cf. § 11, Exx. 14, 
15.) For it reduces the cubic equation to the form 

Z3 + r" = 0, 

i. e. to the three linear equations 

x+r = o, x+(or=o, z+a>2F=o. 

The student is advised to illustrate this by an example, 
e. g. to solve tan a — 3ic + tan a = 0. 


1431 


S 
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201. Concomitants of cubic in canonical form. We have 
seen in § 169 and elsewhere that the cubic 

u = ax^ + 3 hx^y + 3 cocy- + dy^ 
has, besides its Hessian 

H = {ac — 6^) + {ad — he) xy + (bd — c^) 

a cubico variant 

G = {d^d — 3 ahe + 2 h'^) + 3 {ahd — 2 4- h‘^e) x^y 

4- 3 {2¥^d — acd — bc')xy^ + (Shcd—ad^ — 2c^)y^, 
and one invariant, its discriminant 

A = (ad — hef — 4 {ac — h^) {hd — e^). 

The same functions of the coefticients and variables in the 
canonical form are ^ 

ZF, 

1 . 

Now let Af bo the modulus of the substitution which 
expresses X and F in terms of x and y, so that, in the two 
notations of § 199, 

Al' = A/jt^ — A^/x = 

We remember from Chapters II, III, that the index of the power 
of the modulus, which has to multiply an invariant or covariant 
of a binary quantic to produce the ecjuivalent of the same 
invariant or covariant of the transformed quantic, is equal to 
the weight of the invariant or of the leading coefficient in the 
covariant. Thus the information given by invariant algebra 
as to a binary cubic and its canonical form is presented in the 
four identities 

u = 4- Y \ 

II = . .YF, 

G = Ar^ (Z=^-F^), 

A = ir«. 

Of these the last tells us at once that the modulus of the 
substitution which expresses X and F in terms of x and y^ 
i.e. the reciprocal (§ 23) of the modulus of that which expresses 
X and y in terms of X and F, is equal to the sixth root of the 
discriminant. 

We have also in a clear form before us the fact that 
u, H, (?, A, though irreducible in that none of them can be 
expressed rationally and integrally in terms of the rest, are 
not independent, but are connected by the syzygy (cf. § 169) 

which is obtained by eliminating X, F and Af, Moreover, no 
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other syzygy connects them, for there is no other way of 
eliminating those three quantities. 

It is of interest to notice that we have also readily given 
by these identities the values of the p, g, a, /3 of § 199. We 

u = p [x 4 - ayY 

A'^G = X^—Y^ = p(x + ayy^ — q(x + fiyy\ 

Thus, taking the full expressions for u and (?, and attending 
only to the equalities of the coefficients of and x^y, 

p + q 

2)a + q/3 = b, 

p — q = {(thl — 3 (the + 2 

pa~-q^ = A~^ (aid — 2ac^ + b‘'c) ; 

whence 

2p = a + A - (ahl ~ 3 abe + 2 1/y 
2q — a — A ~ {ahl — 3a be -f 2 Ir ’') , 

2 pa — b + A^^ {<thd — 2ac'^ 

2ql3 = h-A~^{ahd-2ac'^ + h^-ey 
We have also X^ and F" themselves ; viz. 

(^(/ + A"' G) and (it — A (t ). 

The solutions of the cubic equation 

(a, />, r, (/) (./j, yf = 0 

in ce : y are then given by the tliree linear equations 
(uH-A-^6/)^+ (u-A'-^G)^ = 0, 

(u4-A-^C;)^ + a> (u-A-^G)^ = 0, 

(u4-A-^G)* + a>2(u-A-k7y = 0. 

202. Geometry of concomitants of cubic. Geometrically, 
taking {a, 6, c, d) (x, y)^ = 0 to represent 'three straight lines 
through a point, the reduction of the cubic to its canonical 
form is the reference to the lines which form the Hessian. 
As examples of geometrical information yielded by the 
canonical form the following are left to the student. 

Ex. 3. The cubicovariant of a pencil of three lines L, J/, N repre- 
sents the pencil L\ M\ A' which consists of the harmonic conjugate 
of L with regard to M and A, that of M with regard to A and L, and 
that of A with regard to L and M, 

Arts. It suffices to prove that A— F and X+Y are harmonic 
with regard to A + co F and X + 1 *)® F. 

Ex. 4. A, A'; if, M ' ; A, A*' are pairs of an involution, of which II 
the Hessian represents the double lines. 
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By means of the expressions for H, Cr, A in terms of 
Z, y, M' in § 201 we may readily prove the following theorem 
due to Cayley. 

Ex. 5. The Hessian, cubicovariaiit, and discriminant of ku-\-lc'G are 
respectively 

{k^-k'^A) {kG + k'Au), {k’^-k'-^AfA, 

Ex. G. If L\ M\ N' are the harmonic conjugates of L with regard 
to M and iV, of M with regard to N and Z, and of N with regard to 
L and J/, then A, M, N are respectively the harmonic conjugates 
of V with regard to M' and A', of M' with regard to and L\ and 
of iV' with regard to V and M\ 

203. Canonical reduction of binary ( 2 / 1 — l)-ic. The pro- 
position of § 199 is a case of a general one due, like the rest of 
the elementary theory of canonical forms, to Sylvester. This 
is that a general binary quantic of odd order 2n—l is a sum 
of ( 271 — l)th powers of n linear forms. 

As indicating the likelihood of this, we notice that the sum 

(Aifc + + (A., a; + + . . . + (A„« + 

or its equivalent 

2h (* + +lh (•« + + . . . +2\{x + a„yY"~\ 

is a binary (2;i^— l)-ic with no obvious connexion among its 
coefficients, which coefficients arc functions of 2n constants 
that may be chosen at will, this number 2n being exactly 
that of coefficients in the general binary (27^ — l)-ic 

We have to see, however, that values of the 2 n as and 2^’s, 
to adopt the second notation, actually exist, which make the 
sum and the quantic identical. We shall prove that the as 
are the roots of an equation of degree n, and so do exist, 
though general expressions cannot algebraically be found for 
them when n exceeds 4, and that, when the a’s are known, 
the p's are determinate by solution of equations of the first 
degree. 

For the identity 

(Uo, aj, a^, ... a2„_i) {x, yY”''^ = ft (a: + ai2/)2'‘-i 

+ ft (* + '•-* + ...+p„{x + a„yY’'-'^ 

to hold, we must have simultaneously 


Pi 

+lh 


■+ft 

= ^0, 

ft«l 

+P2«2 


. Hh Pn<^n 

= «1, 

Pi 

+ P2«2^ 

+ .. 

• +2^n0Y 

= 

ft«l"'‘ 

-'+fta/'‘ 


jL n 

. "T Pn a,j 

~ ^2n-l j 
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and to find solutions of these equations it suffices to take for 
a^, ttg, ... the n roots of an equation 

4. . . . + = 0, 

where ^i, ••• determined by the n equations 



+ 9'ian-i 

+ ?2«n-2 

+ . 

••+(7»«o 

= 0; 

«»4l 

I— t 

+ 72«»-1 



= 0, 

^n + 2 

+ '7i«,.+i 



+(7„«2 

= 0, 

^hn-1 


1 + 'Z2«2«-: 

1+ .. 


1 = 0 


and then to solve for ^^> 1 , p 2 » ••• A» the first n of the 2n 
equations of the first degree in these which have been made 
consistent. 

The equation whose roots fire a^, a.^, ... has the form 



a,..i 


..^^0 

^hi + l ) 


^hl-1 > * 


^^'n + 2 > 


) • 

. U 2 



► ^^2 ii-:} ’ • ' 


a" , 

: 


.. 1 


as is at once seen by elimination of ^n- 

For the quintic (a^ h, c, d, e^f) and the septimic 

{a, 65 e, d, e, /, f/, h) {x, yy, n has the values 3 and 4 
respectively. Thus the reduction of the quintic to a sum of 
three fifth powers, and that of the septimic to a sum of four 
seventh powers, can actually be effected algebraically. For 
quantics of higher odd orders the reduction would depend on 
the solution of equations in a of degrees above the fourth. For 
such higher cases the qu antic is proved to have an equivalent 
expression as a sum of powers, but the algebraic reduction to 
the form is not effected. 

204. Case of canonizing equation having equal roots. 
There is failure to effect the required reduction when the 
coefiicients in the (27i — l)-ic are special in such a way that 
the equation of the tith degree in a has equal roots. 

The condition for such equality of roots is the vanishing of 
the discriminant of the n-ic in a. This is of degree 2 (u— 1 ) 
in the coefficients of the 7i-ic, which themselves are of degree 
'U. in (ig, ... The condition is then the vanishing 

of a function of degree 2 in the coefficients of the 
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(2n— l)-ic. This function is an invariant, being the dis- 
criminant of what will presently be exhibited as a covariant. 
For the case of the quintic n = 3, and the invariant is of 
degree 12. 

Let us discuss the failure for the case of the quintic. If the 
cubic a^-f-g^ia^ + ( 72 ^‘h 9'3 == 6 has one root a and two roots 
equal to yQ, so that 3/3^ + 2gi/3 + g 2 = 6 as well as 

the six linear equations made consistent as above are not 
those of § 203 (with n = 3) for 7^2’ Pa* 

p + </ = a, 

pa + (^ + r)/3 = 6, 

pa^-{ (^ + 2?*)/32 = e, 
pa^ + {(/-{-S r) = f/, 

^ + (<?-}- 4 = Cy 

iM® + ((7 + 5r) =/, 

of which any three determine p, q, 

Now these give the quintic the form 

p (.'« ^ayf + q + ftyf 5 r/iy {x + fSy)\ 
i. e. 

2) {x + o/y)' + q{x + ft'ilf + ~~ { (-t' + o.y)-{xJr jiy)} {x + liy)\ 
whose form is 

p (a; 4- 07/)® -f 5 r (x 4 ay) {x 4 fSy)^ + q' {x + py)\ 

Thus the canonical form of a quintic which is special in 
that its invariant of the twelfth degree above vanishes is most 
simply written 

Z‘^4 5AATM'F\ 

in which three consecutive coefficients are wantiiief. 

O 

When a, (3, y arc all equal, it is easy to see that the de- 
generate form is 

{x 4 a%jf (a; 4 aj/)*^ 4 5 q (a? 4 a7/) 2 / 4 1 0 } , 

so that the quintic has a perfect cube for a factor. 


205. Canonical forms of quintic, septimic, &c. In the 
identity 

(a. &. c, d, e,/) {xy yf = p {x3-ayf 

4 7 (x 4 ftyf 4 r (oj 4 yyf, 
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we may write X for + and F for and 

consequently AX+fxFfor r {X'\-yy)y where A and /x are con- 
stants. We thus have as a canonical form of the general 
binary quintic + F® + (A X + F)®, 


which involves two free constants only. 


we may write it 




More symmetrically 


where X, Y, Z are connected by a linear relation without 
constant term ; or again, we may write it 

where 

0‘f ■Vy'-{-z' = 0. 

In like manner a canonical form of the general binary 
septimic is 

+ F7 + (AX + iJiYy + (A'X + / Yy ; 
and similarly for binary quantics of higher odd orders. 


206. Canonizants. In § 200 it was seen that the x + ay^ 
of the cubic have for their product multiplied by 
a function of the coefficients a certain covariant, the Hessian, 
which may be written in either of the forms 

ax H- by, hx + cy I , 
hx + cy, cx-^-dy | 
a, h, c 

h, c, d 

2 /^ -xy, 

There are corresponding facts for the quintic, septimic, ... 
l)-ic. 

The covariant whose factors are 

x + a^y, x-ha^y,... X-j-a„y 

is not, after the cubic, the Hessian, but its form is analogous 
to either of the forms of the Hessian of the cubic here written 
down. 

Eegard the equation whose roots are a^, a.^, which has 
been exhibited in § 203 ; and remember that, if a^, 03 , ... a„ 
are the roots of 

Cl” + qi + . . . + ~ t), 

then X -h a^y, X -h a2y, . . . X -h a„y are the factors of 

a;” - aj”- ' 2/ + 1 2/’** 
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We at once gather, altering the arrangement of rows in the 
canonizing determinant, that 


) ^n~l j ^^n-2 

^n+l J J ^'n-l 

^^n + 2 > ^^M + 1 > ) 

^2)1-1 » ^2n~2’ J 

= (* + Oji/) (x + a^y) a„y) 







) • • • 

“o 


^n-2 

, . . . 

«i 


«n-l 

, . . . 

^2 


«2.,-4 

, . . . 

^n-i 


««-l > 

^11-2 ) 

(l„_3 , .. 

•“o 



^n-2 ) ' ' 


^^n + 1 ) 

) 

(ifi-l ) •• 

.«2 



^^2n-4> •• 

• «■« 


Accordingly the determination of the 

x + a^y, .r + a.y, ...a; + a„y 

of the canonical expression of the {2n— l)-ic is effected by the 
breaking up of the n-ia, which is the determinant on the left 
into its n factors. 

To reduce the determinant to its other form, we best pro- 
ceed by multiplying it, according to the ordinary rule, by 
another determinant of the same number of rows and columns, 
viz. 


?/. 

iC, 0, 

0,. 

..0, 

0 

0, 

?/. 

0, . 

..0, 

0 

0. 

0> 2/, 

;f, . 

..0, 

0 

0, 

0, 0, 

0,. 

-y, 

X 

0, 

0, 0, 

0,. 

..0, 

1 


whose value is t/". Combining rows with rows the product is 

0 ,0 ,0 ,...0 ,(-i)y 


a 


n-1 
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i. e., rearranging columns, is 

+ayy, a^x + a^y , ,a^-iX +a^y 
«i« +a22/. «2^‘ + “32/ +rt„+i2/ . 


I ««-i* + a„y, «„« + ««+i2/, . . . , ((in-2^ + «2»-iy I 

The omission of the factor y'* from each side now establishes 
the identity, but for sign at most, of this last determinant 
with the first. 

The determinant is a covariant, viz. the catalecticant of the 
(2 /i--2)th emanant (§ 56, cf. also § 17, Ex. 20). In the last 
written form of determinant the convention of § 71 as to sign 
and numerical multiple will be seen to have been adopted. 
The CO variant, from the property here developed in con- 
nexion with canonical forms, is called the canonizant of 
the (2>i— l)-ic. 

To realize the conclusion by particularization let us restate 
it for the quintic only. To reduce the quintic 

{a, h, c, d, e,f) (x, yf 

to its canonical form X^-\- + form the canonizant 

ax-\-hy, bx'^cy, cx + dy 
bx + cy, cx-hdy, dx-\-ey , 
cx-^dyy (te-4 eyy ex+fy 

and break it up into three linear factors X^x + fx^y, X.^x + \jL^y ^ 
Agii' + X, F, Z respectively are multiples of these. To 
determine the multiples assume them arbitrarily. Then, by 
equating the coefficients of 5x^y, lOx^jf in Y^ + Z^ to 
a, b, c respectively, we obtain three equations of the first 
degree for their determination. 

And in like manner for the septimic, nonic, &c. 

The failing case when the coefficients are special in such 
a way that the canonizant has a square factor has been 
considered in § 204. 

Ex. 7. If the canonizant of a quintic is a perfect cube the quintic 
can be reduced to the form A^y 0, 0, 0) (X, F)"’; and all in- 

variants vanish. 

Arts, Cf. § 204, and § 28, Ex. 5. 

Ex. 8. If the canonizant of a septimic is a fourth power the 
septimic can be reduced to the form 

{A„, A„ A„ A„ 0, 0, 0, 0,) (.r, 7)’. 

so that all invariants vanish. {Booth.) 
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207. Apolarity. It will be observed that the second 
transvectant of a cubic and its Hessian, i. e. the result 
obtained when we operate on the cubic with the result of 

putting j — -- for x, y in the Hessian, vanishes identically; 

and generally that the covariant which results from operating 
on a (2 71 — l)-ic with its canonizant vanishes. The latter fact 
is clear because, taking the canonizant in the first of the two 


forms of § 206, the coefficients of 


in the result 


of operating are all one multiple of results of replacing in the 
determinant the first row by other rows. 

We express this fact by saying that a (2?i~l)-ic and its 
canonizant are apolar to one another. Two binary quantics 
of orders j) and //, are apolar when the /)th trans- 

vectant of the two, i. e. the result of operating with the former 
on the latter, vanishes for all values of a*, y. 

In particular two j?-ics are apolar when the lineo-linear 
invariant of the two vanishes. A 2 >-ic is apolar to itself if its 
invariant of degree 2 vanishes when p is even. When p is 
odd the p-ic is certainly apolar to itself. 

The fact that a (2n—l)-ic is a sum of constant multiples 
of the (2ti/-~l)th powers of the 76 linear factors of its 
canonizant, provided the latter has no repeated factor, is 
a consequence of the following theorem. 

If a binary p-ic and p'-ic^ apolar^ and if the 

p-ic has only unrepeated factors, then the p'-ic is equal to 
a sum of constant multiples of the p'th po^vers of those factors. 

Let ttj , 02 , . . . a^, be the roots of the qnic, and let v be the 
p'-ic. The expression of the apolarity is 

^2^y (^x' ^^y ^ ox' ^oy ^c^y ^ ()X'' 

Now this equation tells us that 

" ^i^-<hy)- 

But the left-hand side here is homogeneous in x, y and of 
order + Hence (b =: A — for a 

constant value of A. 

A second integration gives 


^ 


== 7/)p' tx—aoy) ; 

and here the homogeneity and dimensions of the rest of the 
equality tell us that \\i{;x—apj) — B {x — a.,yY~^'^'^, A third 
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integration, and the fact of homogeneity, give us in like 
manner 






y V C N 


A' 






+ {x - a.,yy'-»+^ + C{x- a^yy ’'->'+^ ; 

^3 — ®2 

and so on. Finally, after p integrations and repetitions of 
the argument we arrive at an identity of the form 

V =:C^{x^ apjY + ( 7 ^ {x - a^yY' ^G^{x- a^yY\ 

As an example wo have, from the fact that a (2 7i--l)-ic is 
apolar to itself, the conclusion that, whatever number n be, 
there are constants ^ 2 * ••• ^ 2 n-i dependent on a^, Ogj 
... ci 2 „_i, which make 


{x-aiy){x-a^y) ... («-a2,._i2/) = Ai{x-a^yf"-'^ 

+ ^2(a;-a22/)-”-i+ ... +^2,._i (a;'-a2„.i2/)*”-i 
for all values of x and y. There is no corresponding identity 
in the case of an oven number 2n of factors unless a^, 

... ttg,, are connected by a relation expressing that the product 
is a 27^-ic apolar to itself. 

For more on the subject of apolarlty, and in particular for 
a consideration of apolar quantics with repeated factors, refer- 
ence is made to Grace and Young’s Algebra of Invariants. 


208. Quantics of even order. Catalecticants interpreted. 
The general binary quantic of even order 2n cannot be 
expressed as a sum of n 2 nth powers. For the 2n-ic has 
271+1 coefficients, and the sum of n terms like {\x-\-\iyY^ 
contains only 2 n free constants like A, ju, which cannot be so 
chosen as to satisfy 2 a + 1 conditions. On the other hand, 
a sum of a+1 2 nth powers contains 2a + 2 free constants, 
one more than the number of coefficients in the 2n-ic. We 
should expect then that the 2n-ic can be expressed as a sum 
of n + 1 2 ath powers in an infinite number of ways, and not 
definitely in one or a few ways. That it can, and that in 
general one of the n+l powers may be the power of a multiple 
of any linear function of cc and y we like to choose, is clear 
because when n is homogeneous in X, F, and 'bn/'bX is a sum 
of 71 (271 — l)th powers, u is by integration expressed as a sum 
of n 27ith powers and a multiple of F^", Proper canonical 
forms of binary quantics of even order must not therefore be 
expected to be mere sums of 27 ith powers. A sum of n 27ith 
powers together with one additional term is, however, a form 
to be reasonably anticipated. 

Before seeking such a canonical form for the quartic it will 
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be interesting to investigate the special relation which must 
hold among the coefficients of the 27i-ic 

(a^, ai, (X 2 , ... agj (x, 

that it may be identical with a sum of n 2n\h powers. 

If we pay attention to the method of § 203 it will be clear 
that the necessary and sufficient condition is that n quan- 
tities <225 exist which satisfy simultaneously the n-\-l 
equations 



+ '/l^n -1 

-f- 



= 0, 


+ ?!«„ 

+ dA-i 

+ . 

..+q„ai 

= 0 . 

«2«-l 

+ '7ia2»- 



.■+g»«n-; 



+ '7i«2«- 

1 "h^2^2»-2 

+ . 


= 0, 


Now the necessary and sufficient condition for this is that, 
reversing the order of the columns, 



«1 . 

«2 > 

...a,, 


a. , 


... Ujj 


«3 . 

<h > 



«„+|, 




i. e. that the invariant defined as the catalecticard (§ 17 Ex- 
amples) vanish. 

Ex. 9. The binary (jUiirlic {a, b, c, d, e) (.r, yY will be a sum of two 
fourth powers if 

J = ace 4- 2 bed — ad^ — V^e — = 0. 

Ex. 10. The binary scxtic («, by c, dy e, f, g) (.r, yY will be a sum 

of three sixth powers if _ 

rt, by c, d = 0. 

by Cy d, e 

Cy dy Cy f 

d, fy g 

209. Catalecticants are invariants. It is instructive to 
notice that what we have before us affords a reason why the 
catalecticant of a binary quantic of even order is an invariant. 
Its vanishing expresses the necessary and sufficient condition 
that the quantic may have a special property, that of being . 
a sum of 71 2/ith powers, which is entirely independent of 
any linear transformation. If, in fact, the most general linear 
substitution possible in (a^, a^, a^y Vj'"' transforms 
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that 2')^-ic into ••• ^ 2 n) vanishing of 

the same function of Aq, ... A^^ expresses the necessary 

and sufficient condition for the same special property. More- 
over, the .4’s being of the first degree in the a’s, the degree in 
the a's of the catalecticants of the original and transformed 
2 n-ics are the same. The one, then, can only differ from the 
other by a factor involving merely the constants of the sub- 
stitution. The catalecticant is therefore an invariant by the 
definition (§ 3). That the factor is a power of the modulus 
has been established in general in § 23. 

The student is advised to establish that the canonizant 
of § 206 is a covariant of a binary (2 7i— l)-ic by similar 
reasoning. 


210. In § 208 it was proved that if the catalecticant vanishes 
the 2 -ji-ic is a sum of 2 ?ith powers, and that conversely if 
a 27i-ic is a sum of n 2 nth powers its catalecticant vanishes. 
The latter fact is well exhibited as follows. For brevity of 
writing the case of the quartic alone is taken. 

The catalecticant of p (x + ayY + g (rc + 


p-hq , p(t Aqfi , 2 >a^ + ql3^ 
pa-hq/S , pa- + q/3^, pa:^^q/3''^ 
pa^ + qfS^, po?-{-qA\ pa^-i-qft^ 

Now this is a sum of 8( = 2-') determinants, of which the 
first is 

p , pa , pa- 
pa , pa^ 

p)a^^ 'pa:K^ pa^ 


the other seven being obtained from this one by replacing 
'p and a by q and in one or more of its columns. 

But in every one of these eight determinants there are 
either two {p, a) columns at least or two (^/, /3) columns at 
least. Moreover, taking one which contains two (p, a) 
columns, we notice that the constituents in one of these 
two columns are either a or times those in the other of 
the two, so that the determinant is either a or a^ times one 
with two columns identical, and therefore vanishes. Similarly 
every one of the eight which has two {q^ p) columns vanishes. 
All the eight then vanish, and consequently their sum the 
catalecticant vanishes. 


211. Canonical form of quartic. We now proceed to show 
that the general binary quartic may be reduced to the canonical 
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in favour of which there is a presumption as the form contains 
one (=4 — 3, cf. § 196) free coefBcient m. 

We have to see that 'p, q, a, ^ and /x can be found so as to 
make 

(a, b, c‘, d, e) {x, yf 

= p{x + ayY + 5 (oj + ^yf + 6/x (a; + a\jf {x^iSyf 
an identity. It is not enough to notice that the number of 
free constants on the right is equal to the number of coef- 
ficients on the left. 

Knowledge that a quartic equation has four roots is assumed. 
Thus (a, &, 6*, cZ, e) {x, yY can be broken up into linear factors, 
and consequently into two quadratic factors in three ways, 
corresponding to the arrangements ( 12 , 34 ), ( 13 , 24 ), ( 14 , 23 ) 
of the linear factors. Let one of the quadratic factorizations 

+ 2 h'ity + c V) (a'V + 2 h'^aj + c''^/) . 

What we have to prove will be established if w^e can find 
v'i ? 5 simultaneously 

(dx^ + 2 h'xy + cY = p' + "2/)^ + ^2' (^ + /l2/)^ 

4- 2 h'^xy + g"'!/ = [/' (a; + ai/)^ + q'' {x + 

The six equations for finding the constants on the right, that 
this may be the case, are 

q/a + q^f^ = h\ Y'a + 
p'a^ + q't^^ = c', f = c". 

Now of these the first three are consistent for the determina- 
tion of p\ q' if 

c — h (ot -f- /3) -f- (t ct/l = 0, 

as we see by eliminating q/ three are con- 

sistent for the determination of //', q" if 

g" — V' (a 4- /3) H- a " = 0 ; 
and these two conditions are satisfied by taking 

a'c"-a'V ■" 6V'~-6V’ 
i. e. by taking for a, ^ the roots of the quadratic 

which are finite and unequal if («', h\ c', a", 6", c" are uncon- 
nected, i.e. if the quartic is general. For cases of speciality 
see § 215 below. 

We see then that the required reduction is in general pos- 
sible, and possible in three distinct ways, one corresponding 



21 1] CANONICAL FORM OF BINARY QUARTIC 271 

to each way of breaking up the quartic into two quadratic 
factors. 

The quartic in the form 

V + g + 6/x (a; 4- o.yf {x 4 

into which it is now shown capable of being thrown, is given 
the canonical form 

.Y^-f-FH6wX272 

by taking for X either ±p^ {x-\-ay) or {x + ay)^ where 

L denotes \/ — l, and for F either + {x-^ ^y) or ± tg^ {x +I3y). 

It is thus seen that m may have either of the two values 
± 0^g)~^M* Each of the three reductions above produces 
then two varieties of the canonical form differing only in the 
sign of m. The equation to be found for the determination 
of 1)1 should conse(|uently prove to be a cubic in 

We thus encounter a striking difference between the quartic, 
and other qiiantics of even order, and the cubic, and quantics 
of odd order, in the matter of canonical forms. The reduction 
of the cubic to its canonical form 4 F^ is unique. On the 
other hand, the reduction of the quartic to its canonical form 
4 F^ 4 6 7^X272 sixfold, 

212. We now proceed to exhibit the information given by 
invariant algebi’a with reference to the general binary quartic 
« = {a, h, c, d, e) {x, yf 
and its canonical form 

,Y4 + 74 + g /)iX2F2 = ( 1, 0, m, 0, 1) (X, F)^ 

Suppose that X and F, expressed in terms of x and y^ are 
Xx + ixy and X^x + fx'y respectively. Let if denote A/x' — A'fx, 
so that if is the modulus of the substitution which reduces 
the canonical form to the general, and consequently il'~^ the 
modulus of that which reduces the general to the canonical. 

By § 170 the irreducible concomitants of the quartic are, 
including itself, five in number. They are 
(1) the quartic itself 

u = (a, 6, c, d, e) {x, yf, 

(2, 3) its two invariants 

I = ae — 46d4 3c2, 

J = ace-\-2bcd--ad^ — ¥e — c^^ 
of which the latter is its catalecticant, 

(4) its quartic covariant, or Hessian, 

i/ = ; ax‘^^-2 hxy 4 bx^ 4 2 cxy 4 dy^ 

I bx^i-2cxy + dy^, cx^ + 2dxy + ey‘^ 

of which the semin variant leader is ac — b^, and 
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(5) a sextic covariant of which the seminvariant leader is 
3a6c + 2//, which, written at length by the method of 
§ 110, is 

0 = — 3a6c4- 26'^)^.®+ + 2^i6(Z— 9ac^4- 

4 * {^ahe — 1 5 acd +10}/ d) +(10 })‘^e — 1 0 ad^) 

+ ( 1 5 &C6 — 5 ade — 1 0 }jd^) x^y^ + (9 c^e — ae‘^ — 2 tide — 6 cd^) xy’^ 

+ ( 3 cde — he' — 2 d^) y^. 

The power of the modulus in the equality expressive of 
invariancy or covariancy of any one of these has for its index, 
it will be remembered, the weight of the invariant or of the 
seminvariant leader of the covariant. Thus we have the five 


equalities 

u = X'^+Y‘^ + GmXn^^ ,,.{!) 

1= + ...(2) 

J = (m — ... (3) 

11 = M''^ { m {X^ + F^) + ( 1 - 3 11 /) Xn^-^}, ... (4) 

G = ]\n ( 1 - 9 m‘^j X Y {X^ -- P). ... (5) 


The first observation made on an inspection of these equali- 
ties is that the two invariants I and J alone supply us with 
the equation for the determination of the of the six 
canonical forms, and with the values of the modulus M\ 
going with the several values of of the substitutions which 
express X and F in terms of x and y. 

Elimination of M' between (2) and (3) gives at once 

Prr/ = P (I + ••• ( 6 ) 


the cubic whose roots are the three values of m^. To each 
value of m there corresponds a value of ilP given by 


1 


...(7) 


so that with each value of m go two of M\ equal but of 
opposite signs. This is reasonable, for a canonical form is 
unaltered when we interchange X and F, but the modulus is 
changed in sign. The equation for all the values of M' should 
then be a cubic in the two values +m of m giving two 
values ±M'^ of This cubic comes at once from elimina- 
tion of m between (2) and (3), and is 


J2; 


M'lJ 


-M'* 

3M'* 




1 . e. 


(4i/''‘-J)- + 27J- = 0. 


...( 8 ) 
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The cubic for il/'-m is simpler than either that for w? or 
that for and is given by taking 


and so is 


J 

M'Hii 


-1 = 




4 (ilf ' 2 _ 7 + / = 0 , 


...(9) 


which will be recognized as the ordinary reducing cubic of 
a quartic equation. 

We shall consider this cubic further presently. Meanwhile 
let us pay a little close attention to the cubic (G) for the 
solution of which is the one which at once affords the canonical 
forms themselves. Written at length the cubic is 

(/3-27j2)^^o__(2P-f 27jr2^mH{/3-9j2)^2_72_ Q ..,( 10 ) 

The one parameter involved in it is the absolute invariant 

r/j\ 

We proceed to draw in the following article certain conclu- 
sions as to the reduction of special classes of quartics, which 
obey invariant conditions suggested by the coefficients in this 
cubic. 


213. Quartics for which I = 0 . If a quartic belong to 
the special class for which 

I=ae-ihd+Sc'^ = 0, 
the cubic for becomes 

(1 0 , 

so that the three pairs of reductions to a canonical form 
coalesce in form into a single pair, the alternative canonical 
forms being 

X^ + Y^±2lVsX^Y^ 

and being thus of imaginary shape. From (3) we find, as 
corresponding to the values of m respectively, 

so that the values of the modulus as well as of m are all 
imaginary. 

Since the relation 1 + 3m^ = 0 may be written 
1 — ^ m 

6 rib 1 ’ 

we see from (1) and (4) that the Hessian of 

X^-hY^±2iy/3X^Y^ 

is, but for the factor 

Z4+F^ + 2tv^X^F2. 

T 


1431 
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Thus a quartic for which i = 0 and its Hessian have reciprocal 
properties, each being, but for a constant factor, the Hessian 
of the other. Moreover they have, but for a constant factor, 
the same sextic covariant (?. 

Ex. 11. Prove that 

Y*+2l 73X2 72= YY-hiX-Yy 

~ 2 + 2t V3 

+ 2t v'3(x+r)“(.Y-rr} 
±2LV3{X + LYy{X^LYf}, 

thus exhibiting the connexion between the three like pairs of canonical 
forms when 1=0, 

Ex. 12, Three of the six anharmonic ratios of the range or pencil 
denoted by a binary quartic for which / = 0 are equal to —o), and the 
other three to — co^ where o) and oY arc the imaginary cube roots 
of unity. 

Ex. 13. AVheii I = 0, ~ -J./. 

Ex. 14. When 7 = 0, 

4 ^ y 4 ^ 

U-\ r II. U -f CO — r 11. W + (0^ — T H 

are perfect squares ; viz. numerical multiples of the squares of the 
j)roducts A' Y for canonical forms. 

Ex. 15. When / = 0, JiY + 4IP=—G^\ Hence also prove 
Ex. 11. 

214. Qiiartics for which J = 0. When the catalecticant 
J = acGY 2bal~ad^ — J)^e — c'^ = 0 , 
so that (§ 208) one canonical form is a sum of two fourth 
powers, the cubic (G) or (10) of 212 for is 

1)2 = 0. 

The second and third pairs of canonical forms coalesce then in 
the shape -f + 6 X^F^ 

The connexion of the different canonical forms for this case 
is exhibited in the identities 

^. 4^74 = xH(tF)^ 

~ i { (X + F)^ + (X F)^ + 6 (X + F)2 (X~ F)2 } , 

= |{ + Yf + (tX* t F)^~ 6 (X + F)2 (tX- 1 F)2}, 

= |{(X + tF)^ + (X-tF)^ + 6(X + tF)2(X~tF)2}, 
= |{(X + tr)^ + (tX+F)^~6(X + tF)2(tX+ F)2}. 
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By § 212 (2), = / goes with m = 0, and = ^/ with 

m = ± 1 . 

Ex. 16. When 7" = 0, the Hessian is, but for a constant factor, the 
square of the product of the X and Y of the canonical form X*^ Y*. 

Ex. 17. In the same case, the two expressions u + 2 I are eight 
times the squares of the products XY for the other two essentially 
distinct canonical forms, the third and fourth, and the fifth and sixth, 
of the above forms not being reckoned as essentially distinct. 

Ex. 18. In the same case, — 4/i^)// =;: (P. 

Ex. 19. The range or pencil denoted by a binary quartic for which 
J = 0 is harmonic. 

Ex. 20. So is the range or pencil composed of any two out of three 
pairs of elements which constitute what is denoted by the sextic 
covariant G. 

215. Quartica for which P = 27/^. When the coefficients 
in the quartic are such that — 27 /^ ~ q, i.c. when the dis- 
criminant vanishes, so that the quartic havS a square factor, 
one value of given by § 212 (10) is infinite, and the quad- 
ratic for the other two values of is 
(9m‘^-l)^ = 0. 

Bub we are here confronted with a cavsc in which the 
reduction to the canonical form X^ ^ is im- 

possible unless a further condition is satisfied. The value 
m — 00 would make this canonical form an infinite multiple 
of X'^Y'^y i.e. of a perfect square, and the values m= 
would make it X^ +Y‘^ ±2X'^Y'^, again perfect squares. 
Now obviously a quartic with a scpiare factor must have its 
conjugate quadratic factor also a perfect square for such 
a reduction to be possible. 

For the explanation of this we must refer back to § 211. 
If the two conjugate quadratic factors there assumed have 
a common linear factor their eliminant 

{a'c'' - - 4 {a'h" - a'G/) {b'd’ - iV) 

vanishes, and the quadratic in a has equal roots, so that a = /3, 
and the method followed fails to find a distinct X and F, and 
indeed fails to lead to any result which is not more obvious 
otherwise. And again, if one of the quadratic factors, 
+ 2Vxy suppose, is a perfect square, so that 
a' o' = it follows that p'q' {a — = 0, so that either a = ^8, 
and there is failure as before, or else either p' = 0 or (f = 0, 
which leads not to the form X*-|- F^ + 6mA'^F^ but to the 
form + 6 mX^Y\ 


T % 
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It is this form, or rather its further simplification 

which is canonical for a quartic for which P — 27 P = 0. 

The more special quantic still which has not only one 
square factor but two square factors, i.e. which is a constant 
multiple of the square of a quadratic, can, however, it is clear, 
be given the form (Z^^- F^)^ or the form (Z^— F^)^ as above. 
An even simpler form for such a quantic is GZ^F^. 

When the quartic has a cubed factor its canonical form is 
of course 4 Z^F. All its invariants vanish. 

Ex. 21. The Hessian of a binary quartic witli a square factor has 
that same square factor. (This fact is easily proved for a binary 
quantic of any order witli a square factor.) 

Ex. 22. The sextic covariant of a quartic with a square factor 
{lx-\‘myy has the factor {Ix + myy, 

Ex. 23. If a binary quartic be the square of a quadratic it must 
1)0 the same but for a constant factor as its Hessian, so that 
ac — ad — be ae •\-2bd— 3 be — cd ce — d!^ 

a 2 b Go 2d e * 

^his. 21U = '6Ju. {Cayley,) 

Ex. 21. In tlie same ease tlie sextic covariunt G vanishes identically. 
Hence also determine tlie same conditions as in Ex. 23. 

216. The general binary quartic. Wo now proceed to 
apply the equalities of § 212 to the case of the general quartic. 

A pair of canonical forms Z^+ F^ + GmA'^^F^ are not essen- 
tially distinct, the and F of one being merely the A^ and 
lY of the other. 

The sextic covariant G helps us to decide what are the 
A'” and F of each of the two other essentially distinct canonical 
forms of the same shape as one Z^ + F^ + GmZ^F^. This co- 
variant G has, § 212 (5), the Z and F of Z^-f F^ + GmZ^F^ 
for factors. E'or the same reason it must have for factors the 
Z and F of each of the other canonical forms. It is therefore, 
but for a factor free from the variables, the product of the 
three Z’s and the three F’s of the essentially distinct canonical 
forms. We are thus led to expect that Z-^ — F^ and Z=^+ F^ 
are, but for constant factors, the products ZF corresponding to 
the two other forms. 

And it is in fact quite easy so to assign k\ m\ m" as to 
satisfy the identities 

Z"4-F^ + GmZ2F2= {fc'(Z+ F)}" -f [A;'(Z- F)}^ 

+ Gm'{A;'(Z+ F)}^ {k\X- F)}^ 
= {A:"(Z+tF))^+fr(Z-.F)}^ 
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Thus for k', m' wo have only to secure that 

k'*{2 + 6m') = I, k'*(l2-l2m') = 6m, 

i. 0 . to take 

and similarly for k'\ 
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217. Reduction of general q^uartic to canonical form. Let 
us now take the simplest of the cubics of § 212, viz. (9) 

4 + / = 0. 

The solution of this affords a ready way of determining the 
X and Y of either of the canonical forms. The equations 
(1) and (4) of § 212 give us at once 


H 

“ M'^m 


= (9m-^-)X-Yi 

\ 1th ^ 


Solve then the cubic above for and, taking either of its 

roots, form the corresponding — This, but for 

a multiplier free from the variables, is a perfect square, 
namely the square of XY, Break up the square root of 
M'‘‘^itiu--H, or any convenient multiple of it, into two 
factors (jx + hy, (fx-\-h'y. The identity must hold 

n = (a, h, c, d, e) (x, yf = + 

+ Oc*'(f/aj + hy)'^ {(j x + Ityf + e {(j x + 11 y)\ 

for some values of (t\ e'. These values can be found ))y 

identifying three of the coefficients on the left with those 
which correspond on the right. Having found them, 

a'+ (r/a; + %), e ^hjx + Ity) are A^, F, and cV~l is m. 


218. Syzygy among 'a, /, /, i/, 0. That A" 7 is, but for 
a factor free from x, y, the square root of — 11, and 

consequently that the product of the three values of X Y for 
the three essentially distinct canonical forms is, but for such 
a factor, the square root of the product of the three values of 
M^^mu -- H corresponding to the three roots of the cubic for 
tells us, when taken in connexion with § 216, that 
this product 

~ I£) {M^'^in^w - H) - H ) 

can only differ by a factor free from the variables from 0“^. 
Now by the theory of equations 

+ J = 4 {z-M^'^m^) {z-M^^m^ 



278 SYZYGY AMONG CONCOMITANTS OF QUARTIC [218 

Consequently an identity must hold of the form 
kG^ + Jvl\ 

That h here is merely a numerical constant, and not a function 
of the coefficients, is indicated by the fact that and the right- 
hand side are both of degree 6 in the coefficients. To find its 
value we may either substitute for u, /, H, G their values 
in terms of X, Y, M\ m from § 212 and examine the identity 
of the coefficients of one term, say of on the two sides, 

or may notice that § 213, Ex. 15 gives us the particular form 
which the relation takes when 1=0. We thus find /c = 1. 

Accordingly the irreducible but not independent con- 
comitants u, i, «/, Hy G of the binary quartic u are connected 
by the syzygy 

G^ 

the invariants and semin variant leaders of the co variants 
being themselves connected by the syzygy 

Ia‘^{ac — h'^) — A (rtc — Pf — = {a^d — ^ahe-\-2h^f. 

These syzygios have been otherwise obtained in previous 
chapters. 

219. Canonical reduction with unit modulus. There is 
often convenience in using, not the strictly canonical form of 
a quantic, i. e. the simplest form to which the qiiantic may be 
reduced by any linear substitution, but the simplest form to 
which it may bo reduced by a substitution of unit modulus. 

If the substitution which reduces the quartic (ft, 6, e, d, e) {x, yY 
to its canonical form X^+ F^ + GmX^F^ be 

ir = /X+mF, y^VX^m'Yy 
so that Im' — Vm — in what precedes, the substitution 

(Iwf — VmY = ixf + my\ {Iwf — VmYy = ? V + in'y\ 
whose modulus is unity, reduces the quartic to 

-A- y'^ + Q mx^ y'^) . 

Thus a\x^^ + i/^) + 66 'V^ 2 /'^ = {a\ 0, c', 0, a') {x\ y'Y 
is a form to which the general binary quartic can be reduced 
by a substitution whose modulus is unity. We also see that 
c' is the M^'^m of §§ 212, 217, so that the reducing cubic of the 
quartic is the one whose roots are the three values of c. We 
may find it very easily as follows. Since the modulus is 1, 

whence, eliminating 

Ic/ 

the same cubic as that already found for 



219] CANONICAL REDUCTION WITH UNIT MODULUS 279 

We might equally have found in this way the same cubic 
for cf if all that we had assumed were that a substitution of 
unit modulus reduces the quartic to the form 

Adopting, however, the fact known as above that of and e' 
may be made equal, the equalities (1) to (5) of § 212 are re- 
placed by 

u — + + 6c'V‘^y'^, 

/= 

H = 36 *'^) 

Ct = 

whose right-hand sides arc obviously connected by a syzygy, 
as they involve only four quantities (t\ c\ x\ y\ This is 
readily seen to be that of the preceding article. 

Ex. 25. Prove that, if /r is the llc.ssian of the Hessian If of 
II' = If. 

Ex. 26. The sextic covariant G' of // is — i./6^ 

Ex. 27. Find the Hessian and the .scxtic cov^ariant of ku-^k'If, 

220. The cubic for / may be found in a different manner, 
which exhibits it in a form having its analogue in the case of 
higher binary quantics of even ordm*. 

It has been seen that the identity 

ax^ + 4 hx^yi-G cx^ 2/^ + 4 dxy^ -fey'* 

= cf (lx -f myY + e' (Vx -f m'y)^ + 6 c' (lx + myY (fx + m'y)^ 
is one which can be satisfied simultaneously with 
lin' ~Vm — 1 , 
and in fact that we may take ef = cf. 

Now operate on both sides of the identity with 

noticing that this annihilates both lx -f my and Vx -f rrVy, and 
that 

= — 4 (Zm' — VmY (lx -f my) iffx -f m'y) 
= — 4 (Zic -f my) (Vx -f m'y). 
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Equating coefficients of xy, in the results of operating 
on the left and right-hand sides of the identity, we obtain 

amm' — h {iwf + Z'm) + clV = — 2 c'll\ 
bmm' — c {Im' + I'm) 4- dlV = — c{lm' + Vm), 
cmm' — d {Im' + Vm) -f dV = — 2 c'mm\ 

equations linear in U\ Im' + Vm, mm\ By elimination of these 
we at once obtain the cubic for c' 

(L ,6 ) ^ = 0 , 

h , c — i‘\ d 
6*4 2/, d , e 

i. e. ace + 2 bed — ad'^ — b^e — — (ae — 4:bd + 3 c^) e + 4 — 0, 

i. e. J — Id + 4 = 0, 

the reducing cubic already obtained otherwise. 

Taking either root c of this cubic we can solve the linear 
equations in U\ Imf and so obtain their ratios, 

i.'e. obtain the product ll'x^ + (Im' 4 l'm)xy 4 mm\f of lx 4 my^ 
Vx + m'y but for a constant factor. 


221. Solution of a quartic equation. When a qiiartic is 
reduced to its canonical form, or to the form a'x^ 4 0 dxhf 4 e'y^, 
it is at once broken up into quadratic factors and solved. 
Two methods suggested by the articles which precede are here 
exemplified. They are not so simple in their use as some of 
those given in works on the theory of equations. 

Ex. 28. By use of § 220 solve the quartic equation 
3x^— 4a^4 24a;‘^— •16a?4 48 = 0. 

Here h, c, d, e have the values 3, — 1, 4, — 4, 48. Thus 
/= 17G, ./ = 448, and the cubic for d is c'® — 44c'4ll2 = 0, of 
which 4 is a root. The corresponding ratios IV : Im' 4 V'm ; mrrV of 
§ 220 are 1:0; — 4. The quartic has then the form 

and is in fact seen to he 

(a;42y4 2(a;-2y4 3(a;'-47 = 0, 

i.e. ((j«q.2)2 4(aj-2H { (a; 4 2)'* + 2 (a; -2)2} =0, 

i. e. (cc^44:) (3a;* — 4a;4 12) = 0, 

so that the roots are 4 2 1 and i (2 4 4 1 \/2). 

Ex. 29, To the same quartic apply the method of § 217. 

Here 

II = (3a;* — 2 cc 4 4) (4a;* — 8x448) — (— cc* 4 8cc— 4)* 

= 11x^-16x"4104x*-64x4 176. 
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Also a value of or c', is, as above, 4. Thus 

c'w~// = a;^~8x'+16 = {(aJ+2) (.k-2)}2. 

Hence the given equation has the form 

«"(a5 + 2)Hc"(.T-~2y + Gc"(:r2-4)2 = 0, 
and the solution is completed as above. 


222, There is a symmetrical expression given by Cayley 
for a linear factor of the general binary quartic u. 

If (q, tq, Cg are the roots of — = 0, it has been 

seen in § 217 that — //, e.^u~ll, cqu — // are multiples of 
squares of quadratics in the variables. 

Thus 


A V (cq u — i/) + p y (tqu — H) + v — m 

is a rational quadratic function of x and y. We seek A, p, v 
that it may be the square of a factor of u, 

A value of x/y which makes u vanish, i. c. a root of will 
make the quadratic function vanish if 

(A + p -}- r) t V H = 0, 

i.e. if A + p-fr=(). 


The same value will make its differential coefficient with 
respect to aj, i. e. 


A j /X ( ) 

V {t\u ~ H ) t ^ j v'(e2'a — H ) { ^x) 

V ( i)u '^11) 

vanish, if it make 

TVIi 

as it will do if the further condition 


ACj^ 4-pC2 + z^Og = 0 

is satisfied. 

Now these two conditions are satisfied by taking 

\ IX V 



Also nothing has been said as to which of the two quadratics 
having either c^u — H or c^u — H or c^u — H for square has 
been chosen in taking the square root; but the same signs 
have been adhered to throughout. Hence the four squares of 
linear factors of u are constant multiples of 

’/{f’i«-Xf)±(Ca-Ci) y^ic^u-If) ±(€^- 0 ^) V{c^u-H). 
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Ex. 30. Prove tliat 

(«2-0 V'[ci(c.m-//)]±(c 3 -<j,) V[c,(e.^u-n)\ 

are the squares of linear factors of the Hessian ; and that 

+ Cj//)]+(Cs,-c,) V[{k + k'c^){c^u-ll)] 

± (ci - C2) -/ [(^ + k'c^) - //)] 

are those of linear factors of hush'll. 

223. Geometry of concomitants of quartic. The invariant 
and covariant geometry of a binary quartic is a geometry of 
anharmonic properties. The student of geometry will know 
that, if p is an anharmonic ratio of a pencil or range of four 
elements, tlm other five anharmonic ratios are 

1 lip 

5 l-p, . , 1 » , • 

P 1— p p p— 1 

Some parts of the geometry have already been obtained. 
Thus (§ 213, Ex. 12) 7=0 is the condition that one an- 
harmonic ratio of the pencil or range denoted by the quartic 
be — w, and consequently that two others be also — 00 , and the 
remaining three —co^. In fact, if we take for p the anharmonic 

ratio , where a, /:#, y, h are tlie roots, and notice 

y—h a— 0 

that this is —xi/w in the notation of § 80, we obtain 
I = 2 ^^ 4 - 

= + (it + } 

so that 7=0 means, unless two roots are equal which would 
imply a further invariant condition, 

p = — CO or — co^. 

Again, 7 = 0 is the condition (§ 214, Ex. 19) that the 
pencil or range be harmonic, i. e. that one anharmonic ratio 
be — 1, and consequently the rest — 1, 2, 2. In fact, re- 

ferring again to § 80, 

7 = — — w) {w — u) (u — v) 

= -'•^^■^a^( — u — 2xv){xv — u){2'ic + iv) 

= ^haHv^{p-2){p + l){2p-l), 

so that 7=0 necessitates that p be either — 1 or 2 or 

We have at once, by elimination of aw, the equation wdiose 
roots ai'e the six values of p, i. e. the six anharmonic ratios of 
the general quartic ; namely. 
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which may be given the simpler shape 
(p^-p + lf _ 27 P 

p^p-iy HP~27Py ^ 

a cubic^ in p(l~--p). The left-hand side of this may also be 
written (p^p^i_iy 

p^p~i^2 ^ 

so that it is also a cubic in p + p"*^. 

To interpret the sextic covariant G wc remember that it 
is, but for a constant factor, the product of the A'F’s of 
the three essentially distinct canonical forms. Now, if the 
canonical form X^ + 6mZ‘^F^+ F^ is broken up into 

we recognize that ATF represents the common pair of harmonic 
conjugates of the pairs X'^ + p.Y^, X^ + pi'^Y'^. We thus con- 
clude that G represents the three pairs of common harmonic 
conjugates of pairs into which the four Victors of the quartic 
u can be separated, i. e. the double elements of the throe 
involutions which arc determined by taking the four linear 
factors of ii in pairs. 

It is clear, from tlie similarity of the canonical reduction 
(§212 (4)) of II the Hessian of n to that of 'ii itself, that G 
has the same property with regard to II as it has with regard 
to u. It has also the same property with regard to ku + ////, 
where k and k^ have any values which do not make this 
a perfect square. 

We notice the further property of G, gathering it from the 
canonical reduction, that its six linear factors occur in pairs 
XY, Z^—F’^, Z^+F^ such that either pair constitutes the 
double elements of the involution determined by the other 
pairs of elements. 

The Hessian H determines with u an infinite system of 
quartics ku + k'll, the factors of any one of which can in three 
ways be taken in pairs so as to have a pair chosen out of 
six elements constituting G for the double elements of the 
involution which they determine. For a specification of H 
itself in the system see Ex. 33 below. 

If we describe a conic through the origin, the four points in 
which it is cut again by the lines u, the four in which it is 
cut by the lines H, and the four in which it is cut by any 
ku + k'H, are vertices of quadrangles with a common harmonic 
triangle ; and the sides of this triangle cut the conic in the six 
points where the latter is cut by the six lines G, 
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For a given u, II is unique ; but for a given //, u is not, 
since to be given (1 — in § 212 (3) is to be given a quad- 

ratic for m. The two us which go with a given H in a system 
leu + k'H are apolar to one another. 

Ex. 31. Find a covariant which represents the four harmonic 
conjugates of the factors of u, each with regard to the Hessian of the 
other three factors. 

Ans. (P—3 J‘^)u + 8 IJIL To find it take the quartic in the form 
^(o(?-{-if) (jc + ay), so that /= 12a, J= — 4(a^ + l), and determine 
d, so that where II is the Hessian of the quartic, may have 

x—ay for a factor. 

Ex. 32. In terms of tlie roots of m, the quadratic factors of G which 
give the products A" Y for canonical forms are 

{h + a-(i—y, fty-ab, la{ft + y)- jiy (b + a)) {x, ijY, 
and two similar. 

Ex. 33. A quartic u is represented hy four lines tlirough the 
origin O, and a conic through O cuts the lines in A, C, D. If 
LMN is the harmonic triangle of the complete quadrangle A BCD, 
there are three of the conics having LMN for a common self- 
conjugate triangle each of which touches two pairs of sides of the 
complete quadrangle, and there is another conic with regard to which 
every one of these three conics is its own reciprocal. Prove that if 
this last conic cuts the conic (OAB(G)) in A', //, />', then the 

lines 0A\ OB\ OC' , OIY rei)resent the Hessian of 

Ex. 34. Prove that 4 xy ([P + = /x — i/Y 

is a general canonical form of = 0, suitable for exhibiting the 
geometry when two roots of = 0 are real and two imaginary. 

If fxix' = 3, to replace /x by /x' in this form gives the u' = 0 apolar 
to w = 0 in the system hc + k'II = 0, and to reidace it by — + 
gives // = 0. 

224. Higher binary quantics of even order. We now pass 
to consider briefly the reduction to canonical forms of 2 /i-ics, 
where n exceeds 2. 

It has been seen (§ 208) that a binary 27i-ic whose cata- 
lecticant vanishes can be expressed as a sum of n 2 rith powers. 

Now let u be the general binary 2u-ic, whoso catalecticant 
therefore does not vanish, and let v be any particular binary 
27i-ic with coefficients definitely chosen, either as constants 
or as functions of the coefficients in u. Let A be a constant 
free to have any value. 

Write down the catalecticant oi u — \v and equate it to zero. 
The result is, as a rule, an equation in A ; it certainly will be 
if the catalecticant of v does not vanish. This equation has 
a root or roots, i. e. there is a value, or values, of A for which 
u — Av is a sum of n 2 nth powers. 
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A right form to assume for the general binary 2 n-ic u is 
then a sum of 11 2 rith powers together with a free multiple 
of any particular 2 >t-ic v whose catalecticant does not vanish. 
The latter restriction is in excess of the requirements. 

The most natural form to assumo for the sextic would 
appear to be Yc ^ + xX‘^ Y^^Z^ 

but the reduction to this form has not, as a matter of fact, 
been effected. 

The octavic, however, as we shall presently see, has been 
brought by Sylvester to the corresponding form. 

4. 78 ^ ^8 + 8 + X X^Y^Z-^ W‘\ 


225. The binary sextic. The usual canonical form for the 
sextic is 

p {X + Yf + q {X -f a)F)« + r {X + o>^Yf + ^ {X^ - Y% 
or, putting x\ y\ z' for X+Y, w (X+wF), (o'^ {X + (jo^^Y) respec- 
tively, 

+ qi/^ + rz'^' + A x'l/z' {y' — c') (3' — x') {x' — y% 

It contains one supcrHuous constant. Thus we may hope to 
express the sextic in the form by a transformation of modulus 
unity. 

Wo seek A" and F that 

{o, I), e, (I, e,f, fi) (x, yf 

= p(X+Yr‘ + q(X + wY)^ + r{X + <o^YY' + ,x{X''- F") 

may be an identity. Suppose that 

+ 3 b\c^y + Sc'xy^ + d'y^ = X'^ H- F‘^. 

Then, by § 46, the modulus being unity, we have also the 
equivalence of operations 

, , A3 A3 ___ A3 A3 

~ ^F^ “ jiX>' 

Operate with the left-hand side here upon 
(a, b, c, d, ej, (j) {x, yf, 

and with the right on its supposed equivalent in terms of 
X and F. Remembering that 

(SF - S) = ”• ( jF - h) <^ + •»') = “• 

we see that the result on the right-hand side is 
~-120f>t(X3+ F3), 

which is the same as 

— 1 20/x (aV + 3 6 V 2 / -f 3 c'xy^^ -f d'y^). 



286 CANONICAL FORM OF BINARY SEXTIC [225 

This is exhibited as the equivalent of another cubic in x and 
y. Equating the coefficients in the two, we have at once 

a' d — 3 b' c +3 c'b — d'a = — a V, 
a' e — 3 b'd -f 3 c'c — d'b = — b'yi,, 
a'f—3b'e +3c'd — d'c = —cVi 
a' fj — 3 iy +3 c'e — d'd = — d'fx, 

which are made consistent for finding the mutual ratios of 
a\ b\ d, d' by choosing ^ so as to satisfy 

d + ix, (‘ ^ b , a =0, 

f ^ + r* 

!) j y ) ^ M 

i. e. by solving a quartic equation ; so that there are four such 
values of fx. 

Substitute one of those values of jut. The ratios a' : h' :c' \ d' 
are at once determined by any three of the linear equations 
made consistent. It is now a matter of the solution of a cubic 
equation to split up 

+ 3 Vx^y + 3 exy^ + d'y^ 

into its three factors, which must, but for constant multipliers, 
be the X+ F, X + (oF, X-f co^F. 

Now we have secured above that X^+ F^ is apolar to 

((f, h, c, d, ej, g) (x, ?/)«-^ (X''- 7«). 

This latter then is of the form 

2) (X + F)« + g (X + coYf + r (X + (o^-F)« ; 
and p, q, r can be found by identifying three coefficients when 
both forms are expressed in terms of x, y. We have thus 
proved the canonical form valid, and shown how to find it. 

The coefficients of the canonizing quartic equation in /x 
must be invariants, as their property is quite independent of 
any linear transformation. The equation is in fact 

d, c, h, a +|(uy--G6/+ 16ce — 10(i2)/x2 + |jLi^= 0, 

e, 0 , b 
/, e, d, c 

g. /, d 

whose coefficients are the catalecticant and the quadric in- 
variant. 

It will be seen that the four values of y, go in pairs 
±Ml» ±f^2* 
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226. Another useful canonical form of the general binary 
sextic is ^ ^ 0, 1) (X, F)". 

It suffices to show that linear transformations exist which 
deprive the sextic of its second and penultimate coefficients. 
After the application of one of them we can make the first 
and last coefficients unity by a further substitution of some 
AZ,,xF for Zand F. 

Apply the transformation 

X IX + mY, y X +Y 

to the general sextic 

u = (a, h, c, d, e, /, g) (x, 

The coefficients of A'^'^F and ZF^ in the transformed sextic 
will both vanish if 

m(al^ 10c^^+ lOdl^ + 5el+f) + + lOdP 

-}* 1 0 cV ^ ~ 0 , 

and 

I + 5 4- 1 \ 4* 560//. 4-/) 4- bm'" 4- 

4- lOdiii'^ 4- I Ochi^ 4- 5 fin 4- (J = 0. 

These two equations will in particular bo satisfied if 
I — in and (t/, ?/, c*, d, e, t\ g) [I, 1)’' = 0 ; 
but the transformation thus led to is unlawful, because the 
modulus I — in may not vanish. In the equation for I found 
by eliminating in the factor (a, b^ e, d^ c,f, g) {I, 1)^ will occur, 
and must be discarded. 

Now the elimination of in gives 
{al ■\-bjbl-\- c, (i 4- d, dl + e, el + /, fl 4- g) 

(bP + 5 + . . . 4- i/, - aP f = 0, 
an equation of the 26th degree ; and on removing the super- 
fluous sextic factor one of degree 20 remains. Changing sign, 
this begins with 

{cdf—5a^be + lOcPU^d— 10a6*'^c4- 46®) 

The leading coefficient is then a seminvariant, the of § 163. 

In fact, the whole left-hand side of the equation of degree 
26 is the result of replacing x^ y by Z, 1 in a numerical 
multiple of 

^x^'by^^ 'bx^'by^' Tix^y^' 'bx^ * 

which is a covariant of the sextic u, being written down as 
an invariant of its first and fifth emanants. Its leading 
coefficient is a numerical multiple of aA^, so that (§ 111) u 
itself is a factor of the covariant, and the remaining factor is 
a CO variant of order 20 led by 



288 


CANONICAL FORM OF BINARY SEXTIC [226 

By the fundamental theorem of Algebra the equation in I 
of degree 20 has roots. Any one of these may be taken for I ; 
and then the first of the two equations in I, m gives uniquely 
a second of the 20 as an m which goes with the first I in 
satisfying our requirement. 

Since = {m — l)Y, and x — my = {l — m)X, a sextic is 

reduced to the desired form by taking for the new variables 
any linear factor of the 20-ic covariant and a uniquely corre- 
sponding second factor. The factorization is not algebraically 
practicable; but the lawfulness of the canonical form is not 
thus prejudiced. 

Stephanos and Brill, following other methods, have made 
the reduction of a sextic to the desired form depend on the 
solution of quin tic and lower equations. 

Ex. 35. The general binary jp-ic can be deprived of second and 
penultimate coefficients by taking for new variables any first and 
a corresponding second factor of a (/>— 1) (p— 2)-ic covariant led by 
the seininvariant of § 103. Treat the problems of §§ 199, 211 
as particular cases. 


227. The binary octavic. The canonical form of the 
octavic (a^, (fj, ... (.r, yY is 


where F, W are linear in x and y. The form is certainly 
lawful by § 224. We have to see that k and the product 
XYZW = {lxX + ii\y) {hx^vi.^y) {l^X’\^m^y) 

= \a', y, d\ e) (.*, y)*, say, 
can be found. 

The operator [a\ d\ e) —^/^xY annihilates A®, 


F®, as is clear, since (j'^ + = 0.* We 


can further see that the same operator produces from 
X^Y^Z^W^ a constant multiple of XYZW, To do so affords 
a good example of the use of the concomitants of a quartic. 

We have to see^ in fact, that 


(«', h', c', d', e') {(«', c', d', e') (x, y)*}^ 

is a constant multiple of (a', b\ c\ e') (x, yY, 

The expression is a co variant of the quartic by § 47. 
Its degree in the coefficients of the quartic is 3, and its 
order in the variables is 4. Now, referring to the complete 
list, § 212, of the irreducible concomitants of the quartic, we 
see that these, u, J, /, //, G, are of degree-orders (1,4), (2, 0), 
(3, 0), (2, 4), (3, 6), and that the only covariant of degree-order 
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(3, 4) which can be formed by combining them is the product 
lu of the first two, i. e. is a constant multiple of u or 


(a', V, c\ d', e') (x, yf. 

The result of operating with {a\ h\ d\ t') 

u 

on the identity of the octavic and its canonical form is then 
the production of an identity 


{a\ h', c', d\ e') - 5^) • K. <h> ••• ^s) (*. 2/)® 

= y'{a',b',c',d',e'){x,yy 

of two quartics, jui' being a constant qu^ x, y, namely a nu- 
merical multiple of the product of \ and the invariant I of 
the quartic on the right. Let us write 8 . 7 . 6 . 5 . /x for /x'. 
We obtain, by equating coefficients of x'hj, xy'\ y^ on 
the two sides, the equations 

a ' — 4 + 6 — 4 tVa^ + = a^ixy 

a' a ^ — 4 + 6 c'a.^ ~ 4 cVa.^ 4- ea^ = 

— 4 J/a^ + 6 c'a^ — 4 dfa^ + = f//x, 

a'a,^ — 4 h\iQ 4 6 cfdr^ — 4 dfa^ 4 ea.^ = c^/x, 
a'ci^ — 4 4 6 c^Uq — 4 dfur, 4 = e'/x, 

which are made consistent for determining a' : h' : c •. df i e' 
by taking for /x one of the roots of the canonizing quintic 
equation 



^3 

«2 

J 

«1 J 




rt. 

J 


a 



«4- 


^3 

a. 

^7 5 


«'5 

J 


a. 


Cl>j , 

«0 

> 

«5 

a. 


a quintic all whose non-vanishing coefficients are invariants 
of the octavic. 


228. General binary 2')i-ic. The success of the method 
adopted with variations in §§ 220, 225, 227 for the canonizing 
of a 2 n-io. depends on the knowledge, for the cases ti = 2, 3, 4, 
of an auxiliary 7i-ic covaj’iant V of an 7i-ic 

(^0 » ^1 > • • • ) (^7 y )^ — ^ 1^2 • • • 

which is such that the derived 7i-ic co variant 


«, «/,.,.«/)(—, - ^ ) { (tto', a,', . . . a/) («, yf . V } 
is of the form 

2 /)". 

where A; is a function of cq' ... a/ only. 

u 


14Si 
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If in the case of any higher value of n such a covariant V 
of the 7 i-ic can be found, then the method of the preceding 
article will establish that the general binary 2n-i(i has the 
canonical form 

+ X, + AXi X^ . . . X, . F, 

where Fis this covariant of XjX 2 ... X,j, and fx, a determinate 
constant multiple of A, is any one of the roots of the canoniz- 
ing ( 7 i 4 -l)-ic equation, all whose coefficients are invariants, 
and which for odd values of nis s, ^{n+ l)-ic in only, 

1 5 ^ n ~2 ) j ^^0 — 

1 

^^*+1 » 

lb 

1.2 

+ i ^11 + 1 ) 

5 > ^^2n-‘2 ) • ‘ ~ 1) V 

That the terms other than AXjXg ... X„ . F in the canonical 
form are 27^th powers of factors of X, X^-'-^n will follow 
from the fact that we have made . . . a/) {x, y)’* apolar 

to the difference of the 27i-ic and a constant multiple of 

O (x, yyw. 

229. The ternary cubic. For the reduction to canonical 
forms of ternary and quaternary quantics works (e. g. Salmon's) 
on geometry of two and three dimensions should be consulted. 
The case of the ternary cubic is alone considered here. 

The canonical form, due to Hesse, of the general ternary 
cubic is X^+Y^ + Z^ + 6mXYZ. ...(1) 

To this form can be reduced by linear transformation any 
cubic whose discriminant (§ 15) does not vanish. The number 
of free constants (= 3 x 3 -h 1) in the form is the same as that 
of coefficients in the general cubic, a fact which indicates the 
likelihood of the correctness of the form. 

But in proving the correctness we shall have to assume that 
the discriminant is different from zero, i. e. shall have to 
exclude from the conclusion the special classes of cubics which 
are called singular. We shall see that there are two classes 
of singular cubics, a class of nodal cubics for which the 
canonical form is 

X3+F3+6XF.Zr, ...(2) 

and a class of cuspidal cubics for which it is 

X*' + 3F2^. 


...(3) 
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Let US first consider a singular cubic u, i. e. one of vanishing 
discriminant. Because the discriminant vanishes, 

'bu/'^y, 'hn/'bz can be made to vanish simultaneously by 
giving to a;, y, z suitable values not all zero. Suppose that 
they vanish for values of a?, ?/, 0 which make 

aj' = Xx^-iiy^-vz = 0 , and y^ + ^ly -{‘V z = 0 , 

then, if by linear transformation we express iv in terms of 
x\ y\ 0 , we must give it the form 

{ax' + by' cz) x'"^ + 2 {a' x' + h'y' + c'z) x'y' + {a" x' + h"y' + c"z) y'"^, 
i. e. + 3 Bx'hj' + 3 Cx'y'^^ + Dy'^ + {cx'"^ + 2 c'xy' -f- c"y''^). 

Two cases now arise. The quadratic cx''^ +2c'x'y' c'y'"^ may 
either be a product of two different factors, or a square. 

In the former case let XFbe the factors. The form arrived 
at may be wu’itten 

A'X^ + 3 B'X^Y-\- 3 G'XY^ + ir Y'^ + a' F, 
i. c. A'X^ + D'Y'^ + (0 + 3 B'X + 3 C'Y) X F, 

i. e. with a change of notation, 

X^+Y'^ + QXYZ. ... ( 2 ) 

In the latter case let F‘^ be the square. The form arrived 
at may be written 

A'x'^ + 3 B'x'^Y+ 3 (7VF2 + D'Y^ + zY\ 

B' 

or, putting X for a;'+ ^ F, 

A'X^ + 3 C:'XY^ + D"Y^ + zY\ 
i. e. A'X^ +Y^z + 3 G"X + D''Y), 

or, with a change of notation, 

X''' + 3F2^. ...(3) 

Having thus obtained canonical forms for the two classes of 
singular cubics, we proceed to show that any cubic which is 
not singular can be given the canonical form (1). This will 
be shown by proving that, starting from any one cubic of non- 
vanishing discriminant which can be given the form, we may 
pass by infinitesimal gradations through a succession of cubics 
which can be given the form to any cubic of non- vanishing 
discriminant whatever. 

Take u = X^+Y^-hZ^ + 6mXYZ one such cubic, X, F, Z 
being given linear functions of x, y, z the variables in u. 

Since the discriminant does not vanish, ^ cannot 

ox oy oz 

be made to vanish by any values of x, y, z not all zero. Con- 
sequently X, F, Z cannot be made all to vanish by any such 

u 2 
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values of x, y, z. In other words, X, Y, Z are linearly inde- 
pendent. Moreover, cannot vanish, as otherwise u 

would break up into three linear factors, and its discriminant 
would vanish. 

Now give to Z, F, Z, and to m, increments 

and /X, where 63 , Ci, C 25 Cjj Vv M infinitesimal 

constants. The increment of u is, by differentiation, 

3 {X^ + 2mYZ) ^ + 3 (F2+ 2m^Z) r? + 3 (^ 2 + 2mZr) C 

+ 6/xZ7Z. 

This may be identified with the most general cubic in Z, F, Z, 
with infinitesimal coefficients, by choosing 6 ^ , . . . Ci ? • • • j > • • • 5 

to satisfy ten linear equations which are at once written down. 
It will be found that the values determined by the equations 
all have l + for denominator; and this, as seen above, 
does not vanish, so that there is no failure. Moreover, as 
Z, F, Z are linearly independent linear functions of x, z, the 
most general cubic with infinitesimal coefficients in Z, F, Z 
is also the most general cubic with infinitesimal coefficients 
in a;, y, 0 . Thus any cubic with coefficients infinitesimally 
differing from the chosen one, which has the form 

Z^+FHZ^ + emZFZ, 
can itself be given the form 

(Z + 0^ + (F+r]f + (Z+C)^ + 6(m + M) (Z + a (!"+>)) (^+0- 

Wo may pass by an infinite succession of stages like the 
above to any cubic of which the discriminant does not vanish. 
We have only to secure that in the course of the passage we 
do not pass through a cubic whose discriminant vanishes. 
And, as we can so control at each stage the relative rates of 
change of the various coefficients that a particular relation in 
the coefficients (discriminant = O) shall not become satisfied, we 
are sure that any cubic of non-vanishing discriminant can be 
thus in the end attained to. If confined to the real in our 
passage we could not of course pass from discriminant positive 
to discriminant negative without passing through discriminant 
zero. But we are not so confined.^ 

Thus any non-singular cubic can be given the canonical form 
X3+F2 + ZH6mZFZ, ...(1) 

as stated at the outset. 

* For instance we can pass from F (a:, y) = c to F(a;, y) = — c without having 
to pass through F(x, y) = 0 by first passing from c to c + td, keeping c constant, 
then from c + id to — c + i<^, keeping d constant, and then from —c + td to — c, 
keeping — c constant. 
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It will be noticed that 

AX^ + BY^-^CZ^^^DXYZ ...(4) 

is a semi-canonized form which includes the canonical forms 
both of non-singular cubics and of nodal cubics. For the 
latter one of B, C is zero. Cuspidal cubics are, however, 
exceptional even to this form, or only included if we allow 
two of X, F, Z to be the same. 

229 (bis). BcvsidOvS general, or non-singular, and singular 
ternary cubics, there are also degenerate cubics, which &eak 
up into factors. Cubics which break up into three linear 
factors can be given the form 

XYZ, 

which is included in (4), if the factors are linearly independent, 
or again the form 

X3+F3 + ^3-3XF^, 

which is included not only in (4) but in (1). If the factors 
are not linearly independent we have the form 

X^+Y^ 

which comes under (4). In particular, if the factors arc all the 
same, we have X'^ Cubics which break up into a linear and 
a quadratic factor may be given the form 

X(X2 + Fir), 

which comes under (4) ; for a ternary quadratic can be given 
the form X^+YZ with any X we choose, as we know from 
the reference of a conic to any chord X and the tangents at 
its ends. 

Thus of ternary cubics, general, singular, and degenerate, 
only cuspidal cubics, and degenerate cubics X^F with two 
but not three factors tlie same, are exceptional to the form (4) 
with X, F, Z independent. 

Ex. 36. Apply this method to show (§ 199) that X^-{- is 
a canonical form of the binary cubic, and (§ 2\\) X* + QmX'^ Y’^ 

one of the binary quartic. 

230. Catalecticant of ternary quartic. We conclude this 
chapter with a theorem due to Sylvester as to the impos- 
sibility in general of a reduction which a mere counting of 
the constants might lead us hastily to assume possible. This 
will illustrate the necessity of a care which in much that has 
preceded may have seemed superfluous. 
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The general ternary quartic 

{a, h, c, {x, y, z)* 

contains fifteen (= l + 2 + 3-f4 + 5) coefficients ; and the sum 
of five fourth powers 

2’'li {lrX+m,y-\-n,zy 

contains exactly the same number of constants, which may be 
chosen at will. 

It would then be expected that a canonical form of the 
general ternary quartic would be a sum of five fourth powers. 
But this is not the case. The fifteen coefficients in the sum 
of powers are, as we shall see, connected by a relation, which 
must consequently also connect the coefficients in the ternary 
quartic for the reduction to be possible. 

The fact is akin to that of §§ 208, 210, in which, however, 
there is nothing in the same way paradoxical, as in the sum 
of two binary fourth powers the number of constants is 
obviously one less than in the general binary quartic. 

The function of the coefficients in a ternary quartic which 
must vanish that the quartic may be a sum of five fourth 
powers is an invariant, called in analogy with the catalec- 
ticant of a binary quartic its catalecticant, i.e. is the eliminant 
of its six second partial differential coefficients, which are 
linear functions of yz, zx, xy. Let us use a triple 

suffix notation according to which where + 8 + ^ = 4, is 
the coefficient in the ternary quartic of the term hy^iX^'y’^z^ which 
occurs in the expansion of {x + y-^z)^ by the multinomial 
theorem. The catalecticant is 
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The same function of the coefficients in [lx + my + nzy is 
Pm Pn P7}P Pmn Pn^ 

Pm Pm^ Pmn PiP lin-n ImiP 

P ii Pm7i Im^ 71 ImrP hP 
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in which it will be noticed that the columns are respectively 
In, m^, mn, times the one column Im, In, 
n^. The columns are then identical, but for different 
multipliers applied to them severally. 

For the sum of five fourth powers the catalecticant is 
a determinant, obtained from that last written by writing 
for each constituent in it a sum of five like ones obtained 
by giving to I, n, or such of them as occur in it, the 
suffixes 1, 2, 3, 4, 5 in succession. 

Now the determinant thus obtained is a sum of 5^ deter- 
minants like the last written, except that the constituents 
have suffixes, which in any one of the determinants are the 
same in any column, but not, except in the case of five of the 
determinants, the same in all columns. All possibilities of 
applying the suffixes 1, 2, 3, 4, 5 to columns, one suffix to 
each, in fact occur in different determinants of the whole 
set of 5®. 

But there are six columns and only five suffixes. In every 
one of the 5^' determinants there must therefore be at least 
two columns with the same suffix. By the above, then, every 
one of the determinants contains two columns which, upon 
removal of factors such as two of L^, nin, n^ for some 

suffix or other, are identical. Every one therefore vanishes. 
Consequently their sum, the catalecticant of the sum of five 
fourth powers, vanishes. 

231. The student will easily convince himself in like 
manner of the following facts. 

The quaternary quartic (a, ...) (x, y, t, u)^ contains thirty- 

five coefficients, and the sum of nine fourth powers of linear 
forms contains thirty-six constants, apparently one more than 
is necessary. Yet a quaternary quartic cannot be expressed 
as a sum of nine fourth powers unless its catalecticant, i.e. the 
eliminant of its second partial derivatives, vanishes. For ten, 
the number of these derivatives, exceeds nine, the number of 
squares. 

The quinary quartic {a, 6, ...) {x, y, z, u, v)^ contains seventy 
coefficients, and the sum of fourteen fourth powers of linear 
functions of x, y, z, u, v contains seventy free constants. Yet 
a quinary quartic cannot be written as a sum of fourteen 
fourth powers unless its catalecticant vanishes, since 15 > 14. 



CHAPTEE XIII 


INVABIANTS AND COVARIANTS OF THE BINARY QUINTIC 
AND SEXTIC. 

232. The study of the binary quintic and its concomitants 
has been carried to a high degree of completeness by in- 
vestigators, among whom Hermite, Cayley, Sylvester, Salmon, 
Clebsch, Gordan, and Fa^ de Bruno should be named. The 
present chapter contents itself with calling attention to the 
main facts, and some of the simpler applications thereof. It 
is beyond the scope of an introductory treatise to give a full 
synopsis of the mass of results at which the theory has 
arrived, or to endeavour to reproduce in outline more than 
the most elementary of the investigations which have pro- 
duced those results. 

The three absolutely independent invariants of lowest 
degrees have been encountered in previous chapters, and are 
of degrees 4, 8, 12 respectively. Any other invariant is 
a function of these by § 30 : but there is a fourth of degree 18 
(§ 114, Ex. 22), discovered by Hermite, which is iiTeducible 
in that it is not a rational integral function of them, but 
is connected with them by a syzygy which will be exhibited 
later. A method by which the existence of the syzygy is 
proved has been noticed in § 143. 

The whole number of irreducible covariants and invariants 
of the quintic, the quintic itself being counted as one, is 
twenty-three, a number which the arithmetical method by 
analysis of a generating function, whose beginnings have been 
sketched in Chapter VIII, has been successful in indicating. 
The honour, not only of pointing out the number, but of 
exhibiting symbolically the concomitants themselves, is 
Gordan ’s. Their explicit forms have been investigated in 
Cayley’s second, third, fifth, eighth and ninth memoirs on 
quantics. 

233. Canonical and semi-canonical forms. For the detailed 
study of the quintic much use has been made of the form to 
which it may be reduced 

aX^ + bY^ + c'iX+Yf, 
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or, say, aX^-^bY^ + eZ^ 

where X+Y+Z=0. 

One of the three coefficients i, c may, in accordance with 
§ 205, be taken as unity ; or, if we allow a, i, c to bo all 
arbitrary, we may suppose that the modulus of the substitu- 
tion wffiich reduces the general quintic to the form is unity. 
Chapter XVIII of Salmon’s Higher Algebra gives the forms, 
symmetrical of course in a, 6, c and in X, F, Z, of the con- 
comitants for this symmetrical shape of canonical form. 

A very convenient canonical form is Hammond’s 

+ 5 h'x'^y' + 5 ex'g^ + 2/'^, 
i.e. (1, h\ 0, 0,6;', 1) (x\yy, 

in which the two end coefficients are units and the two middle 
ones zero. He uses more the form 

(a, 6, 0, 0, e,/) (x, yf, 

which contains too many free coefficients to be properly 
called canonical, but to which a substitution of unit modulus 
reduces any quintic, and which has the advantage of not 
excluding some special classes of quintics, whose coefficients 
obey invariant conditions, to which the more restricted 
canonical form does not apply. 

We must see that the reduction to this form is possible. 
Take the quintic in the form 

aX'> + hY^- + c{X+ F)^ 

from which the most general linear substitution produces 
a {lx -f niyf 4- h {Vx -f myY ■\-g{(1-\-V)x+ {m + m') y } 

In this the coefficients of lOx^y"^ and lOx^y^ are 
+ hl'^m'"^ 4- c (Z + Z')^ (m 4- rti'Y 
and al^m^ 4- 4- c* (Z 4- V)^ {m 4- 

Adding and subtracting, we find that these will both vanish 
if Z, l\ m' satisfy the two equations 

{ aPm^ 4- (Z + Z')2 (m 4- ni'f } {I ± rn) 

4- { + c (Z 4- I'f ('rn 4- } (Z' + m') = 0. 

Now, since 

(Z — m) (Z' 4- m') — (Z 4- m) (I' — m') = 2 (Zm' — Z'm) ^ 0, 
these are the same as 

aPm^ = = — c (Z 4- Z')^(m 4- m')^ 

i. e. 4: a^lm = + h^Vm' = (Z 4- V) 4- 

which suffice to determine IjV and m/wl\ whence Imf = 1 
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derives Im and Vm\ leaving still one of Z, m, l\ m' which 
may be assigned arbitrarily. 

In ease (cf. § 204) the assumed reduction to the form 

Yf 

is impossible, there is as a rule no exception to the reducibility 
to Hammond’s form. In fact it has been seen in § 204 that in 
the ordinary special case, when /3 = y only, the special form 
ax;^-\‘5exy^ 

is assumed, which is the case of Hammond’s when h as well 
as c and d is zero. This is the case when 7j2» irreducible 
invariant of degree 12, vanishes. 

In the more special case, when a = /i = y, we saw in the 
article referred to that the form 

X'^ {a' 4- 5 h'xy +10 cy^) 

is taken, and this, if we take for a new 2/ one of the factors of 
a' x' + 5 Vxy ^ 1 0 6‘'2/^ becomes 

a;^(56it*2/+ lOcj/^). 

This is the one case of exception to the general applicability 
of Hammond’s form. 

It might be thought from mere counting of the constants 
that it would be possible in general to make the coeflScient of 
x'^y as well as those of xi^^y^ and xhf^ vanish. It will be seen 
later, however, that this can only be done when an invariant 
condition In = 0 is satisfied. That it can be done when 
In = 0 has been seen earlier, as stated above. 

Ex. 1. There are four essentially distinct reductions of a general 
quintic to the form (a', 6', 0, 0, e\f) {x, yj' \ and the four products 
x'y' are quadratic factors of an octavic covariant 

{ {ad — hcY — 4 (ac ~ ¥) {bd — c^) } + . . . . {Neioson . ) 

Ex. 2. Another canonical form to which the general quintic can 
be reduced by a substitution of unit modulus is {a, h, c, «, 6, c) {x, yY. 

{llammoud,) 

Ans. Take A(a)a* + co‘^ 2 /), \(a>-.T + a) 2 /), with a proper A, for 
A", Y in LY® + wiT'’-- (A"+ yy. The a?, y are the variables in the 
canonical form of the canonizant They are also the factors 

Off^0,2. 

234. List of concomitants of binary quintic. The twenty- 
three concomitants of a quintic, arranged in the order of 
Cayley’s ninth memoir on quantics, are as follows. Many 
of them have been already met with. It will be seen that all 
are invariants or covariants from their methods of formation. 
That they ai e irreducible, and form the complete irreducible 
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system, it is beyond our scope to establish here. The usual 
proof reposes on the method of transvectants (cf. § 61). We 
use the notation (7/, to denote a covariant of degree i in the 
coefficients and order ct in the variables, and /, to denote an 
invariant of degree i. The arrangement is according to degree, 
and for the same degree according to order. 

( 1 ) u or (7j 5 is the quintic (a, c, cl, e,f) {x, yY itself. 

( 2 ) 2 is the quadratic co variant whose leading coefficient 
is the semin variant ae ~ 4 M -f 3 c^. It is the fourth transvectant 
of n and itself, or the quadratic invariant a V — 4 + 3 of 
the fourth emanant of u, 

(^) ^' 1 , (j is the Hessian of u. Its leading coefficient is 
ac — 

(4) 63 3 has for its leading coefficient 

ace + 2 hed ~ ad‘^ — h'^e — c^. 

It is obtained as this invariant of the fourth emanant of u, or 
as the result of putting for x and y in ( 2 ) and 

operating on u, or, let us say, of operating with ( 2 ) on u. It 
is the canonizant (§ 206) of the quintic. 

(5) O 3 r, is the Jacobian of u and ( 2 ). Its leading coefficient 

is ay — 5 ahe + 2 acd + 8 — 6 

( 6 ) 63 ^ g is the covariant whose leading coefficient is 

a^d-‘ZahC‘\-2h^, 

It is the Jacobian of u and its Hessian (3). 

(7) is the invariant of lowest degree. It is the dis- 
criminant of ( 2 ), viz. 

(a/— ^he + 2cdY — ^ {ae — 4:hd+3 c^) {hf— 4 ce + 3 d^). 

(S) is formed by adding nine times the square of ( 2 ) to 
the result of operating with (2) on (3), in the manner described 
in connexion with (4), and dividino: by fifteen. Its leading 
coefficient is 

— (If) + a (3 hef— 3 bde — 4 + 4 ceP) 

-f- 5 b^ce + 2 — 2 b'f— 8 bc^d + 3 (A 

It will be noticed that we have given it a different sign from 
that of our general convention in § 71. 

(9) 64 g, a second sextic co variant, is the Jacobian of u 
and (4). ’ Its leading coefficient is 

a^(cf—de)—a {b^f-{-2bce-'ib(P'hc^d) + 3b^e — Gb^cd + 3bc^. 

( 10 ) Og 1 , the linear co variant of lowest degree in the 
coefficients, is the result of operating with (2j on (4), with 
sign changed. 

( 11 ) (7^ 3 , a second cubic covariant, is the Jacobian of (4) 
and ( 2 ). 
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(12) Cg 7 is the Jacobian of (3) and (4). 

(13) Cg’g* a second quadratic co variant, is given by opera- 
tion with’ (2) on (8). 

(14) Cq 4, a second quartic covariant, is given by operation 
with (10) on u. 

(15) 67 p a second linear covariant, is the Jacobian of (10) 
and (2). 

(16) 5, a third quintic covariant, reckoning u itself as 

one, is the Jacobian of (13) and u. — (N.B. The quintic co- 
variant (16) of Salmon’s Higher Algebra, § 232, or Fa^ de 
Bruno’s Former Binaires, No. 12, Table v, is the result of 
subtracting from this C\ r, the product 2 (^) 

(17) ig, the second invariant, is found as the invariant 
ar' + a'c — 2ljb' of (2) and (13). 

(18) (7g 2i a third quadratic co variant, is found as the 
Jacobian of (4) and (10). 

(19) Oq 3, a third cubic covariant, is the Jacobian of (13) 
and (4). — (N.B. The co variant of degree 9 and order 3 in 
FaiX de Bruno’s Formes Binaires, No. 15, Table v, is 

(20) I, a third linear covariant, is given by operation 
with (2) on (19). 

(21) the third invariant, is the discriminant, but for 
a numerical factor, of (13) or of (4). 

(22) Ojg 1, the fourth linear covariant, is the result of 
operating with (19) on (8). (Fai\ do Bruno’s, No. 17, Table v, 
is — 6 (7j3 j — 2 /g (7q .} 

(23) /,s, the fourth irreducible invariant, is the eliminant 
of the two linear co variants (10) and (22). It is also the 
catalecticant of (14). 

Thus, to sum up, the irreducible concomitants of a binary 
quintic are 


4 invariants T^, 

4 linear covariants CL ,, CL i, 0,, ,, 

3 quadratic 


^2, 2> ^6, 2> ^8, 2> 

3 cubic 


^3, a> ^5, 3» ^9, 3> 

2 quartic 


^4, 4J ^6, 4> 

3 quintic 

)» 

^3, 6> ^7, 5> 

2 sextic 


^2, 6> ^4, (JJ 

1 septimic 

?j 

^5, 7> 

1 nonic 

jj 

^3, 9* 


235. Forms of the concomitants when c = 0 , rf = 0 . The 



235] FORMS OF CONCOMITANTS WHEN o = 0, €? = 0 801 

kindness of Mr. Hammond has supplied me with the forms 
taken by the twenty-three concomitants when the quintic is 
given his form (a, h, 0, 0, e, f) (a?, j/)®, in which the two middle 
terms are wanting. None of the expressions are of great 
complexity. They are 

(1) C'l 5 = u == + 5 

(2) 2 = aex^ + (a/- 3 he) xy + hf'if, 

(3) Co, G = ~ + ^^2/^) + 3 (aex- + hfif^x^y"^ 

(4) ^^3^3 = — {6^ ey? + h^fx^ y + xy'^ + he^ y ’^ } , 

(^) ^3, 5 = (<^/~ 5 he) {ax^ -fy^) + (5 «/- 9 he) {hx^ - eif) xy 

+ 8 {l)^fx — ae^y) x^y^^ 

(^) C3^9= 2{h^x^ — e^y^)’\-2{a^ex*^-'hpif)xy 
+ («/+ 1 1 he) {ax^ —flf) od^y^ 

■\-{7 af-^2^he) (bx^ -- ey^) y^ 

+ 16 {h‘^fx — ae^y) 

(7) J4 = 10ahef-\-9h^e^y 

(8) 4 = (a^e^ — 2b^f)x^A-(h^f^ — 2ae^)y^ 

+ 4 he {aex^ + Wv^) xy +1^1)'^ e^ x^ 

(9) C'4 6 = — {h‘^x^ — 6^y^^) — 2{a^e’^ + h^f)x^y 

+ 2 (/>y^ + ae^) 0 : 2 /^ — 1 0 {aex'^ ~ 

( 10 ) C'g^ 1 = + 6 (^/) x + (5^^ — e^f + 6 ahe'^) y, 

(11) he(9he — af) (hx^ — ey^) ^ (ia^e^-^-ah^P — 3hhf)x^y 

— (4 h^p — e'y — 3 abe^) xy^, 

( 12 ) ( 7 ^ 7 = 2{h^fx—‘ae^y’^)-\-lQh’^e'^{ax^—fif)xy 

•\-3he{af+9he) {hx^ '-ey^)x^y‘^ 

+ (ah^P — 6 d^e^ +19 x^y^ 

- {a^e^f- 6 2)3/2 ^ j 9 ^je'a) 

(13) Gq 2 = {3ae^—h^P)b^x'^--{af--dhe)h^e^xy 

' +(363/^a2^2)g27^2^ 

(14) Cg 4 = {a^e^f—5a^he^--2ah^p’h^h^ef)x^ 

^{ab^P— 5 63 e/2 2a^e3/+ 60(66"^) 7/^ 

+ 4 { a ^ e ^ f — 6 a6e3 — 6^2) ^^3^^ 

— 4 {ah^P — 6 o^ef— d^e^) exipy 

(15) G>j (3a^e^f‘-a^bP'^—15a^he^+ 7ab^eP—lSh^e^f) X 

— (3 a63/3 — a"e^p — 1 5 6^ 5/2 + 7 6e3/~. 1 8 a62 e^) y, 

(16) G^ Q=i {a^e^f—3abe^ — 2b^P)h^oc^ 

+ (2 a3(?2 — 3 a63/— 27 ¥e) e^x^y 

+ 8 (a^e^-' 3 b^f) he^x^y^ 

— 8 (62/2 _ 3 ^3^ J2 e^2^3 

— (2 62/3 — 3 063/— 2 7 6e^) h^ocy^ 

— (062/2 _ 3 2>3^y _ 2 0263) 62 y'\ 

(17) Jg = o2^2^2y^_2o36^-26y3 4.276V, 



302 FOKMS OF CONCOMITANTS WHEN c = 0, d ^ 0 [235 

(18) Cg ^=: {ia^e\f IS abe^-{-3h^ep)h^x'^ 

+ 2 (a-* — ///^) 0 ! y 

— — a^e^f— ISh^ef-h^ a^he^) e^y^, 

(10) (J,^ = (2h‘^f^’-9ae^/-h27he^)b^x^ 

-f 3 {ah^p + 9 6 e'^) b^e^x' y 

— 3 (a^e^f+ 9ahe^ — Sb^P) 

— (2a^e^-~9a6'y+ 27b^e)e^y^, 

(20) (7i, ^ = [^(c‘e^f—a‘^bVp — 27a^be^--9ab^e^p-\-2¥f^ 

-\- 5 ib^ e^f) l/x — (5 a b^P — a^b^ e^p - 27 b^ ep 
— 9 b^ e^f + 2 + 5 4 « b^ e^) y, 

(21) = b^ (d^ // ep — 4 d — 4 /ry^ 4- 1 8 « h^e^f— 2 7 , 

(22) 6'i3 ^ = (pd 4- b^P -’Sa^b^e^f-\- 9a¥'e^p 4- 27ci^b^e^' 

— 54 /j’^eY ) ex + (l)^p 4- — 8 (dfe^f^ 

4- 9 (t^ }?iPf 4-27//* e^p — 5 4 a b^e^) by, 

(2 3) /i3 = {n^e' - l/’f) { («/- 56e) (a^e"' + ///■'’) 

— 10(6^ // 4- 9 0 a 6'^ ^y — 216// e'’* } . 


236. Discriminant of quintic. It will be noticed that the 
discriminant of the quintic does not occur among the irre- 
ducible invariants 7g, 7,2, /jg. Its degree is 2(5 — 1) = 8. 
It might have been taken instead of /g, being, as will be seen, 
the difference of a multiple of /g and // ; but, as Jg itself is 
the simpler ot the two, we prefer to speak of that and not of 
the discriminant as the irreducible invariant. 

For the quintic in its form (a, b, 0, 0, e, f) {x, yY the dis- 
criminant is easily formed by elimination between the two 
first derivatives 

ax"^ 4“ 4 bx^y 4- ey^, bx^ 4- 4 exy^ +yy , 
and is found to bo 

a^P — 20 bep 4-256 (a^‘ e'* 4- d' p) — 1 0 />^ e^p 

-180a/y^ey-3375//e^ 

which may be written 

(ay^ — 1 0 ahef-\‘ 9 //e^)" 

— 1 28 {d^b^eP — 2 — 2 iPp 27 b^e^), 

so that, by § 235 (7) and (17), the expression for the dis- 
criminant in terms of and /g is 

A = 128/8. 

, 237. Syzygy among the invariants. The four invariants 
7^,78, 7|2) 7 j 8, though irreducible, must, as we have often seen, 
be connected by a syzygy. This may be expected to give the 
square of -^18 in terms of the others. It is here sought. 

As the quintic can be brought to the form 
(a, />, 0, 0, e,/) (x, yf 
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by a substitution of modulus unity, it can in general be 
further brought to the canonical form 

{a\ 1 , 0 , 0 , 1 ,/) {x\yT 

by a further linear substitution which replaces hx^y and 
exy^ by x'*y' and oc'y'^. Let the modulus of the resultant 
substitution which brings the quintic from its general to this 
last form be M, Then, from the expressions in § 235, 
iP^^/, = a'2/'-10aT4-9 
= (a'/'~l) (a'/'- 9), 

= a'\f- ~ 2 a 3 ~ 2p + 27, 

18a7'---27, 

= (<A^p) {(a7'~5) (a'^+p) 

~ 1 0 - + 9 0 ^ - 2 1 () } . 

It is possible to eliminate a, f and M between these four 
eipiations and obtain the syzygy required. 

As a guidance see what happens when </' = /*' so that 
= 0. Writing i/^, Jg, 7> Ihr the values taken by 7^, /g, 
Iy,y we have 

ili 20 jr^ = ^'4 _ 4 4 . 27 = {a ' - 3)^ (a'^ + 2a' + 3) 

= ^^'^-8a'Hl8a'2-27 = (a'-3)=‘ (a'+ 1), 
or, writing fi for 3), 

fxJ ^ ~ (a 2 — 1) (ct' + 3) 

= a'2 + 2(//+3, 
lx\Ty^ — a'+l. 

These give, by substitution for a from the last in the others, 

^ J 4 . 2 j 

by combination of which 

JT^ = J J g — 6 ). 

We thus have a simple quadratic and cubic from which to 
eliminate /x*. The result is 

*^ 4 *^ 8 ^+ ^ J ^ J 1 ^ — 2 J — 72j^jf^jyj^ 

— 432 7j 2'^ + *7^72^ =r 0 . 

It is suggested then to try whether the same function of 
7^, 7g, 7 j 2 as this on the left is of J 4 , .7g, Jy,y a function whose 
degree is 36, is of the form A7jg‘^, where A is a constant. This 
proves to be the case with A = 16. Thus 

167g^ = 7,7gH87/7,2~27,27g27,2 

-727,7,V-432V + 7,3j^,^ 


is the syzygy required. 
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A usual and elegant way of obtaining this syzygy is to 
show that, formed by the methods of § 234, the values of the 
invariants for the canonical form of unit modulus 

are /t = {mn ■\-nl-\- ImY — 4 him (Z + m + n\ 

Jg = {mn + nl-\- Im), 

/j2 = 

/jg = l^m^ ri^ (m — n)(n — 1) (I — m), 
so that Z, m, n are the roots of the cubic 
T T T 

^^ 12 * -^ 12 ' 

and the product of the squares of diHerences 

between roots of this cubic. 


238. The quintic in a form with invariant coeflacients. 
Hermite’s Pormes-types. It is an interesting proposition 
that if a quintic is so transformed that its variables are any 
two of its linear covariants, the coefficients are all invariants ; 
and the same is true for any binary quantic whatever which 
has two linear covariants. 

Let X = Px -f- Qy, F = P'x + Q'y 

be any two of the linear co variants |, i) C'la i of 

the quintic {a, b, c, d, e,f) {x, yY. We have 

_ Q'X-QY _ -P'X + PF 
* “ PQ' - P'Q ’ y ~ ~ PQ' - P'Q ’ 

in which the denominator is the modulus of the (X, F) to (x, y) 
substitution, and is also an invariant, being the eliminant of 
two covariants. 

We have now to show that in 

(a, b, c, cZ, e,f) {Q'X^QY, -P'X + PFf 
all the coefficients are invariants. This will be proved if we 
can show that they are annihilated by 12 and by 0, of which 
the first is a\ + 2b\+3ci^ + 4di>, + Seh,-. 

Now, if «, y stand for Q'X-QY, ~P'X + PY, 
i2 ((?, b, Cy dy 6, /) {Uy I’)® = 5 y (a, 6, c, d, e) (u, 

4- 6 (u, by Cy d, e) (u, v)* I2u + 5 (6, o, d, e, f) (u, v)^ ilv. 

We here mean that the operation is not on X and F, but 
only on coefficients of powers and products of powers of X 
and F when the quintic is expressed in terms of a, 6, c, d^e,/; 
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P, Q, P', Q'; X, 7. Now since (§ 109) liP =0, XlQ = P, 
I2P^= 0, ilQ' ^ P\ the operation being in this sense, 

= O (Q'X~ QF) = P'X-^PY = - 
and 12 = a (— P'.Y -fPF) = 0. 

Consequently 

12 {a, h, €, d, e, f) (u, if = 0, 
i. e. 12 (a, h, c, d, ej) ((/Z-QF, ^P'X+PF)^ = 0, 

the operation not being on X', F, but onlv bn coefficients of 
A^^X"F,..., F". 

All tliese coefficients are then annihilated by 12. Similarly 
all are annihilated by 0. Accordingly all are invariants. 


239. Quintics for which 0. In § 233 it was stated 
that a quintic can only be linearly transformed to the form 
(a, 0, 0, 0, e,f) {x, yf, wanting its second as well as its third 
and fourth terms, when an invariant condition is satisfied. 
And it was seen that the said reduction can be effected when 
^2> which is the discriminant of the canonizant, vanishes. 
To prove the necessity of this condition take Hammond’s 
forms of the invariants (§ 235) of (a, 6, 0, 0, c, /) {x, yY\ and 
put 6 = 0 in them. We get 

/3= 


^12 — 


y; 


of which the third proves the necessity stated. 

From the values here of / 4 , /g, 1 12 if Ibllows that for a quintic 
which can be reduced to the form now contemplated 


1 g / 2 _ / / 4 


and this is correctly what the syzygy of § 237 becomes when 


^12 


It is not hard to prove from the expressions for the invari- 
ants /g, of (a, h, 0, 0, e,/) (x, i/)‘\ which involve c//, he 

and + only, that he, which call is given by the 

equation 9 r 7 ^ 1 


/P> 


SO that the product of all the values which he can have for 
reductions of the form (a, h, 0, 0, e,f) (a?, yf is 

unless the discriminant — 1287^ vanishes, when the product 
is still a multiple of ijg* thus have it clearly exhibited 
14^1 X 
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that when 7,2 vanishes some one at least of these values of he 
is zero, so that a reduction to the form (a, 0 , 0 , 0 , e, /) {x^ yf or 
the in fact equivalent form {a, ft, 0 , 0 , 0 ,/) {x, yf is possible. 
The conclusion converse to that proved above, which was in 
effect arrived at before as stated already, is thus confirmed. 

A quintic for which Jjg = 0 cannot be expressed as a sum 
of three fifth powers, as was seen in § 204. In fact, the cano- 
nizant of ax^ ^ exy^ y^\ to which form it can be reduced, is 
^ 3^3 = -ae^xyK 

Thus, if the reduction were possible, one of the X, F, Z would 
be a multiple of 'X and the other two of y. Now 
ax^ + 5 exy^ + fy^ = Ix^ + 

is an impossibility unless e = 0 , i.e. unless /g = 0 and 7ig — 0 
as well as 7,2 = 0 . 

We are thus guarded against an erroneous conclusion which 
might hastily be drawn from the last forms of the invariants 
in § 237. It might appear from those expressions that, when- 
ever 7,2 = 0 , either Z = 0 or m = 0 or == 0 , and therefore 
7g = 0 and 7jg = 0 . But this is not the case, the forms not 
being applicable to the case when 7,2 = 0 . 

240. Formes-types when /, 2 = 0 . Another interesting 
fact as to quintics for which 7,2 = 0 may be derived from 
observing what the four linear covariants of the (juintic 
become when ft = 0 , c = 0 , (? = 0 . 

Putting ft = 0 in ( 10 ) (15) ( 20 ) and ( 22 ; of § 235 we obtain 
Lr^ = 1 = a-e^{ex-fy), 

X 7 = 1 = <^^e*f{^ex-\-fy), 

1 = 2/, 

= ^13 , 1 — ct'^e^x. 

Thus the y and x of the form («, 0 , 0 , 0 , e,/; (x, yf, to which 
a quintic for w^hich = 0 may be reduced by a linear sub- 
stitution of modulus unity, are multiples of the linear covari- 
ants of the 11th and 13th degrees, and are easily expressed 
also as sums of multiples of any two of the four linear 
CO variants. We have, in fact, using the values of 7^, 7g, 7,3 
in § 239, 

exy^ = ~ 

= 1673“%3V. 

Thus the quintic reduced to the form [a, 0 , 0 , 0 , e,f) (a?, yf, 
with modulus unity, is 

® -^8 ^ ^ 2 7g 6 7g^ij3 -f- 2 7 i^Lii } . 
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Consequently when = 0 one of Hermite*s six ways (§ 238) 
of expressing the quintic with invariant coefficients expresses 
it in the reduced form. 

Ex. 3, When /jg = 0 prove that the other five expressions of the 
quintic with invariant coefficients arc 

(2) 0, 0, 0, 4/3^ I6/3VJ (47,3^,, + //^,, 

(3) 3~»/rV®/,3-U2, 0, 0, 0, -817,^3, 2437/73) 

(7g7^ + 7^7,j, 7jj)”, 

(4) 2-«7,3-^(64 7/, 0, 0, 0, -273, -/g) (7, 3, 27, 3 + 737, )«, 

(5) 2V,~V3-^^(2 7/7/, 0, 0, 0, 1) 

(7,3, 37^737,3 — 27,37^)®, 

(G) 2“^^7,-*73-»7,3-H2//, 0, 0, 0, -73, -73) 

(73Vv^-47,g7,, 73^7^+127,37,)®. {Hammond) 

241. The classes of quintics for which respectively 7^ = 0 
and 7g = 0 will not long occupy us. Wc content ourselves 
with noticing first that when /4 = 0 for the quintic 

(a, h, 0, 0, ej) {x, yf 
the condition satisfied is, by § 235 (7), 

(af-be) {af-9be) = 0. 

Thus when 7^ = 0 a quintic may be reduced by a substitution 
of unit modulus with one degree of arbitrariness in its co- 
efficients to one or other of the forms 

+ 6 + 5 exy* + -- y^y 

(Jb 

r 1 A . 9he r 

ax^ + 5 bx^y + 5 exy* H y'^. 

By a linear substitution of non-unit modulus it can then be 
given one of the forms 

(X 

9 

+ - 2/® + 5 (a:® + 'if), 

it 

or, equally, one or other of the forms 
x^-\-y^-\‘bxy{ljx^’k- 

Secondly when 7g = 0, provided does not also vanish, by 

X a 



808 CASES OF 1 ^ = 0 AND Jg = 0 [241 


the last expressions in § 237, the quintic can by substitution 
of unit modulus be given the form 

lX^ + mY^-n{X+Yy‘, 

where l~^ + m“’ + n~^ = 0 , i. e. the form 

IX^ + raY^ + (X+ Yy. 

6 + m ^ 


By a substitution of non-unit modulus it can be given the 
form 


When both Jg = 0 and or both 1^ = 0 and = 0 , 

we gather from § 239 that also /^g = 0 , and the cases are such 
as will occur below. 


242. Quintics for which Jjg = 0 . Quintics for which the 
skew invariant Jjg vanishes have a special simplicity in that 
they are soluble, /^g is skew, for its weight is ^ . 18 . 5 = 45, 
i. e. is odd. 

Consider the canonical form of unit modulus 

+ m where Z + F + ^ = 0 . 

Keferriug to § 237, wo see that if = 0 , and if In does not 
vanish, so that the reduction to this form is possible, and 
Imn 0 , then 01 — Z) (/—m) = 0 , which requires that 

two of Z, m, n bo equal. Thus a quintic for which /,g = 0 
and /j 2 ^ 0 can be given by linear transformation of modulus 
unity the form 

Z(Z^+P)~m(X+F>^ 

i, e. the form 
(X+Y) 

~ (Z + 4 m) X Y (Z 2 + F-) 4 (Z - 6 m) X^Y^, 
i.e. (.Y+F) {(Z~m) (X‘^+F2)2 

- (Z + 4 7 )i) Jf F (Z 2 + F^) - (Z + 4 m) X 2 F^ j , 
which can be broken up into X + F and two quadratic, and 
then into five linear, factors. 

Thus, so far, a quintic for which J^g = 0 and ^ 0 can be 
solved. 

Moreover the factors are of the forms 
X+F, 

X 2 +F 2 + pXF, 

X 2 +F 2 + ^XF, 

and of these the single one which comes first is, speaking 
geometrically, one of the common harmonic conjugates X^~ P 
of the other two pairs. 
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Thus, if for a binary quintic /^g = 0, and Jjg ^ 0, some one 
of its five linear factors is a double element of one of the three 
involutions determined by the other four factors taken in 
pairs. 

Putting X for X + F and y for X — F the quintic above may 
be written in the form 

i . e. rt + 1 0 cx^ 2 /^ + 5 exy^, 

a form in which all the coefficients of odd weight are wanting. 

Conversely, if one of the five factors of a quintic is one of 
the common harmonic conjugates of two pairs which together 
constitute the other four factors, then /jg = 0. 

For such a (piintic can be given the form 

ax{x^-Xif) (x^^—fxif), 
i. e. (tx^' +10 rx^y'^ + 5 exy"^, 

in which no non- vanishing coefficient, and therefore no non- 
vanishing rational integral function of the coefficients, and 
consequently, in particular, no non- vanishing invariant, can 
be of odd weight. 

Now all skew invariants (§ 95), and in particular, are 
of odd weight. For such a quintic as contemplated therefore, 
/jg and all other skew invariants vanish. 

Granting then, as we shall see in the next article, that the 
temporarily reserved case when — 9 as well as /^g — 0 is 
only special and not exceptional, we have arrived at the fact 
that the condition /jg = 0 is the necessary and sufficient one 
that the quintic may have the .special property which has been 
expressed geometrically above. 

We can also conclude that /|g is the only irreducible skew 
invariant which a quintic possesses. If /,,= 0 the quintic 
has the above property. If it have that property all skew 
invariants must vanish. Thus every skew invariant vanishes 
if /jg vanishes, /^g is then a factor of every skew invariant, and 
the invariant obtained by removing that factor is no longer 
skew. If its expression in terms of irreducible invariants 
involves another skew invariant, this may be analysed in like 
manner ; and so on. 

Ex. 4. Solve the quintic equation 

aoc^ + 5 bx* + 5 ex + ^ = 0. 

Ex. 5. By actual substitution, as in § 233, prove that 
a{X^+Y^)-c{X+Yy 
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can be transformed with modulus unity into 
a'sc® -f 5 & 4- 5 e'x'i/ 

where 

Ans, As ill § 233 a way to make c' = 0, d/ = 0 is given by 
taking a^lm = c^Vm! = c^{l + V^ + ; whence, if 

I V z + r , a! . .y . 

^ =r -7 = — = , we get = r and 

m mm + m / ^ 

Ex. 6. Hence the form of Ex. 4 is a general one for quintics for 
which /jg = 0, but 


Ex. 7. Prove that 


0 


1, 2a, 

1 , ft+y, fty 

1, (^4-e, §6 

is the condition that x — ay he a common harmonic conjugate of the jDairs 
{x-fty){x- yy), (x-by) {x-ty ) ; 
and that the determinant is a function of differences between pairs of 

a, ft, y, 

A 718. It is annihilated by 

A A A. A JL 

3a 3^3 Fy Se ■ 

It i8 {“ — ^) (“ — /3) {<— y) + {a— y) {« — «) (^-/3)' 

Ex. 8. Prove that the product of 

{a-b) (a-^) (e- 7 ) + (a-«) (a-y) (8-/3), 

(a-^) (a-y)(€-8) + (a-e) (a-6) {/3-y), 

(a-y) (a-8)(e-/3) + (a-() (a-/3) (y-6) 
is symmetric in y, 6, c, and hence that cd® times the product of 
5x3 determinants like that of Ex. 7 is an invariant of degree 18 and 
weight 45, so that it is a numerical multiple of /jg. 

(IlcrmiU and Cayle^j.') 


243. We temporarily reserved in § 242 the case of quintics 
for which 1^, = 0 as well as /jg = 0. 

When Ip = 0 the quintic can (§ 239) be given by substitu- 
tion of unit modulus the form 

+ 6exif +fy\ 

and the condition 7,3 = 0 is then 

= 0 , 

so that either / = 0 or e = 0 or a = 0. 

We also see from the syzygy which holds 

when /,. = o, that the conditions /jg = 0, 7jg = o necessitate 
also that either 1^=^ 0 or Jg = 0. 
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When / = 0 the form taken is 

ao(? -I- 5e^r2/^ 

i.e. X{X^+Y^), 

This is the case when 74 = 0 as well as = 0 , /jg = 0 . There 
is no exception here to the geometrical property in § 242. 
When 6 = 0 the form taken is 

ax^ +/ 2 /^ 

i.e. X^+Y\ 

and again there is no exception. The case is that of quintics 
for which 7g = 0 as well as ^ /is = 0 . 

When a =: 0 the form taken is 

i.e. F^(X+F), 

for which the property holds in a limiting form, for X + F or 
any other linear form in X and F is one of a pair of harmonic 
conjugates, the other being of the coincident factors of F^. 

This last class of cases is included in the class for which all 
the invariants vanish, but is not coextensive with that class. 
As we have seen in § 28, Ex. 3, all invariants vanish for 
a quintic (Z + F) (/>Z+ <] Y) 

with a perfect cube for factor, for such a quintic can be given 
the form ^ 5 a^x^y + lOa^x^if, 

and no product of i factors chosen from among cq, can 
have a weight so great as to satisfy 5^=2 iv. 

It will be remembered from § 233 that this case of a quintic 
with a cubed factor is the one of irreducibility to Hammond’s 
form. It is not one of exception to the geometrically expressed 
theorem as to quintics for which = 0 , for X is one of the 
common harmonic conjugates of the pairs 

X\ (X + F)(/>X + ?F). 

244. The binary sextic. We will only give a list of what 
prove to be the complete system of irreducible concomitants 
of the sextic. 

As indicated in § 143 the sextic has five irreducible invari- 
ants. Of these four Jg, h, h, are independent. The fifth, 
. 7 i 5 , is skew, and its square is given in terras of the rest by 
a syzygy of degree 30. 

Clebsch and Gordan have found that the whole number of 
irreducible covariants and invariants, including the sextic 
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itself, is 26, and the method of Cayley and Sylvester by 
means of generating functions, which has been referred to in 
Chapter VIII, confirms the result. The complete system has 
been exhibited as follows, the arrangement being, as in the 
case of the quintic, according to degrees in the coefficients, and 
for the same degree according to orders in the variables. 

( 1 ) u, or Oj 0 ) is sextic {a, 6, c, d, e, /, g) {x, yY itself. 

( 2 ) /g, the invariant of degree 2 , is a^ — 66 /-f 15ce— 

Cf. § 48. 

(3) Cg 45 the first quartic co variant, is the co variant whose 
leading coefficient is the seminvariant 

It is the fourth transvcctant of u and itself. 

(4) an octavic co variant, is the Hessian, whose leading 
coefficient is ac — h'K 

(5) (7.J 5 ^ is a quadratic co variant obtained by operation with 
having replaced in it x and y by '^/'^y and — 'h/'bx^ on the 

Hessian s* seminvariant which leads it is 

{ac — />2) (/— 3 {ad — 6 e)/+ 2ae^—hde - 3 c'^e + 2 cd'^. 

It can also bo obtained by operation with 4 on u. 

( 6 ) 63 g is a sextic covariant whose leader is 

ace + 2 1)cd — ad^ 

(§ 114, Ex. 13), the catalecticant of the fourth emanant. 

(7) O 3 is a duoclecimic with the seminvariant 

3a6c + 26 '^ 

(§ 114, Ex, 15) for leader. 

( 8 ) Cg ^ second octavic co variant, has for its leader 

a’^f~5ahe+2 acd — 6 -f 8 Ir d 

(§165). 

(9) 74 , the irreducible invariant of degree 4, is the result of 
operating with u on g. It is the catalecticant (§ 208) 

a, h, Cy d 

by Cy dy 6 
Cy dy Cy f 

d, e, /; g 

( 10 ) 4 is a second quartic co variant, the Hessian, but for 
a numeiical factor, of the first quartic co variant Cg 4 . Its 
seminvariant leader is 

2 {ae — 4 M + 3c^) {ag—9ce-hS d^) — 3{af-3be+2 edfy 
where the coefficient 2 is, contrary to the usual convention of 
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§71, given to the alphabetically leading term a- eg in oi-der 
to avoid fractional coefficients. 

( 11 ) 6 , a third sextic covariant, is the Jacobian of and 

^3,2. ’ 

( 12 ) a decimic, is the Jacobian of 3 and (7^, 4 * 

(13) Cg 25 ^ second quadmic, is the result of operating on 
(72,4 with ’(7,^2. 

(14) Gg^ 4, a third quartic, is the Jacobian of G.^^ 4 and G.^ 2* 

(15) g, a third octavic, is the Jacobian of Og, g and g- 

(16) Jg, the irreducible invariant of degree 6, is the dis- 
criminant of 63 2* 

(17) (7(j c, a fourth sextic covariant, is the Jacobian of u and 

^4,2- 

(18) Kq 3, another covariant of the same degree and order 
6, 6 as the last, is the Jacobian of 63 3 and G.^ 2- 

(19) 25 ^ third quadratic, is the result of operating on 
62, 4 with 65 2- 

(20) C7 4, a fourth quartic, is the Jacobian of (7^ 4 and G^^ 

(21) (7g 25 a fourth quadratic, is the Jacobian G.^ 2 ^5 2* 

(22) Gq 4, a fifth quartic, is the Jacobian of 6\ 4 and G^^ 

(23 ) /jo, the invariant of degree 10, is the discriminant of 

(24) C'lQ 2 5 ^ quadratic, is the Jacobian of C3 2 and (7^, 2» 

(25 ) (7i 2, 25 sixth quadratic, is the Jacobian of (7^, 2 2* 

(26) /jg, the skew invariant of degree 15 and weight 
^6. 15 = 45, is the determinant (§ 17, Ex. 25) of the quad- 
ratics ^7^ 2 » ^5 2 5 ^7 2* i® criterion for those three 
quadratic covariaiits foi'ining an involution. 

245. There axe then altogether for the sextic the following 
irreducible concomitants : — 

5 invariants /g, 7(., Jj^, of which the last is skew, 

6 quadratic covariants G.^^ 25 25 ^7, 25 25 25 ^'12, 25 

5 quartic „ 62, 4, 64^ 4, 6^^,, 4, G > j ^ 4, (7j) 4, 

5 sextic ,, Uf G -^ Q, 64 , 0 , (7q^ q, 0 , 

3 octavic „ (72, g, Og g, (7.^ g, 

1 decimic „ 

1 duodecimic „ (^ 3 , 12 - 

None of the covarianis are of odd order. Indeed, we have 
seen (§ 39) that no binary quantic of even order can have 
a CO variant of odd order. In particular a sextic, or other 
binary quantic of even order, has no linear covariant. 



314 


CONCOMITANTS OF SEXTIC 


[246 

We notice the occurrence of two irreducible covariants g, 
Kq q of the sixth order and the sixth degree, i.e. of two 
covariants of that order and degree which are linearly inde- 
pendent of one another, and of the covariants of the same 
order and degree which can be formed as products of lower 
covariants and invariants. This is the first instance of a state 
of things which often occurs in connexion with qu antics above 
the sixth order, but only in this one instance up to the sextic 
inclusively. 

In forming co variants and invariants by operations which 
involve only differentiations with respect to variables, as for 
instance in the ordinary methods of finding them as hyper- 
determinants or transvectants, or, in particular, as Hessians, 
Jacobians, or results of operating with one co variant or 
quantic on another, wo may, it is clear, with safety use 
canonical forms. Only operations of this class occur in the 
determinations of the more complicated of the above concomi- 
tants from the simpler ones. We may apply them to the 
canonical form of unit modulus 

which (§ 226) is a valid one, although the actual reduction of 
a sextic to the form has not been effected by solving equations 
of degree less than 5. 

It should be mentioned, however, as of general applicability, 
that methods which use differentiations with regard to coeffi- 
cients, such as that of evectants (§§ 67, 68), cannot as a rule 
be used in connexion with canonical forms. Such methods 
are not contemplated above. 

246. Complete systems of concomitants of the binary sep- 
timic and octavic have been symbolically exhibited by von 
Gall, and a good deal has been done with regard to quant ics 
of a few orders higher. For no higher quantic, however, have 
explicit results been arrived at with completeness, except for 
that of infinite order, whose theory has been touched upon in 
Chapter XI. 


ADDITIONAL EXAMPLES. 


Ex. 9. Prove that a quintic, deprived of its second term by writing 
A? = AT — 6F, 2 / = aF, may be written 

a(l, 0, C, I), a^ESC\ a^F--2CD) (A", Y)\ 

where 


(7 == ac— 6®, 7) = a^d — ^ahc + ^h^y E = — 4M-|-3c*, 

F = (Yf— 5 ahe + 8 l)\l 4- 2 acd-- 6^ ; 

and that, if 

J = ace + 2hcd — a<P — 



ADDITIONAL EXAMPLES 


315 


the relation 4(7® can be used to reduce any 

expression to the first degree in D. {Cayley^ 

Ex. 10. If a, /3, y, 6, c are the roots of a quintic, prove that 
a®2(a~^)^ {x-yyY {x-^byf {x--€yY = -100(72,g. 

Ex. 11. If a, y, b, 6, f are the roots of a sextic, prove that 
a®2(a~-/3)2 {x-^yyY [x-byY {x-eyY {x-Cl/Y = 

Ex. 12. For the quintic a^S(a — (P — yY (y--ct)“ (^ — is an 
invariant, and must be a numerical multiple of . 

Ex. 13. For the quintic a'S (a — (y — 6)^ {x—(yY is a covariant, 
and a numerical multiple of (7.^ g- 

Ex. 14. For the sextic a*'2 (a—f^Y {y — bY {x-~€yY {x-^^yY is 
a numerical multiple of 

Ex. 15. Prove that 

a*'E{a-^Y {(3—yf {y—O’Y (8-«y (x-byY 

is a covariant of a quintic which vanishes identically when tln^ quintic 
has three equal roots. It must be a linear function of (7^,^ and 0^.2. 
Show by considering the quintic a?®+10ca.y, wl)ich has three equal 
roots, that it is a multiple of (7\,2 — 3(74 4. {Cayley!) 

Ex. IG. Prove that 

a'S(a-8) (a-e) (/3-8) {/3-«) (y-S) (y-«) (8— e)® 

(x-aj/Y {^-yuY 

is a covariant of degree 5 and order 9 of a quintic, which vanishes for 
a quintic having two pairs of equal roots. It must he a linear 
function of ^2. 6 ^3.3- P^’ove that it is a numerical 

multiple of 50 62 . (5 (^'3 . 3 “"^(^4,4 + 3 C"^^ , 2)* {Cayley.) 

Ex. 17. Prove that 

a<2 (a-/3) (a-y) (a— 8) (a-e) {x-fiyY {x—yyY 
is a covariant of degree 4 and order 12, which vanishes for a quintic 
having three roots equal and the other two roots equal, and express it 
as k (3 u^C^^ 2 3 5 C\ g) . {Cayley.) 

Ex. 18. For the sextic 

^ 2 = - ^ 2 (a — /3)® (y - bY {( - CY- {Sylvester. ) 

Ex. 19. For the sextic 

120 (71 72^4-900/4) = (a — fty {y—by — {Sylvester.) 

Ex. 20. Show that 

a/3, a 4* A 1 
y5, y4-a, 1 , 

^ + C 1 

i.e. a/3(y4-S — « — C)-hy5(€4-C— a-A + ^C(«4-/3 — y— 5), 

whose vanishing expresses that the quadratics 

{x-ay) {x-Py)y {x-yy) {x-by\ {x-(y) {x-^y) 
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foira an involution, is a function of the differences between pairs of 

«. y. 8, C 

Ex. 21. The six letters a, y, 5, can he divided into pairs 
a, /3 ; y, 6 ; C, in fifteen ways. Take each triad of pairs in a definite 
order, and write down the fifteen values of the function of differences 
in Ex. 20. Show that the product is symmetric in the roots, and 
must he a numerical multiple of where /jg is the skew 

invariant of the sextic of which a, /3, y, 5, e, ( are the roots. 

(Jouberl.) 

Ex. 22. The vanishing of the skew invariant /jg of a sextic is the 
necessary and sufficient condition that the sextic he the product of 
three quadratics which form an involution, and consequently that, 
except in a very special case, it can be written as a cubic in Y^, 
where A" and Y are linear in the original variables. 

Ex. 23. All skew invariants vanish for a sextic which can he 
thrown into the form aX ^ -f 1 5 cA"'* 7 + 1 5 c A ^ P -f ^ 7^ 

Ex. 24. From the last two examples a sextic has no irreducible 
skew invariant hut /jg. 

Ex. 25. Prove that 

«"2(a-/3) (a-y) (a-6) (a-<) {fi-y)' (S-f)* {x—ay) 

and 

a’ S (a -/•})’ (a-y)- (a -8) {fi-yf (l-i-hY (y-«)' (8-<)^ {^-ay) 
arc the unique linear covariants of degrees 5 and 7, respectively, of 
a quintic with a, (3, y, 5, 6 for roots. 

Ex. 26. Prove that 

a"2{a-/j)'' (a-y)'’ (a-6)’ {l^-yf {y—f? (8-«)''' (-v-a^j) 

and 

cP2(a — {a — yY (a — 5)'* (a — {13 — yY^ (^ — — 
are linear covariants of degrees 11 and 13 of the quintic, and are not 
reducible as invariant multiples of and respectively. 

Ex. 27. The 20-ic covariant of a sextic u, which (§ 226) is a constant 
multiple of the product of the ten products A' 7 for canonical forms 
(1, 0, ( 7 , Z>, A', 0, 1) (A'^j 7)®, is reducible as ”“2(72.8 ^ 3 . 12 * 

Ex. 28. The 12-ic covariant of a quintic -zq which is a constrait 
multiple of the six products A^ 7 in canonical forms 
(1, 0, (7, A 0, 1) (A-, 7)•^ 

is reducible as 

Ex. 29. Prove that 

(«-«) (y-^) (a!-8y)-(«-/J) (y-8) i^x-ay) 

-(«-8) (y-a) (x-fiy), 

of which the leading coefficient is 

0/3 + + yS + — ay— ye — /36 — Set, 
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is a covariaiit of the five linear forms a?— -ay, 

which is the same, but for sign in the last ten cases, for the 
same fonns in the 20 orders in which the cyclical arrangement is 

one of {a^yhf), {ihyjia), (aye/38), (8/3<ya) ; 

and that the product of six such covariants is the sextic covariant 
^^5 .i-- 25C\3 of {x—ay) ix — ^y) (x’-^yy) {x—hy) ((r-ey). 

Ex. 30. Corresponding to each vertex of a pentagon! 

inscribed in a conic, construct a vertex of another inscribed pentagon 
as the second intersection with the conic of the line 
joining A,, to the intersection of the connectors of the two vertices 
adjacent to A and tlie two remote from A^ in the cyele (AjA.^AgA^A^), 
Let the connector A^Ag of two vertices of the one pentagon, and the 
connector B^Bg of the two corresponding vertices of the other, meet 
ill (?r.- Then the lines Q 46 Qi,, Q,,Qii, QnQ^t., Q‘aQn 

respectively through A^, and meet the conic again 

in the same point X, (Quarterly Jourual^ Vol. XXVIII, j). 205.) 

Ex. 31. If a conic through the origin 0 cuts the five lines = 0 in 
Pj, Pgj the point conjugate to 1\ for all conics 

through Pg, Pg, P^, Pg, and have like meanings; if 

the polar of with regard to the harmonic triangle of the quadrangle 
PgPgP^Pg meets the tangent at Pj in Pj, and P4, Pg are 

similarly constructed ; these five points lie on a straight line whose 
intersections Ay B with the conic OPjPgPgP^Pg specify OAy OB the 
factors of the covariant G,^, 2 of u, {Morley) 

Ex. 32. If C is the pole of the above AB with regard to the conic 
0 P^P^P^l\P^/y Dy E the points where (JAy CB meet again the conic 
CP^P^P^P ^^ ; and F the pole of DE for that conic ; if CP^ meets the 
conic OP^P^PqP^P^ again in Q^y and FQ^ meets it again in Q\ and 
if CQ meets the same conic again in P y then OQ and OP specify the 
linear covariants and of the quintic u. 

(Proc. Lond. Afath, Soc., Ser. 2, Vol. VI, p. 227.) 

Ex. 33. If P^B, P^B' are the harmonic conjugates of the tangent 
at Pj with regard to P, P2, P 1 P 9 and P^P^, respectively; and 

PjP^, the harmonic conjugate of the same tangent with regard to 
PjP, P, P^ meets the conic 0 P^P^P^P^P^ again in P, ; then OP, 
specifies one of the five factors of a covai iant of degree 7 and order 5 
of the quintic u. 

Ex. 34. By means of this quintic covariant of m, and the AB of 
Ex. 31, two linear covariants of degrees 11,13 can be constructed as 
in Ex. 32. 
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SEVERAL BINARY QUANTICS. 




247. It will be remembered (§§ 103, 115) that an invariant 
of several binary quantics 

«o**’ + 'paiOf~'^y + + . . . + a^y^, 

%'x’^ + p'a{x"'-'^y+ - ^ ... +a'^>y’^, 

&c., &c., 

has the two annihilators 
J) a 

'c)ai -'-p 

+ « A, + 2«/^, + ... +/aV-, , 

that any covariant has the two annihilators 

212~y — , 20 — x~; 

^ <^x 

and that any seminvariant, the leading coefficient in a co- 
variant, has the one annihilator 212. 

It will also be remembered (§§ 103, 115) that for any 
invariant . . 

%11’^%'p + ... = 2^t?, 

and that for any seminvariant which is not an invariant 
+ + ... exceeds 2^v^ the excess 

+ ... — 2i(; 

being the order in the variables of the covaidant which the 
seminvariant leads. We here and throughout this chapter 
mean by seminvariant rational integral seminvariant. 

We proceed to illustrate the theory of concomitants of 
several binary quantics by consideration of a few early cases. 
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248. Linear form and p-ic. Let the linear form and the 
n-ic be . 

V = («o, «!, ... aj (x, yy. 

The linear form alone has no invariant, and no covariant 
distinct from itself. 

The ^-ic alone has a system of invariants and covariants 
which, in the preceding pages, have been investigated for 
values of p up to 4, and given for the values 5 and 6 of p. 

The other invai'iants of the system are (§ 69) given by 
substituting f for y and — r; for a? in the covariants of the jo-ic, 
including the p-io. itself. They are the eliminants of u and 
the covariants of v. They are also spoken of (§ 68) as the 
contravariants of v alone, if we regard u as the universal 
concomitant (§ 66) of two contragredient systems 03, y ; rj. 
We shall dwell comparatively little on this aspect of them, 
but the rj notation is chosen so as to accord with it. 

We seek information as to the other covariants of the 
system, or as to the mixed concomitants (§ 66) of v. The 
quest for these covariants is that for the seminvariants of 
the system which lead them. 

These seminvariants are rational integral functions of £ and 
?; and Wq, ctj, ... which are homogeneous, of different degrees 
if i' it may be, both in ^ and r\ and in a^, aj, ... and are 
isobaric in the two sots of coefficients taken together, f and 
r/ being of weights 0, 1 respectively. They have the one 
annihilator . 


Suppose that 


OT] 


1.2 




is such a seminvariant, where P„,, ... P,^_^ are gradients, 

all of degree /, in a^, the weight of each being 

indicated by its suffix. 


Expressing the fact of annihilation by — (-X2, by equating 

o rj 

to zero the term.s in the result of operation with it which 
multiply separately, we obtain 


iip» + 


= 0, 

f2P + (i — 


= 0, 


^PfH-i+l 

= 0, 


P.-i 

= 0, 



= 0, 
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of which the last shows that is a seniinvariant of the 
^-ic alone, and from which, as in § 109, we also draw the 
conclusions that 




t o » P 


for every value of r from 1 to i inclusive, and that the full 
expression for the seminvariant is consequently 

Y e-^r,ilP„+ ... + (_ lyl.^ yo^p,,, 


which may be written 



since the addition of terms multiplying ... is 

a mere addition of zeros. 

It will also be recognized, from § 93 or § 160, that this 
expression for the joint seminvariant is the result of substitu- 
ting in P,(, for aj, Ug, ... Hp respectively, the expressions 


— ^^0 

ai =ai^-«„r; 

02 = a2^*®-2ai^r)+c»„»;^ 

03 = + 


Op = + (- 

i. e. by the results of replacing x and 2/ by — - r/ and ^ in 
1 1 ! 2 ! 1 
2J ! ^ 2 ) ! ^ ’ 2^ ^ 

and after substitution dividing through by 

Any seminvariant which is not a mere power of or, in par- 
ticular, any invariant, is then a gradient in a^, a^, . . . a^, or such 
a gradient multiplied or divided by a power of Moreover, 
any gradient in a^, a^, ... is a seminvariant or, in particular, 
invariant. For a^, a^, ... are seminvariants themselves — the 
last of them, in fact, an invariant — being all annihilated by 


248 (bis). From the last paragraph we draw the interesting 
conclusion that every gi'adient P,^ in and in 

particular every single coefficient and product of coefficients, 
IS the coefficient of the highest power of ^ in some covariant 
of the ^-ic and linear form. This highest power of f is not 
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uniquely determinate for a given but may not be lower 
than the ith, where is the first power of X2 which anni- 
hilates Having obtained the seminvariant of the />-ic 

and linear form which has the term we know that there 
is another with first term for every positive n. The 

CO variant which it leads is the product of (fa? + 7 /?/)” 

CO variant led by the seminvariant with the term 

If is the order of the covariant led by the seminvariant 
with the term i. e. by the seminvariant 




-i^p. 


and if i' is the degree of P,„, we have 
and (§ 115) the covariant is 








ife ^ P„. 

which may be written in other forms ; for instance 


x'^e 


Of if ^ 


3 i^^p 

^ -*■ u 

h~ 


i. e., since by Taylor’s theorem e ^'^F{x) means F{X’\-h), 
x^~^ {^x-{‘r]yy e f ^P,„. 

Contrary to appeal ances this is integral in x even when rff<i. 

We have noticed that these covariants are the concomitants 
(in general mixed) of the p-ia only. Changing the notation 
by writing ct' and i in place of i and i\ we are led to the 
following theorem. 

Every gradient G ivhatever of degree i and weight w in 
aQ, aj, ... is either an invariant or the coefficient of x^^^' in 
some rational integral covariant (tvith 0), contravariant 
{with CT = 0), or mixed concomitant, of {a^, {x, yY. 

The value of vj' is the smallett number for which (? = 0, 

that of m is ip’-2^v + tsT', and an expression for the concomitant 
is y 


■pip-2w 


($a: + vyr'e“ 


o 


The same expression also gives a mixed concomitant if ot' is 
any greater number than the smallest for which = 0, 

hut in such a case a j^oiver of ^x-^riy is a factor of the con- 
comitant. 

Let us call tsr the order of a covariant or mixed concomitant, 
and t!r' the class of a mixed concomitant or contravariant. 

Y 


1431 
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Taking for G the general gradient of type containing 

{w ; i, p) arbitrary numerical coefficients, we thus derive from 
it a concomitant including as many arbitraries 

lo .. .JL?..,.. o 

of order ip — w and class w. 

This may bo separated into parts which give us the con- 
comitants of lowest orders and classes with leading coefficients 
included in G. In § 128 (bis) we have seen how to write the 
general (x as a sum of parts 

G, + (?2+Cr3 + .. . + ! 

which are annihilated, respectively, by 12, by 12^ but not by 12, 
by 12® but not 12^, ..., by 12*^+^ but not 12*". If ip — 2w is 
negative the parts (tj, do not occur in the sum 

(§ 128 (bis), Ex. 14). The concomitant of order ip—w and 
class w derived from G as above is now a sum of parts 

(^a: + j; y)” C, + (^a; + 7, y)“-i <72 + (^a: + + . . . + , 

where V o ^ na; 

(7,. = + e G^, 

for every r from 1 to tv -hi iiip — 2w is not, and for every r 
from 2w — ip + 1 to '1^4- 1 if ip — 2 is, negative. In the latter 
case Cj, t/g, ... are zero. Here 0^, ... are the 

concomitants of lowest orders and classes desired. 

Ex. 1, Prove that the operator produces con- 

comitants from concomitants, and hence that a cubic 
A = ax^ + 3 + 3 cxy^ + dy® 

has concomitants with 6, c, d respectively for leading coefficients, 
namely 

B = (6£C‘ 4- 2 cxy 4- dy‘^) f — {ax^^ 4- 2 hxy 4- cy®) r;, 

C = {cx + dy) f - 2 {hx 4- cy) ^ 7 ) 4- {ax 4- by) jf, 

D = 3c^ 7|4-35^77® — a7?®. 

Ex. 2. Hence also any gradient G(a^ 5, c, d) is the leading coefficient 
in a concomitant G{A^ J5, (7, B) of the cubic. Prove in like manner 
the general fact as to concomitants of a p-ic. 

249. Irreducible systems. Let us return to the notation 
of § 248. All seminvariants and invariants, including those 
of u and v singly, being rational integi*al functions of some 
or all of ^ and a^, a^, Og, ... a^, or such rational integral func- 
tions divided by powers of f, the search for the complete 
system of irreducible concomitants of the linear u and the 
p-ic V is the search for homogeneous isobaric functions of f 
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and UQi a^, cfgj ••• «i>j from which, when they are expressed in 
terms of rj and cTo, ... powers of ^ may be removed 

by division, leaving the.resiilt integral. Such new forms have 
again to be combined with Og, and with one 

another, or with such of them as in the process are not excluded 
as themselves composite, and new forms derived by removal 
of f factors, till the process can be continued no longer. The 
method for thus arriving at all the irreducible concomitants 
is that illustrated in §§ 169, 170, Two early cases follow. 

250. Case of two linear forms. Let the two forms be 
+ ax + by. 

The seminvariants a^, are 

and ^ is not a factor of any combination of them. These then 
are the only seminvariants and invariant; so that the com- 
plete system for two linear forms consists of the two forms 
themselves and one invariant, their eliminant. 


251. Case of linear form and quadratic. For the system 
u. = ^x + y]y, 

V = ax^ 4- 2 bxy -f 

the independent seminvariants a^, aj, cfg 

a, b^-aiu ci'^-2bir] + a7]^. 

Here, if ^ were zero, we should have Thus 

02 — ai^ is divisible by In fact, 

a^ag-Oi^ = (ac~ 62 )f^. 

Thus ac — b^ is a seminvariant (invariant) newly given. It is 
irreducible, for it is no function of the other one a which does 
not involve 

Further examining the results of putting f = 0 in the sem* 
invariants now before us, i.e. 

0, a, —rja, ifa^ ac — b^^ 

we see that no new relation connects them. We have before 
us therefore the complete system of irreducible covariants and 
invariants, viz. 

(1) the linear form itself, led by ^ ; 

(2) the quadratic itself, led by a ; 

(3) a covariant led by b^—arj. It is a linear covariant, the 

Jacobian (bi—art)x + (c^—bri)y. 

Geometrically it is the harmonic conjugate of the linear form 
with regard to the quadratic ; 

y a 
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(4) an invariant + the eliminant; 

(5) an invariant — the discriminant of the quadratic. 

252. Another method, which might be pumued in examining 
the system of a linear form andp-ic, consists in using instead of 

^0 > ^ 1 * •** 

the system of ^9 + 2 protomorphs of § 168, 

6 ^i)y 3a^^(f^a2 + 2a■J;\ 

3 a./, .... 

A third method, which will be adopted, depends on the fact 
that if S is a sern invariant, or invariant, of and v, 

which involves ^ and ?/, i.e. which is not either a power of 
^ or a eeminvariant of v alone, then 'bS/'^y] is another. 

The fact is an immediate consequence of the identity of 
operators 

which tells us that when +12 annihilates Sy so that 

d?; 

+ii)'S'=0, 

then f ~ +12 also annihilates S, 

0 7] 0 7] 

Thus from an invariant 

of ^x + 7 ]y and v, formed as in § 248 from v or a covariant of 
are derived the series of seminvariants 

(Q.-/, bh 


Qw-iV Qti—i + l^y 

Qtr-ii 

of which the last is the corresponding seminvariant of v only. 

The way in which, in the following two cases, this is utilized 
for the determination of complete systems of ix + r]y and v, 
when the complete system of v is known, is general. We 
shall see that f, the irreducible invariants of v, the invariants 
of ^x + 7]y and v obtained by putting r;, — £ for x, y in the 
irreducible covariants of v, and the successive derivatives of 
these with regard to t], constitute together the complete system 
of seminvariants and invariants. 
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253, Case of linear form and cubic. Take the linear 
form 

and the cubic 

ax^ + S hx^y + 3 cxy“ + dy'^. 

The complete system for the linear form alone is itself. 

The complete system for the cubic alone consists (§ 169) of 
three covariants 

(a, h, (?, d) {x, yY, i. e. the cubic itself, 

{ac — h^) di? + {ad — ic) xy + {hd — (?) 
cZ — 3 ahc, + 2 abd — 2 a? + c, — acd + 2 6- d — 

— ad’^ + 3 bed ~ 2 ?) {x^ y)^, 

and one invariant 

(ucZ — — 4 (ac — 6’) {hd — ?)» 

Thus the system has 

(1) the seminvariant 

(2) the invariant (a, 6, c, d) (?;, — 

by § 248, from which flow, by § 252, the seminvariants 

(3) (a, b, c) (7/, -^y\ 

( 4 ) arj-b^, 

(5) ^ ^ a; 

(6) the invariant (ac — Ir) rj^ — {ad — be) -f- {bd — c^) 

from which flow the seminvariants 

(7) 2 {ac — I?) 1 ] — [ad — Z>c) 

( 8 ) ac — b^; 

( 9 ) the invariant {c?d—3abc+2P, —ahd+2a? — h^Cy 

— acd + 2b^d — bc'^, a^Z^ — 3 fted + 2 c^) {q, ^)^, 
from which flow the seminvariants 

(10) (a^cZ — 3a6c + 26^ —abd’\-2aG^ — f?c, 

-acd+2bhl-bc^) (rj, ^)% 

(11) {a^d— 3 abc + 2 b^) 7 } — {abd — 2 a<? + c) 

(12) (?d—3abc+2J?\ 
and lastly the invariant 

(13) {ad—bcy^ — 4{ac — P) {bd — ?). 

None of these thirteen is a rational integral function of any 
of the others. That (5), ( 8 ), ( 12 ) and (13) are irreducible is 
the theory of the single cubic (§ 169). That ( 1 ) is irreducible 
is obvious. We have still to see that none of the rest of the 
thirteen, i. e. none of those which involve $ and 77 , is a rational 
integral function of others of the thirteen. Now if 
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where Py Qj - Z do not involve | and is the expansion of 
a rational integral function of some of the thirteen, its P must 
be a rational integral function of some or all of 

(i, ac — ahc + 2 {ad — bcf — 4 {ac — 6^) {hd — v ^) ; 

and, as none of these is a rational integral function of the rest, 
P can only be one of them when actually presented as one. 
Thus none of (2) to (1 3) could be reducible except as a product 
of another of them and a seminvariant involving rj but none 
of a, 6, c, d. But the only seminvariants free from a, 6, c, d 
are powers of and do not involve ?/. 

We have still to show that this system of thirteen irreducible 
seminvariants and invariants is complete. 


254. The system is complete. We have to see that any 
seminvariant or invariant whatever of the linear form and 
cubic can be rationally and integrally expressed in terms of 
the system (1) to (13) of the preceding article. 

Firstly, any seminvariant or invariant in which only a, 6, c, d 
occur is a rational integral function of (5), (8), (12), (13), by 
the theory of the single cubic. 

Secondly, any seminvariant in which h, c, d do not occur 
is a mere power of 

It remains to consider seminvariants and invariants in which 
both sets (t, c, d and n) are represented. Let 

s = ... 

bo one, from which factors which are powers of ^ have been 
removed. P, ... Z are rational integral functions of degree 
i' in a, t, c, d or some of them. 

By •§ 248, P is a seminvariant in a, 6, c, d. It can there- 
fore be rationally and integrally expressed in terms of 

a, ac — a^d — 3 ahc + 2 6^, {ad — bc)^ — 4 (ac — {bd — c'^), 
which call a, C, D, A. 

If w is the whole weight of S, we have (§ 247) 
i+3p<^2iv. 

Now P consists of a sum of positive and negative numerical 
multiples of such products as a^P^P’ A®, where 

+ = i'. 

The term P?/* in S is then a sum of numerical multiples of 
such terms as a^G^^D^'A* rj* 

for which, expressing that i-f 3i'< 2w, we have 

i + 3 (i>+ 2(y + 3r + 4s) < 2 {i + 2g + 3r + G^), 
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i.e. + 2 ( 2 '+ 3r < i 

= ^ + say, 

where ^ is a positive integer or zero. It is important to see 
that this implies, among other things, that r cannot all 
vanish, since i does not. 

Now in the product 

(2)'^ (6)^ (9^(13/ 
the highest term in i] is 

and the product 

(5)^(8)^ (I2r(13)» 
is 

and, if in this last we replace one of the /; factors (5) by (4), or 
one of the q factors (8) by half of (7), or one of the r factors 
(12) by (11), we produce a first term 

a^C^D^'A\ 7/, 

and again, by a like process of retrogression, we produce 

if, 

and so on. Continuing the process of unit retrogression we 
must arrive, before or upon finally reaching the first term 

at the desired tirst term 

i.e. a^G^D^'A\7)\ 

as a rule in a number of different ways. 

Similarly for any other term of which Pif consists. 

Thus we can, and as a rule in a number of ways, obtain by 
composition of (2) to (13) a seminvariant 

whose rj^ term is the same as that of /S. 

Subtracting it from S, and removing the seminvariant factor 
we obtain a seminvariant 

(Q - QO + (i? - ij') ^ ^ + . . . + {z~ z') 

Let the same process be repeated. We can form a combina- 
tion of (2) to (13) whose highest term in rj is (Q — Q')rf~^, 
Subtracting this, and dividing by we have a seminvariant 

(iJ - iJ' - E") + . . . + (Z- .Z:' - ^'0 

Kepeat the process again ; and continually as long as necessary. 
We get, lastly, unless at some stage or other the result of sub- 
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traction has vanished, in which case the desired expression of 
has been obtained, a residual 

w^hich is a seminvariant free from rj, and so ti, rational 
integral function of (6), (8), (12), (13). 

Thus, finally, we have S expressed as 

where 8 ^^ 82 ^ 8 ^, ,,, 8 ^ are rational integral functions of (2) to 
(13) or some of them. 

We see then that every seminvariant or invariant of the 
linear form and cubic is a rational integral function of (1) to 
(13) or some of them. These were seen to be irreducible. The 
pi oof is now complete that they form the complete system of 
irreducible seminvariants and invariants. 

The complete system of irreducible covariants and invariants 
follows at once from the complete system of irreducible sem- 
invariants and invariants. The covariant corresponding to 
any one of the seminvariants 8 is, by § 115, 

8 , 

where m = I 


255. Case of linear form and quartic. The irreducible 
covariants and invariants of the quartic 
(a, 6, c, d, e) (x, y)\ 

are, § 170, the quartic itself, the co variants 

[ac — W) x^^-2 (ad — he) x^y + {ae-]-2hd — 3 c^) x^y^ 

2 (be— cd) xif + (ce — 

and 

x^e^ {a^d — 3abc-\-2b^), 

and the invariants 

/ = ae — 4 6c?+3c^, 

J = ace-^- 2bcd — ad^--b^e — C'\ 

The invariants of the system consisting of ix + i]y and the 
quartic are then 

( 1 ) I 

( 2 ) J, 

(3) (a, b, c, d) (r,, 

(4) {ac — h"^) jj*— 2 {ad — he) + («c + 2 bd — 3 c^) 

— 2 {be— cd) + (ce — d^) f *, 

( 5 ) r)’’e {d^d—2abc + 2b^), 
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and the other semi n variants are, as in the last two articles, 
the four successive differential coefficients of (3), the four 
successive differential coefficients of (4), and the six successive 
differential coefficients of (5), all with respect to 

Altogether we have twenty semiuvariants and invariants. 
The twenty are all irreducible. This is established exactly 
as in § 253. 

Moreover, as in § 254, any seininvariant or invariant what- 
ever can be rationally and integrally expressed in terms of 
the twenty or some of them. They form, then, the complete 
irreducible system of seminvariants and invariants. 

From every seminvariant of the system the corresponding 
irreducible covariant is formed by the operation and multi- 
plication ^ . 


256. Case of n linear forms. For the case of n linear forms 
a^x + \y, a.^x + b^y, ...,a„x + h„y, 
an algebraically complete system of concomitants, i.e. a system 
of which all other covariants and invariants are functions, 
though not necessarily rational integral functions, consists of 
the n linear forms themselves and the n— 1 invariants 

which are the eliminants of a chosen one of the forms and the 
other 7i~l. 

For 

are all independent, each involving a letter which does not 
occur in any previous one, and their whole number 27i— 1 
is less by 4, the number of Z, n?-, l\ m\ than 2'a+2 + l, i.e. 
than the number of equations which express the equalities 
of coefficients of X and Y in the given forms and their linear 
transformations together with the equations of substitution 
x = lX + mY, y = l'X + m'Y 
and the one equation 

(Cf. §42.) 

The complete Irredv^ihle system consists of the above and 
the other eliminants 

> ^A-^'A,-" ’ ••• > <^n-A-^uK-i 

of pairs of the n forms. The whole number of the system is 
the sum of ii, the number of linear forms, and — 1), the 

number of eliminants, i. e. is 

^n(n+l). 
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We must see that they are all irreducible, and that there is 
no other covariant or invariant which is not a rational integral 
function of them. 

They are all irreducible. For the leaders 

(Jj^ , (^2 5 • • # 0/n 

of the forms themselves, being different and of the first degree, 
are irreducible, and the eliminants are all of 

degree 2, so that any one of them if not irreducible would 
have to be a linear function of the rest and of the squares 
and products of These last cannot enter with 

the others in any linear relation, for they are all of weight 
zero, and the rest are of weight 1 : and no linear relation can 
connect the eliminants alone, for they are of different partial 
degrees in the coefficients of the n forms separately. 

To prove that every other semin variant is reducible in terms 
of aj, ttgj ••• and the eliminants, we may proceed by mathe- 
matical induction. Assume it true for the above n forms, and 
take an (n+ l)th ^x + r}y. Exactly as in § 254, any semin- 
variant of the system of n+\ forms is a rational integral 
function of 

^1^3 ^3^17 ) ^2^3 ^^3^2’ ’*• > ’** > ^n^n-15 

and the ?;-derivatives of these 

c^i, ... 

together with 

This proves the theorem for n + 1 forms when we know it for 
71. But (§ 250) we know it for 7i = 2. Consequently it is 
true for 7i = 3, 4, 6 , ... , i.e. universally. 

In proofs by the method of § 254 the critical fact is that, in 
the inequalities like the 

3j7 + 2g'+3r < i 

of that article, the non-vanishing coefficients on the left are 
all positive. This is a universal fact, for every coefficient is 
the 2 ( 7 / 9 ) — 270 of a semin variant, and this is never negative 
(§ 247). 

257. System of two quadratics. This is the only system 
of two quantics neither of which is linear which we shall 
discuss at length. 

Let the two quadratics be 

77 = -j- 2 hxy + 

V = a'x^ 4 - 2 b'xy + 
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Six seminvariants and invariants we have at once the means 
of writing down, viz. 

(1) a, the leading coefficient of if, 

(2) a\ the leading coefficient of 

(3) the one invariant of u alone, its discriminant, 

(4) a'c the one invariant of v alone, its discriminant, 

(6) ac' + aV — 266', the invariant of u and v intermediate to 

(3) and (4), found in § 18. 

(6) ab' — a'h, the leading coefficient of the Jacobian of u 
and V, 

These six form the complete irreducible system. This may 
be seen as follows. 

Firstly none of them is a rational integral function of the 
rest. This is clearly the case with regard to the two a, a' of 
the first degree. As to the rest all are of the second degree. 
If any one of them is a rational integral function of the rest 
it must be a linear function of aa', and of the other 
three of (3) to (6). Now it is clear that every one of (3) to (6) 
consists of terms which do not occur in the rest or in aa\ 

The six, however, are not all independent, but are connected 
by one syzygy. For, combining (1) to (5) so as to get an 
expression free from c and c', we find 

aa'(ac' + a'c ~ 2 66') — a? {a' of — 6'^) — (ac — 6^) 

= (a6'-^a'6)2. ...(7) 

We have still to see that any semin variant or invariant can 
be expressed rationally and integrally in terms of (1) to (6). 
Writing C, G\ F for (3), (4) and (5), we have 

c = {C + b^)/a, c'=(0' + 6'Va', 

so that any rational integral function of a, 6, r, 6', c' may 
be written as a sum of such terms as 

A a'" 6^ 6'« {0 + b^y ((7' + b'% 

where the indices are integers, zero allowed, and, with the 
exception of m and certainly positive. This again is a sum 
of such terms as 

If the sum is a seminvariant or invariant it is annihilated by 



which also annihilates a, a', 0, C' separately, and so in its effect 
on the sum is the same as 
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on it as a function of b and b' as they occur explicitly. Now 
the annihilation by this implies, as the theory of partial 
diflerential equations tells us, that b and V only occur in the 
connexion _ ^7^ 


Any seminvariant or invariant is then a sum of such terms as 

and consequently, by use of the syzygy (7), can be written as 
a sum of terms each belonging to one of the types 


fx'a<^a'^(ab'-a'b)CpG'-r\ 

Terms of both types cannot occur, for the whole weights of 
the two types are one even and the other odd. 

Thus a seminvariant or invariant is, either a sum of terms 


or such a sum multiplied by a//— a'/A Here p, rr, r are positive 
integers, zero not excluded, and a, ft are integral or zero, but 
not yet proved positive. The factors a\ 0, G\ F of any 
term are absolutely independent, and the last three are in- 
variants. 

We have to see that for no term as above can a or /i be 
negative. Suppose if possible that there are terms in which 
a, for instance, is negative, and let a be the greatest positive 
value of —a which occurs in any term. We remember that 
the seminvariant must lead a co variant, and that the last 
coefficient in the covariant is, but for a numerical factor, 
obtained by operating on the seminvariant with (0 
where > ^ 

0 + 0' = (26 ~ + c -g) + (26' — , + c' , 


and tJT is the order of the covariant, i.e. I,{ip)— 2 iv (in this 
case 2 (a + /3), which is accordingly non-negative and constant 
throughout). This last coefficient is annihilated by 0 + O', so 
that the seminvariant is annihilated by (0 + Now the 

result of operating with this upon it, if as supposed it contains 
a sum of terms v (jp G'^F^) 

and none with the factor contains the terms 

(-l)^+ia'(a'+ 1) ... + (a^G^G'^F^) 

and no other terms involving against which they can 

cancel. The result then cannot vanish ; and the supposition 
was unsound. 

It is then completely established that any seminvariant or 
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invariant is either a rational integral function of (1), (2), (3), 
(4), (5), or such a function multiplied by (6). 

The system (1) to (6) is then the complete system of 
irreducible semin variants and invariants. 

Consequently also the complete system of irreducible co- 
variants and invariants consists of the two quadratics them- 
selves, the three invariants (3), (4). (5), and a third co variant, 
the Jacobian 

{aV — ah) a'- -h {ac — aV) xy + {he — Vc) y-, 

258. Canonical forms of two quadratics. It is easily seen 
that by a linear substitution of modulus unity the two quad- 
ratics can be given the simultaneous forms 

with new values of a, c, a\ c. 

For to make simultaneously 

all/ + h {Im' + I'm) -f emm' = 0, 
a' I V + h' {Im' + I'm) + c'm 7 / / ^ = 0 , 

we have only so to choose I : m as to make 

al 4- hm hi -f cm 
an^h'm"" UU'c'm" 

i. e. to solve a quadratic, and then to take for V : m' 

hi 4- cru 
al 4- hm 


The absolute values of I, m and Z', m\ whose ratios in pairs 
are thus determined, may then be taken, and still with one 
degree of freedom, so as to make Im' —I'm = 1. 

For these canonical forms of unit modulus the six con- 


comitants are 




a'X^ + c'Y^ 



The X and F of the canonical forms are then factors of the 
Jacobian. 

The failing case of two quadratics which are special in that 
their Jacobian has equal roots is left as an exercise to the 
student. 
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Ex. 3. Interpret geometrically the vanishing of the invariant 
ac' -f a'c — 2 hh\ 

Ex. 4. The Jacobian of two quadratics represents the double 
elements of the involution which they determine. 

Ex. 5. Express the seminvariant ah'^ — 2ha%' ca'^ in terms of 
(1) to (6). 

A ns, a' {ac' + a'c - 2 hh') — a [a' c' — ). 

Ex, 6. By means of the canonical forms prove that tlie covariant 
led by the seminvariant of Ex. 5, represents the harmonic conjugates 
of the factors of ax^ + 2 hxy + a/ with regard to a V + 2 Vxy + c'y\ 

Ex. 7. Prove the same by means of § 251 (3). 

Ex. 8. Find the covariant which consists of the harmonic con- 
jugates of the factors of v with regard to u. 

Ex. 9. Prove that the covariants of Ex, 6 and Ex. 8 are quadratics 
which belong to the involution of Ex. 4. 

Ex. 10. Express the eliminant (ac'— — 4 (aZ>'— a'5) (6c' — 5'c) 
of u and v in terms of the invariants (3), (4), (5) of § 257. 

Ans, (uc' + a'c — 266'y— 4 (aV— 6'^). Use the 

canonical forms. 

259, Linear form and two quadratics. Let the quadratics 
be as before ^ ^ 2 hxy + cy^, 

V = + 2 l/xy + c'y^, 

and the linear form ioo-\-r]y. 

Of the linear form alone the one seminvariant is 

and of the quadratics the ii-reducible concomitants are 
ax^-{- 2 hxy + cj/^, 
a'x^’\‘2h'xy + c'y’^, 

{aV — afh) 4- {ac' — a' c) xy 4- (6c' — 6'c) 

ac — 6^, 
a'c'~6'^ 

(ifc' 4 -U'''c — 266 '. 

As in § 248 the invariants of the system are these last three, 
and the eliminants of ix + tjy, and t^e preceding three, i.e. 

a7)^-2brj^ 4-cf^, 

(ah' — a'b) — (ac — a'c) 4- (6c' — 6'c) 5 
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and as in §§ 253, 254 the remaining irreducible seminvariants 
of the system are the successive );-derivatives of these three 
last, i. e. It 

a, 

a\ 

2 (ab' — a'b) rj — (ac' — ac) 
ab'^a'b. 

The covariants which these lead are readily written down. 
The last, last but two, and last but four, occur above. 

Ex. 1 1 , The vanishing of the invariant 

{ab' — a'b) — (ac'— a'c) + {be' — b'c) f ^ 
expresses that the linear form is a double element of the involution 
determined by the quadratics. 

Ex. 12. The covariant (av — b^)x + {b7) — c^)^ represents the har- 
monic conjugate of fcc + r/y with regard to u» 

Ex. 13. Interpret the linear covariants led by 

a'r] ^ b'^, 2 {ah' --a'b)y] — {ac' — a'c) 

260. System of quadratic and cubic. Take the forms 
It = ax^ + 2 bxy + 

V ~ of + 3 Vx^y + Zc'xy'^ -f d^y^* 

For the quadratic only the irreducible concomitants are 

( 1 ) u, 

and the invariant 

(2) ac — /A 

For the cubic only they are 

(3) V, 

the covariants 

(4) {a'c'^b'^) x^ + {a'd'-^b'e') xy + {b'd' - c'^) y\ 

(5) {a'H' - 3 a'b'c' 4- 2 b'^) + . . . , 

and the invariant, 

(6) (a'd' - 6'cy - 4 {aV - 6'2) {b'd' - c'^). 

The remaining irreducible concomitants of the system prove 
to be nine in number. They may be taken to be the following ; 

(7) the Jacobian of u and v 

(a6'— , 

(8) the Jacobian of vu and (4) 

{a(a'd' - b'c') - 26 (aV- 6'^) } + , . . , 
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(9) the result of operating with u on v, after substituting 

for Xi y in u, 

{ac + — 2 hV) x + (nd' + — 2 h/) y, 

(10) the result of operating with (9) on u 
— { — 3 a he' 4- («c + 2 h^) h' — hca'} x 

+ {c^a ---3hch' -\-{ac c —ahd] y, 

(11) the result of operating with u on (5) 

{a {- a'c'd' + 2 h'H' ~ Vc^) + 2 6 ( - a'h'd^ + 2 

+ c {aW — 3 a'ljG -f 2 V^) ] x—{g{-- a'h'd' + 2 — h'h') 

+ 2 a'c'd' + 2 h\l ' ~ 1/c'^) + a {a'^^ - 3 h'c\V + 2 c'^) ] y, 

(1 2) the result of operating with (1 1) on u, a linear covariant 
(the fourth) of degree 2 in the coefficients of u and 3 in those 
of V, 

(13) the intermediate invariant AO' + A'C —2 BB' of n and 

a {h'd' - c'-^) - h {a'd' - h'd) + (1 (a'c' - h'% 

(14) an invariant of partial degrees 3, 2, the eliminant of 
n and v, 

(15) an invariant of partial degrees 3, 4, the eliminant of 
the two linear covariants (9) and (12), or (10) and (11). 

Of the system five are invariants, (2), (6), (13), (14), (15), 
four are linear covariants (9), (10), (11), (12), three are quad- 
ratics, u, (4), (8), and three cubics v, (5) and (7). 

The above is Salmon’s list {Highet' Algebra^ § 198). They 
are, though all irreducible, connected by many syzygies, which 
have been fully exhibited by Hammond {Am, J., Vol. VIII). 
There is of course a considerable freedom allowed in choosing 
the complete list of fifteen, it being allowable to take, in place 
of any one of the more complicated ones above, any linear 
function of that one and compounds of the right order and 
partial degrees of those that are simpler. In fact Hammond 
finds it convenient to modify the last linear covariant (12) 
and the last invariant but one (14) by addition of products 
of others of the set in a way suggested in the next article. 


261. We may, in accordance with the chapter on canonical 
forms, reduce the cubic by linear transformation of modulus 
unity to the form «v + cfV, 


with different a\ d\ .t, y. The same substitution does not 


affect the form of 


ax^ + 2hxy + cy^y 


but only makes the a, h, c different. 
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For purposes, then, of the study of the combinations of the 
concomitants, it suffices to consider u, v in the forms 
u = ax^ + 2 bxy + 

V = ax^ + 

With this simplification it is easy to form all of (1) to (15) 
by the methods described. In the following notation /, L, Q, G 
denote respectively invariants and linear, quadratic, and cubic 
covariants. The first suffix denotes degree in the coefficients 
of u, and the second degree in those of v. The list is, in the 
same order as before, 

(1) = ax^ + 2hxy-\-cy‘'-, 

( 2 ) = 

(3) Cq^ = v = aV + dy, 

(4) (3o2 = a'd'xy, 

(5) (7o3 = a'd'(aV~dy), 

( 6 ) = 

(7) (/ji = — 6 — d^y^) — (ca^x — ad^y) xy^ 

(8) Qi2 = 

(9) = ca'x -f ad'y^ 

( 10 ) L^i = (bca'-^aH') x--(ahd'^c^a')y 

= b {ca'x — ad' y) — {a^d'x — c^a'?/) , 

(11) Zi 3 = a'd' {ca'x — ad' y ) , 

( 1 2) = a'd' { (a^d' + 6ca') a; + {ahd' + M) y } 

= a'd' (aH'x + c^a'y) + ba'd' (ca'x + ad'y) 

= a'd' {a^d'x + 

(13) I^^=—ba'd', 

( 1 4) /gg = a^d'2 -f (6 abo — 8 b'^) a'd' + c^a'^ 

= aH'^ — 2 abc a'd' + c^a''^ — 8 1 ^^ , 

(15) /34 = a'd'(cV2~a3d'2). 

Mr. Hammond’s modification is to take instead of Xga 
1^2 concomitants of like type, but simpler canonical shape, 
X'23 = ^23 + X12 Ln = <^'d' {aH'x + c^a'y), 
i'32 = X32 + ^-^12^20 = <X'^d''^—2abca'd' + cV^. 

This last is the eliminant of (9) and (10). Its full value in the 
notation of § 260 is 

d^d'^ + c%'^ — 6 a^bc'd' — 6 bc^a'b' + 2 (ac + 2 6^) {ab'd' + ca'd) 

+ (ac + 8 6^) (ac'^ + cb'^) — 2 a6c a'd' — 2 6 ( 5 ac + 4 6^) b'c'. 

Many good exercises in geometrical interpretation are afforded 
by the above canonical expressions. 

262. Linear form quadratic and cubic. From the system 

z 


1431 
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for the quadratic and cubic, the system for them and a linear 
form ^x + Yiy, is derived exactly as in § 259. 

The invariants of the system are the invariants /jg, 

■^32 > -^34 quadratic and cubic, and the results of replacing 
X by 7] and y hy in the quadratic and cubic and their 
CO variants. The other semin variants are ^ and the successive 
derivatives of the invariants which contain i; with regard 
to rj. 

Ex. 14. Any seminvariant of ax^ is a rational 

integral function of a and invariants of the system 

ax-\-hyj ax*^ •\‘2hxy -f- 3 + 3 -f {Ke^npe^ 

A ns. It is a rational integral function of 

a, ac — lr^ a\l—3abc+2b^, and {ad—hcY — i {ac~U^) {bd — c"^), 
of which the second and fourth are invariants of the quadratic and 
cubic respectively, and the third is tlie invariant of the linear form 
quadratic and cubic given by § 260 (9). 

Ex. 15. Any seminvariant of (a, 6, c, d, e) {x, yY is a rational 
integral function of a and invariants of the system consisting of the 
quaidic and its successive derivatives with regard to x. (Kempe.) 

Ans. Since it is a rational integral function of 
a, ao - b'\ a^d — 3 abc + 2 ae — 4bd-{-3 c', ace + 2 bed — ad‘^ — b'^e — c®. 

Ex. 16. Express the seminvaidaiit ay*— 5a6e + 2ard + 86‘^6^--6^c'^ of 
extent 5 as an invariant of the quintic and its successive derivatives 
with regard to x. 

Ans. Form a covariant of the system by oj)erating on the 
quintic with its first jr-derivative, and substitute —6 for x and a 
for y. 

Ex. 17. All invariants of a linear form a quadratic and a cubic are 
functions, not necessarily rational integral functions, of the discrimi- 
nant of the quadratic and the eliminants of the linear form Avith the 
quadi’atic, the cubic, the Hessian and cubicovariant of the latter, and 
the Jacobian of the quadratic and cubic. {Forsyth^ 

262 (6^6'), The Examples 14 to 16 are cases of a fact called 
attention to by Kempe, that all semin variants of a binary 
quantic in x, y are invariants of the system consisting of that 
quantic and its partial derivatives with regard to x. This is. 
readily proved by use of the ^-notation of § 60 {ter). The 
seminvariant of degree i of 

(a; + ydi)%= (a:: + 2 /^ 2 )% = ... = (aJ + J/dfV’ao 
which leads the covariant 

(^x - ^2^“ (dx - (dg ~ . . . {q._^^ _ 

{x + y d,)'^ia^ (x + ,..{x + yOij^i 
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is 

(0, - (0, - (0 , - . . . (0.^^ ^ e.p ., .• . . 

{i factors), 

where 4* ^^13 + . . . 4- ,• = , 

H- 7^23 4 - ... 4- /i- 2 i ~ 

&c. 

Now this is an invariant of the derivatives 

(x + y ^i)"- (x + y (a; + 2 / 0,)^- ®i tty . 

263. Case of />4-l binary quantics of orders p, p—1, 
An alijebraically complete system of semin- 
variants, i. e. a system in terms of which all other semin- 
variants can be expressed {not of course a complete irreducible 
system in terms of which all can be expressed rationally and 
integrally) of a system of binary quantics 

(Oq, c’q, cZq, ... Icq^ /q, 7>7^) (.1*, yY ^ 

(c^i, ^ 1 , d!j , . . . /t/*| , /j) (a?, y)*^ 


(^lJ- 2 ’ ^ V- 2 ) uT ^ 

{(ip-ii l^p-i) (‘^‘j 2 /)’ 

in which notice the ])reseiice of the last of zero order, a mere 
constant which is its own only irreducible concomitant, con- 
sists of the results of replacing x and y by and — in 
the quantics and their successive derivatives with regard to x. 

Thus, for the case = 4, an algebraically complete system 
for the five quantics 

{(Iq, bQ, Cqj d^J, 6q) (x, yY ^ (<ii> ^ 1 , <23 ^^ 1 ) (^3 

(<^2 5 ^23 ^*2) (^’3 vYi (^3j ^3) (*^"5 y)i 

consists of 

(c6(,, ^Q, Cq, c/q, 6q) (63, <^3)^, (<^^(,5 ^0’ ^0 3 ^^0) (^33 ^3)' ’ 

(«03 K ^‘ o)(K -^3)^ K3 h ) {K -^3)3 ^03 

(^^ 1 > ^13 ^13 ^1) (^33 (^IJ ^13 ^*1) (^33 ^3)^} 

(^13 ^1) (^33 ^3)3 

((<2, ^2» ^2) (^ 3 ’ ^^3)^’ (^^2’ ^2) (^33 ^3)? ^2’ 

[(^ 3 > ?>^) (?<3 5 —(^3) = 0], 663, 

Their formation accords with § 252. They are all indepen* 
dent, for taken from last to first each one involves a coefficient 

z 2 
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which has not previously occurred. Also their number, ex- 
cluding the always vanishing last but two, is 

which is easily seen as in §§ 42, 256 to be the maximum 
possible number of perfectly independent concomitants. 

The system appears to have l)een first given by Forsyth. 

An alternative algebraically complete system consists, §§ 168, 
252, of sets of ^9, /> — 1, ^ - 2, ... 2, 1, 1 protomorphs of the /) + 1 
quantics, and the Jacobians of the linear one and the ^—1 of 
higher orders. 


264. Systems of quantics of one order. Combinants. We 
will conclude this chapter by alluding to an important class 
of invariants of several binary 2^-ics, to which their first dis- 
coverer, Sylvester, has given the name Gombi^aants. There 
are also combinants of systems of g~ary jo-ics, for any the 
same q as well as the same p. 

A combinant of a number of ^-ics v, ^ in the same 

variables, is an invariant which differs only by a function of 

A, /X, r, , A', //', r', .*• j ••• factor, by a power of 

A , /X , r , 

\ ' / / 

A , ^ , 2; , ... 

\ // // // 

A , , 2/ , ... 

in fact, from the same invariant of 

Ku -\-yiV + vw , \'u + fx v + v'lv + . . . , 

k"u + iJi"v -f -f . . . , .... 

It is, in fact, an invariant qu& linear transformation of the 
^>-ics as well as cpik linear transformations of the variables. 

If a, a\ b\ c', . . . ; a", 6", c", . . , ; ... are corresponding 

coefficients in u, v, tu , ... it is readily seen that the conditions 
for an invariant to be a combinant are that it have the pairs 
of annihilators 


/ ^ 7 / ^ ^ 

corresponding to pairs of the jo-ics u, v, . 
There are also combinant covariants. 


265. A few of the more obvious facts with regard to com- 
binants are the following. 

The eliminant or resultant of tw^o binary p-ics u, v is 
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a combinant. For if u, v have a common factor so have 
+ + so that the eliminant of u, v is a factor 

of that of Au + jutv, A% + /Ji'v. The remaining factor involves 
A, /x, A', jbt' only, as we are told by consideration of dimensions 
in the coefficients of u, v. 

The eliminant or resultant of three ternary 2 )-ics is also 
a combinant ; and so on, 

A combinant of -u., v, . is of equal partial degrees in the 
coefficients of Uy w , ... separately* For, if we denote 


/ ^ , , c) , ^ 


by <p\ c/) respectively, 











whose effect is, by Euler's theorem, the same as that of the 
multiplier i'— Thus, if = 0 and (f)V = 0, the first and 
second partial degrees i, i' of C are equal. In like manner 
the first and third, the first and fourth, &c., partial degrees are 
equal. 

An intermediate invariant (§§ 18, 19) is not a combinant. 
Consider two ^-ics u, v only. The operation </> repeated a 
number of times on an intermediate invariant produces the 
invariant of n only, between which and the same invariant 
of V the supposed invariant is intermediate. This intermediate 
invariant is not then annihilated by </>. In like manner as to 
intermediate invariants of more /)-ics than two. 

Let I be any invariant of u, and form the same invariant 
of Kn-\-\xVy as in §§ 18, 19. This is 

x*i+ ... + 

1 1 . M 

or, as it may be also written, 

Call it 

A‘ + A<- V + <7A*- V* + . . . + + K,i.\ 

1 • M 
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SO that 

<\,'G = (i- 2) B, f J = K, <f>'K = 0. 

We thus have 

= {iB^ + {i-i)G^j^+... + K^j] F{A, B, G , ... J, K), 

where the operator on the right is of the form of 0. In like 
manner 

= {A + 2 + ••• + '•^^0 S, G,...J, K), 

where the operator on the right is of the form of 12. 

We thus see that any invariant of an invariant of \ui-iJiV 
regarded as a quantic in A, /x is a combinant of u and v. For 
it is an invariant of u and i\ being a rational integral homo- 
geneous isobaric function of invariants A, ,,, and it is 
annihilated by (/) and <//. 

In like manner any invariant of ah invariant of \u + ixV’hvw 
regarded as a quantic in A, jut, r is a combinant of u, v, w, by 
the principles of the next chapter but one ; and so in general. 

Ex. 18. If u, V ai*e binary quadratics, the combinant obtained as 
the discriminant of the quadratic in A, ix which is the discriminant 
of Aw + fxv is the eliminant of u, v. [Boole.) 

Ex. 19. The lineo-liuear invariant of two binary ^^ics is a coni- 
binant lijp is odd, but not if jp is even. [Cayley) 

Ex. 20. The criterion of an involution 

I «i. «i. ! 

j 

i ^8 > ^3 > ^3 > 

of three binary quadratics is a combinant. 

Ex. 21. A combinant of the fewer than 2 ;-fl 2 >“ics 

(flu iv '’i. •••) y, ■■■)”> (« 2 . h, Cj. •••)(». y' (*. y, ■■■)’', - 

is a function of determinants obtained by erasing columns from 

Cl, (/,, «i [Sylvester.) 

^2J ^2> 

^3 ^ ^3 J ^8 ^ ^3 ’ ^3 ^ * * * 
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RESTRICTED SUBSTITUTIONS. BINARY QUANTICS IN 
CARTESIAN GEOMETRY". 

266 . Besides actual or full invariants and covariants, which 
have the invariantic or covariantic connexion with a quantic or 
quantics whatever be the linear substitution for the variables, 
there exist functions which possess the property of invariancy 
or covariancy for particular classes or sub-groups of substitu- 
tions. 

Thus, for instance, seminvariants of binary quantics are not 
invariants for all linear substitutions, but are invariantic for 
the sub-group of substitutions x = IX -\-7n Y, y = m'T. 

A very important class of invariants and covariants for 
restricted substitutions is that of functions which are invariants 
and covariants so far as all substitutions are concerned which 
in Cartesian geometry express change of reference from one 
set of axes to another, the old and new variables being both 
sets of coordinates in the ordinary sense. 

Confining attention to plane geometry, the most general 
equations of substitution, those which express change from 
old axes at an angle a> to new axes at an angle w' = ^ — a, 
through a point {h, k)^ and inclined at angles a, ft respectively 
to the old axis of x, arc 

= z + m A, 

smci} sm CO *• 

h', 

[.]= 

Of these, whether A, k be present or absent, i.e. whether the 
substitution be taken as ternary or binary, the modulus is 

sin (w — • a) sin ft — sin (co — ft) sin a sin w sin {ft — a) 




Sin a 


sino) 


sin CO 
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267. Boolian and orthogonal invariants, &o. The study 
of certain invariants and covariants for Cartesian transforma- 
tions preceded and led to the investigation of invariants and 
covariants generally. The chief early contribution to the study 
is in a paper by Boole (Gamhridge Math, Journal^ Vol. Ill), to 
which reference has already been made in § 18. It is proposed 
here to give the name Boolian invariants and co variants to 
functions which have the restricted invariantic and covariantic 
properties contemplated, the name being given without in the 
least implying that Boole confined his attention to such 
restricted invariants and covariants. His work not only led 
to the study of the more general invariant algebra, but began 
that study. 

The original theorem was that a binary quadratic 
ax^ + 2 hxy f 

has the two Boolian invariants 

a. + c — 26 cosco ; 

in fact that, if a'X^ + 2h'XY+dY^ is the quadratic trans- 
formed so as to be referred to new axes at an angle w', 

(ac^ 62 ), 
sm 0 ) / ' ' 

a'-f-c'— 26 'cos w' = ) (a + e--26 cos 0 )), 

The first of these Boolian invariants is known to be an in- 
variant for all linear substitutions. The second is not. 

Boole^s well-known method depends on the fact that, the 
transformation being a binary one, i.e. one with no change 
of origin, 

2xy cos CO + 3/2 = X^ + 2 ZF cos co'+ Y\ 

He in fact determines, by his method § 18, the invariants in 
the ordinary sense of the system 

ax^ + 2hxy + cy\ 

2 xy cos o) + 

In like manner Boolian invariants and covariants of a binary 
quantic, among which are included the full invariants and 
covariants of that quantic, are obtained as the full invariants 
and covariants of the system consisting of that quantic and the 
quadratic ^2 ^2xy cos co + 2/^. 

If we take cos (o'= cos co = 0, i.e. if we consider only trans- 
formations from one pair to another of rectangular axes, 
Boolian invariants and covariants take particular forms which 
may be called orthogonal invariants and covariants. 
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268. As a first instance of a Boolian covariant we may take 
the Jacobian of the quadratic 

and 2 xy cos o) + 

which proves to be 

(aQ.o^(ii — h)x^-\-{a — c)xy-{-{b—c cos w) 2 /^. 

This must be a pair of lines having an invariable geometrical 
relation to the pair of lines denoted by the given quadratic 
and the pair of lines 'Y2xy coma-^-y^^ to the circular points 
at infinity. 

To see what the relation is take 2xy for the given quadratic. 
The Boolian covariant is at once 

y^-x\ 

and so represents the bisectors of the angles between the lines 
forming the quadratic 2xy. These bisectors are presented as 
the common harmonic conjugates of the lines xy and 

+ 20 ^ 2 / cos £0 + 2 /^ 

Quite generally, a Boolian covariant represents a pencil of 
lines having an invariable geometrical relation to the pencil 
represented by a binary quantic and the pencil 

x^’\-2xyQOB(ti-\‘y‘^ 

from the vertex to the circular points at infinity, i.e. represents 
a pencil having an invariable relation to the pencil represented 
by the quantic, into the expression of which relation magnitudes 
of angles enter or may enter as well as descriptive and pro- 
jective connexions. 

The vanishing of a Boolian invariant expresses a geometrical 
relation between the lines of a pencil denoted by the binary 
quantic to which the invariant belongs, into the expression of 
which relation magnitudes of angles may enter as well as 
descriptive and projective connexions. 

For instance, a + c — 2b cosco = 0 expresses that a quadratic 
denotes lines harmonically conjugate with regard to the lines 
to the circular points, i.e. denotes lines at right angles. 

269. The method of emanants (§§ 52, &c.) applies to Boolian 
invariants and covariants. It was proved that any invariant 
of an emanant of u is a covariant, or, in particular, invariant, 
of n. Now, just as this was seen, it follows also that any 
function which is for a sub-gioup of linear substitutions an 
invariant of the emanant is for the same sub-group a covariant, 
or invariant, of u. In particular, this is the case for the sub- 
stitutions of Cartesian geometry. 
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For instance, the second emanant of u 


blf 


has the Boolian invariant 


b^U b^U b'^U 
Ih} c» 2/2 - 2 cos ft). 

This, then, is a Boolian covariant of the binary quantic u, if the 
order of ^6 exceeds 2. For the order 2 of u it is the Boolian 
invariant used in its production. 

The expression of the fact of covariancy of the function 
before us is 


b^U b^u b‘^lt ^ 

bjc^ bT^~^ bJcTr^^^"^ 

__ /sin 02^ 

~ ^ sin CO'' ( b{J^ 


b^U 


-2 


yu 

bx by 


cos CO 


s- 


In particular, 


b-n b^u . ,, , • A • 

+ T— 7 > an ortnoqonat covariant, i. e., 

bx-^ by^ 


since (sin co'/ sin o>)^ = 1 for all orthogonal substitutions, is 
unaltered by any change of rectangular axes without change 
of origin. 


270, Cogrediency identical with contragrediency for 
orthogonal substitutions. This last fact as to an orthogonal 
CO variant is a case of an interesting theorem due to Boole. 

It should be noticed that there are two discrete classes of 
orthogonal substitutions, which may be called direct and skew 
respectively. In the direct class the sense of rotation from 
the axis of X to that of F is the same as that from the axis of 
X to that of 2/, while in the skew class the senses of rotation 
are opposite. The modulus for the direct class is + 1, whereas 
that for the skew class is — 1. 

The formulae for orthogonal substitution are 

cr = X cos STY sin 0, 
y = X sin ^ + F cos 0, 

where the upper signs refer to direct and the lower to skew 
substitutions. From these there follow 




= cos 0 r— + sin 0 
bx 




= + Sin 6 ;— + COS 0 — , 
bT bx — by 
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SO that 

— = cos ^ + Bin 6 ^9 

lx IX lx 

+ cos^^- 

ly IX — lY 

Thus for all orthogonal substitutions l/lx and "^/ly are 
cogredient with x and y (§ 51). For orthogonal substitutions 
then contragrediency is identical with cogrediency (cf. §§ 46, 
68). This is readily seen to be the case if we take ?/, any 
quantities or symbols contragredient with and y, instead 
of l/lx and l/ly in particular. 

The application of the cogrediency now before us is as 
follows. If the result of transforming a binary quantic 
orthogonally is 

u = («(,. “2> • (*’ vY - (-^0. A^,A.i,...A^) (X, Yy\ . . . (1) 

while of course 33^ + 2 /^ = X^+ F^, •••(2) 

and the modulus of the substitution is in magnitude 
cos*d4-sin^0, i.e. unity, we have also 

(cio, 

(-^0 j -^1’ "^2’ ••• ^p) ( ^ Jy) **’ 


and 



...(4) 


Moreover, if K (uq, a^, a/) {x, y)^ is any covariant or 

orthogonal co variant, 


K {a^, 


ly) 

. I I 

= + 7i (il 0 j ^ 1 j ^2’ • * ’ ^r) V * lY' ^ 


...(5) 


the upper sign being correct except when both the covariant 
and the substitution are skew. 

Thus by operation with any combination of the left-hand 
sides of (3) and (4), or with any covariant operator such as the 
left of (5), on any combination of the left-hand sides of (1) and 
(2), or on any covariant or orthogonal covariant, we obtain an 
orthogonal covariant or invariant. 

Consider in particular the quadratic 
ax^ + 2bxy + 

We have by (3) on (1) an orthogonal invariant 

+ 262 + 02 , 
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and by (4) on (1) another 

a-f c. 

The known invariant ac — is, of course, 

Again, from the cubic 

ax^ + 3 hx^y + ^cxy- -f dy’’^ 
we have by (3) on (1) an orthogonal invariant 

by (4) on (1) an orthogonal co variant 

(a + c)aj + (6 + <i)2/, 

and again, by operating on this with 
another orthogonal invariant 

(a-f cf + (6 + cZ)^. 

For another example take the quintic (a, 6, c, rf, e,/) {x, yf. 
We obtain at once (a) the orthogonal invariant 
a2+5i&2 4-l0c2+ 10rf24.5e2+/2, 

(/3) a cubic orthogonal covariant which leads to the orthogonal 
invariant + 3 (i + df + 3 (c + e)^ + {d + ff, 

and from it again (y) a linear orthogonal covariant and the 
orthogonal invariant 

(a + 2 c + + {h -I- 2 (i +/)‘^ 

besides two other orthogonal invariants obtained by operations 
with orthogonal co variants found above on others. 

Observe that orthogonal invariants and co variants arising 
as invariants and co variants of a 2>-io and x^-^y^ are all of 
real form, and are all absolute for direct orthogonal trans- 
formations. For skew substitutions some have —1 and not 
+ 1 for factor in the expression of invaiiancy. We will call 
them all absolute, but when need for discrimination arises 
will characterize those that are absolute only for direct trans- 
formations as semi-skew. Later we shall encounter orthogonal 
invariants and co variants which are neither of real form nor 
absolute. 

The number of independent absolute orthogonal invariants 
of a jp-ic is p. This will be proved later. 

The* difficulty of discovering complete irreducible systems 
would have to be attacked separately in the case of every 
order p. After the quadratic more than p are irreducible. 
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Ex. 1. In orthogonal transformations in three dimensions prove that 
b/byy b/bz are cogredient with .r, y, 5 ;. (Boole,) 

Ex. 2. For orthogonal transformations covariants and contravariants 
coin cide. (Sylvester. ) 

Ex. 3. The ternary cubic 

ax^ -f- hy^ + c;:;® 3 dx^y + 3 exy- -f- Sfx^z + 3 + 3 hy‘^z -f 3 iyz^ -f 6 kxyz 

has the oithogonal invariants 

5^ -f + 3 (d^ + <3^ +/“ 4- tr + 4* h 
(a-\-e+gy + {b + d + if-\‘(c-\-f+ hf. (Boole,) 

271. Annihilator of absolute orthogonal covariants and 
invariants. Sylvester has expressed by a linear differential 
equation the condition that a function be an absolute orthogonal 
covariant or invariant of a binary quantic. 

A turning of the axes through a finite angle can be effected 
gradually. If we express absolute invariancy for the infini- 
tesimal transformation which means an infinitesimal turning, 
we express it for any amount of turning whatever, i.e. for 
any direct orthogonal transformation. 

Now the formulae of substitution for turning through an 
infinitesimal angle 0 are 

omitting infinitesimals of the second order. The modulus of 
this, to the first order of infinitesimals, is 1. Indeed 1 is its 
absolute value, as in all cases of direct orthogonal substitu- 
tion, when infinitesimals of higher orders are expressed in the 
formulae of substitution. Now these are, to the same order 
of infinitesimals, 

X x-k-Oy, Y = y — 6 X. 

Thus the substitution amounts to giving x and y the incre- 
ments By and —Ox. 

Again, if the quantic under consideration is 

(a,, •••«?)(». 2/)’’. 

the substitution may be effected, correctly to the first order 
in d, by first writing it 

{%, «!, Og, ... Up) (X-dy, yY, 

which makes it 
where (§ 91) 

• «o'= «o. «i'= «i— .... Op = ap-pap_i0, 
and then writing it 

«, <, 02 > ■■■Op') {X, ex + F)'', 
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i.e. 

•where (§ 94) 

Aq = cifi'+pui^e = U(,+ 7 x<i 0 , to the fii-st order in 6, 

Ai = + + „ „ 

A^ = + (2> — ^)az^ = + » •> ’ 


Ap_i= a\,_^ + a/e = 'Vi + «p0- (2? _20, 

Ap = cip — (ip po/p-\^i » !) 

Thus X, Y, Ay, A^, A.^, ... A^.y, Ap differ from 

l/f ^^0) *** — IJ 

by the increments 

hx:=:6y, hyr=z-^6x, haQ=pa^6, = {(p— — 

5(^2= {(2J-2)a3 — ... 

whence it follows that the increment of 


F{x, y, (^1, a^,,.,(ip) 


IS 




- (''“S 




The necessary and sufficient condition that F may be a co- 
variant for direct orthogonal substitutions is, then, if as usual we 
adopt the notation of Chapter VI, that F have the annihilator 



X - — f- 0 ~ 12. 
^y 


For it to be a co variant also for akew orthogonal substitu- 
tions a further condition is necessary and sufficient. It must 
be either unaltered or only changed in sign when y and the 
alternate coefficients a^,... have their signs altered. 

For the most general skew orthogonal transformation may be 
performed by replacing Xy y by a;, — j/, i.e. reversing the 
direction of the axis of y, and then performing the most 
general direct orthogonal transformation. Should, however, 
a function + which has the above annihilator, become 
iTj—jfiTg upon making these changes of sign, it is readily seen 
that — K.^ also has the annihilator, since this annihilator is 
only altered in sign by the changes of sign of y and «i, ^3 , ag , . . . . 
In this case and are orthogonal co variants for skew as 
well as direct substitutions, while K^ + Ko and K^—K^ are 
not. and have in fact for their factors powers of the 
modulus ± 1 of which one is even and the other odd. 
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In particular, absolute orthogonal invariants for direct 
transformations are functions of the coefficients only which 
have the annihilator 0 -12. One which is not invariant also 
for skew transformations is a sum of two which are — one of 
them being semi-skew. 

272. Annihilator of Boolian covariants and invariants. 
We may also find an annihilator of any Boolian covariant or in- 
variant from the consideration that any one is unchanged when 
the oblique axes are turned through an infinitesimal angle B. 
For such a turning the formulae are, by § ^266, since a = 

13 X = X — X coidi .0— Fcosec w . 

y Y + X cosec o) .0 i Y cot o) . 6. 

Thus X and y have the increments 
5a; = a; cot CO . ^ -f y cosec co . B, by = —a; cosec o) .B-y ooicjD .B, 

Also it is readily seen that the increments of Uq, ••• 
may be exhibited as follows : 



5«q, 

5«i , 


. , 5cq,_j , 

bup 

=(- 

-n, 




0 ) cot CO . ^ 

f{ 

0 , 

, 

— 2c*^ , 

, -2, 

"“i S-i) cosec CO . B 

H 

/W] , 


{p-2)a„ ... 


0 ) cosec CO . B 

f { 

0 , 


2«2 )'•- 


l)ap ) cot CO . B^ 


Hence the expression of the fact that the increment of a 
Boolian co variant vanishes is that it is annihilated by 

+ cosec + 0 — III* 

l^bx hj 3 

which correctly becomes the annihilator of the preceding 
article when co = i. e. when the co variant is orthogonal. 

In particular, Boolian invariants have the annihilator 

0_a-«os.jp«,~ +(p-2)«,^+... 

The second part of this annihilator has the efiect of 
multiplying every isobaric part of weight vj of a Boolian 
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invariant of degree i by — cosa> times ip — 2w^ But this 
multiplier is not constant throughout, as Boolian invariants 
other than full invariants are not isobaric in the coefficients 
of the quantic to which they belong — the fact of annihilation 
tells us that when a Boolian invariant B is isobaric we have 
separately OB = 0, 12 J5 = 0, ip = 2w. 

Boolian covariants and invariants have also to obey a further 
law, which is perhaps best expressed by saying that they must 
be unaltered or changed at most in sign when x and and 
a.p^ and and &c., are interchanged. The 

supplementary necessity of the last article as to orthogonal 
covariants and invariants might have been expressed in the 
same way. 

Ex. 4. By turning the axis of y through an angle c?a), keeping that 
of so unchanged, prove that, fx being the index of the power to which 
the modulus sin co'/sin o) enters in the equality expressing that ^is 
a Boolian covariant, 

+2-.S:, + 

Ans. Express that the increment of (sin vanishes. 

273. Boolian complete systems. In Chapter XIV there have 
been given systems of irreducible covariants and invariants 
for a linear form and a quadratic (§ 251), for two quadratics 
(§ 257), for a linear form and two quadratics (§ 259), and for 
a quadratic and cubic (§ 260). If for the quadratic, or one of 
the quadratics when there are two, we take ‘h2xy cos co + y^, 
i.e. if for a, 6, c the coefficients in this quadratic we write 
1, cost!), 1, we deduce in the several cases systems of Boolian 
covariants and invariants of a linear form, a quadratic, a linear 
form and a quadratic, and a cubic, in terms of which all other 
Boolian covariants and invariants, in each case, can be ration^ 
ally and integrally expressed. The student is recommended 
to write down these systems, and to interpret geometrically the 
vanishing of the various Boolian invariants, and the relationship 
between the pencils represented by equating to zero the Boolian 
covariants and the pencil or pencils represented by equating to 
zero the quantic or quantics of which they are Boolian co vari- 
ants, remembering that rectangularity may be expected to be 
a feature of the relationship, since harmonic conjugates with 
regard to + 20??/ cos a> + 2/^ = 0 are at right angles. He will be 
aided by giving to a quadratic other than + 2 xy qob (a -h 
or a cuoic, as the case may be, a canonical form to which 
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it may be reduced without loss of generality by a change of 
axes, e.g. the form ax^+cy^ or 2hxy for a quadratic, and 
Zxy lhx-k-cy) for a cubic with real factors or ax^-{-dy^ for one 
with two factors imaginary. 

In forming other Boolian co variants and invariants as 
rational integral functions of those written down as above, 
it will be well to retain a double suffix notation, such as used 
in § 261, for the various members of the system used. For 
dimensions in 1, cosw, 1, which have replaced the h, c of 
a quadratic, have no clear meaning in coefficients before us, 
and yet must not be disregarded. 

273 (bis). If in the complete system of irrediicibles for a 
quantic or quantics and a quadratic wo take x^ + ]f for the 
quadratic, instead of x‘^ + 2xy (o-hy^^, we obtain a system 
of orthoijonal covariants and invariants of the quantic or 
quantics, in terms of which all others, so far as at present 
contemplated, can be rationally and integrally expressed. All 
are absolute, but some semi-skew (§ 270), as the multiplying 
factor in the expression of the invariancy of every one of them 
is 1 for direct and one of + 1 for skew orthogonal transforma- 
tions. This fact justifies much greater freedom in deriving 
from them other orthogonal concomitants than was admissible 
when we had to attend to factors which must be powers of 
sincoysino). We may in fact compound them and x^ + y^ 
rationally and integrally in any way^ and produce other 
absolute covariants and invariants for all direct orthogonal 
transformations. For skev) transformations only those com- 
pounds have the invariant property which are throughout of 
either even or odd dimensions in those of the ground-forms 
wffiich are semi-skew. A compound in general will bo a sum 
of two absolute orthogonal covariants or invaidants, of which 
one is semi-skew. 

Thus, much greater freedom of rational integral combination 
being allowed in the case of the orthogonal covariants and 
invariants than in the case of the full co variants and invariants 
from which they were derived, we have no authority for 
asserting that the irreducible system of full invariants and 
covariants of a quadratic and another form or other forms 
yields, upon taking + y’^ for the quadratic, such a system of 
orthogonal invariants and covariants of the other form or 
forms that every member of it is irreducible qu^ orthogonal 
concomitant. The system yielded is likely to be sufficiently, 
'but may be excessively, numerous. A case of excess actually 
arises for the cubic. This has a full covariant 
(a^d — 3 ahc -\-2h^)x'^ + ... 

A a 


1431 
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which is irreducible as a member of the system of covariants 
of the cubic and a general quadratic; but qua orthogonal 
covariant of the cubic it proves to be reducible. 

We shall presently (§ 278 bis) be in position to specify 
irreducible systems. 


274. Every product of coefficients leads an absolute 
orthogonal covariant. In the rest of this chapter we consider 
orthogonal concomitants only. 

In § 270 we have seen that for orthogonal transformations 
X and y are contragi’edient to themselves. In the conclusions 
of § 248 {his) as to contravariants and mixed concomitants of 
a qnantic or quantics we can then write x and y for f and r;, 
and derive conclusions as to orthogonal covariants of the 
qnantic or quantics. 

Or we may proceed independently. From the equalities in 
§ 270 it at once follows that for orthogonal transformations 

with upper or lower sign on the right according as the trans- 
formation is direct or skew. Thus the left-hand member is 
an operator deriving orthogonal covariants from others. From 
an absolute one it derives another which is or is not, according 
as the first is not or is, semi-skew. 

Operate once, twice, ... 2> times with x~ —y^- on a^-ic 

(a,, (*, 2 /)". 

There are thus derived from it, in succession, orthogonal 
covariants with 

respectively for their terms free from y. All of them are 
absolute, those with odd-weighted coefficients of being 
semi-skew. 

Accordingly the product of any number i of the + 1 forms 
now before us is an absolute orthogonal invariant, semi-skew 
or not according as the coefficient of in it is of odd or even 
weight. This coefficient is a product, and may be any product, 
of i of Uq, ap ... Up, repetitions allowed. 

It follows that every rational integral function of degree i 
throughout in Ojj, a^, .,.«p — it need not be isobaric — is the 
coefficient of in an absolute orthogonal covariant for direct 
transformations. If it contains terms of both even and odd 
weights, it is the sum of two for skew transformations, the one 
led by the terms of odd weights being semi-skew. 
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It may be, and in fact is, possible so to choose rational 
integral functions of degree i in ... that the covariants 

led are divisible by hy + 2/^)^ . . . or by + 

where r is any number not exceeding ^ip. On rejecting these 
absolute covariant factors, absolute orthogonal covariants will 
be obtained, with coefficients of degree of all those orders 
not exceeding ip which are even or odd according as ip is. 
In particular, absolute orthogonal invariants will be given in 
the case r = ^ip when ip is even. 


275. An annihilator of all rational integral functions of 
degree i in . .. We can obtain the condition satisfied 

by a rational integral function of degree i throughout in 
which leads an absolute orthogonal covariant, of 
order isj — ip — ^v, 


By § 271 this is annihilated by 

0-n-x— +y 

7>y ^ dx 

We have then the chain of equations 


(0-12) Co ~C, =0, 

(0-12) Cl - 2 C 2 +WC 0 =0, 

(0-I2)C, -3C3 +(ti7-l)Ci = 0, 


(0-I2)6V_i-^C^ + 2C^_2 = 

(0-I2)C. +C^_i =0. 

The first, second, ... , last but one, of these determine Cj, Cg, 
...C^ in succession in terms of Cq, (0 — 12 ) Cq, ... (0— I2)^Co ; 
and the result of substituting for Coy^p Grg in the last gives 
a differential equation which must be satisfied by Co- More- 
over it is all that need be satisfied to make consistent values 
of Cj, Cg, ... C^ determinate from Cq, With some difficulty — 
see also § 278 below — the equation is found to be 

{(0-i2)2 + ^2| ((0-X2)2 + (w-2)2} 

...{(0-X2)24-22)(0-X2)Co=0, 

or 

{(0-I2)2 + ^2| |(0_a)2+(^-2)2} ... {(0^12)2 + 12) Co = 0, 

according as cr is even or odd. The theorem is due to Mr. Berry. 

Now we have seen that every rational integral function of 
degree i throughout in ao» ••• coefficient of in 

A B, 2 



856 


AN ANNIHILATOB OF ALL FORMS 


[275 


an absolute orthogonal covariant of order ip, or a sum of two 
such, one semi-skew. Hence, according as ip is even or odd, 
{(0--X2)2 + (ii9)2}{(0-X2)2 + (i^--2)2}...{(0-a)2 + 22}(0--aX 
or {{0^af + {ipf} {(0--12)2 + (ip~2)2 }...{( 0 ~X 2)2 +l 2}, 

annihilates every rational integral homogeneous function of 
degree i in ... 

Ex. 5. If ip is odd every rational integral function of degree i 
throughout in a^, ... is the result of operating with {O — Hy on 

some other. If ip is even this is in general not the case. 

Ex. 6. A binary quantic of odd order has no absolute orthogonal 
invariants of odd degree. 

Ans. With ip odd and (0 — 12)6' = 0 we must have 
{ip{ip-2) ... \YG = 0, 

i.e. 6 = 0. 

Ex. 7. If // is the most general rational integral function of degree i 
throughout in the coefficients of a jp-ic, apply the method of § 128 {his) 
to express it as a sum of rational integral solutions of the separate 
equations 

{(0^12)2 ^ 0, {{o^ay^{ip-2Y] h = o, ... 

{{0^iiy + 7ny}h = 0, 

where is 1 or 0 according as ip is odd or even ; and in particular, 
when ip is even, obtain the most general absolute orthogonal invariant 
of degree i. 

Ans. 

{(0~12)^ + (7>-2)^} ... {(0-12)*+ 2^//. 

276. Non-absolute orthogonal concomitants. The ortho- 
gonal covariants and invariants so far exhibited are all 
absolute, for direct transformations at any rate. They are 
also all of real form. We now introduce others which are 
neither of real form nor absolute. 

The facts are of striking simplicity. For direct orthogonal 
transformations there are two universal linear covariants 
oo±iy, where i denotes a/— 1, and p+1 independent linear 
invariants of the^-ic (a^, a,, ... a^) (x, yy. In terms of these 
invariants and universal covariants all orthogonal invariants 
and covariants, including absolute ones, can be rationally and 
integrally expressed. Sylvester was the first to call attention 
to the system. 

The proof in § 23, that in an expression of invariancy the 
factor depending on the constants of transformation must be 
a power of the modulus M, rested on the facts that we were 
considering the general group of linear transformations, and 
that the general modulus Jf nas no factors. When we con- 
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sider invariancy for a sub-group of linear transformations, the 
M of special form may break up into factors, so that the proof 
does not apply. Now for the sub-group of (direct) orthogonal 
transformations we have 

M = oos^ 6 -f sin^ 6 = (cos 0 + 1 sin 6) (cos 0 — t sin 0) = 

We must not be surprised then at discovering that there are 
orthogonal invariants and covariants of factors which are 
powers of 

Now from the formulae of transformation in § 270, taking 
upper signs, i.e. direct transformations, we have 

X + tF = (cos ^ — t sin 0) (x 4* ly) = e~'^{x -f ty), 
and X — tF= (cos ^ -1 - 1 sin {x — iy) = &^{x-’iy). 

Thus x±iy are universal co variants for direct orthogonal 
transformations, having for factors respectively. 

For skew transformations we have 

X±LY:=^e±^^{xTiy), 

and there is no covariancy of either of x±iy. These are 
interchanged, as well as multiplied by factors. Their product 
x^ + 2/^ course covariant, and absolutely, for skew as well 
as direct transformations. 

Let us put r/ for x±iy respectively, i. e. put 

and express a p-ic in x, y in terms of y by these formulae, 
getting, say, 

(do, «i, ...dp) (JB, yY’ = (««'. <. ••• O (i, vY- 
Here a/, a/, . . . c// are linearly independent linear functions 
of aj, ... Op. For, by a reversal of the transformation, the 
independent aQ, a^, ... are definite linear functions of them. 

Let (Aqj ^ 1 , ... Ap) (X, Yy be what the p-ic in x, y becomes 
after a direct orthogonal transformation, and let A^^\ ,,,Ap 

be the same functions of Aq, A^, ... ^^ as a/, a/, ... a/ are of 
ao, a^, ... ap. We obtain 

{cIq ^ ci^ ^ (ip) (f, 9])^ =: (<^Q, (lu ... ofp) {x^ yy 

= {A,,A,,,„Ap){X, Yy 
= {A,\ A /, ... A/) (6-^f, e^^vy- 

In this identity of quantics in 7j, the coefficients of the 
various products on the two sides must be equal. 

Therefore 

Aq = A.^ = 

... Ap^^ = 
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Thus a/, a/, ... a/ are p+l linearly independent orthogonal 
invariants (for direct transformations) of factors 
. . . respectively. 


276 {bin). Having ^+1 independent invariants, of factors 
which are all powers of we can in many ways, by elimina- 
tion of obtain p that are absolute as well as independent. 
A statement in § 270 is thus justified. 

Write 

for the invariants 

... 2^1 J 

respectively. Every suffix of an I is here the index of the 
power of which is the factor in the expression of the in- 
variancy of that /. We have 

(Ipi Ip-2^ ••• + ^0 — (^^05 ^1’ 'b ^ i 

and hence readily find that 

p (p — 1 ) 

Ij„ I.j, are, respectively, % + ^ — a^±... + {+ lYctp, 

1 . a 


+ „ ao + «-2+6(p-2)(ctj+a3)-... 

+ ( + iy'~^ (wp-2 + 

Iji-i, + 2«2 + rt4+ 1 4)(aj+ 2a3 + a5) 

-... + ( + 0’"^ i%-i + 2a^,_2 + (6„), 


and, generally, that for every 2r not greater than p, 

p + 2»* 

^((/q , Cto J • • • ^2»') (1 J > (^1> * • • ^^2»* + l) ^ ) ’ 

... K.2r. «>-o,. + 2. •••«,.) (1. 1)’) (1. + ‘V""'- 
If p is odd they go in pairs throughout, but if 2> is even 
(= 2p') there is in the middle a single 

T / P' ip' 

Iq ^ aQ'\-p a., ^ ^ 2 «4 + . . , + 


This /q is an invariant, and is absolute and of real form. 

Any product of suffixed /'s is an invariant, of factor 
where w' is the sum of the suffixes. In particular every pro- 
duct with zero sum of suffixes is absolute. Thus, for instance, 
there are \p or ^(p+l) absolute invariants of degree 2 ; namely 
/p- 4 /_p+ 4 , .... A quartic (a, h, c, d, e) {x, y)^ 
has then two absolute ortnogonal invariants of degree 2, namely 


= (a-"6c + e)^+16(6 — c/)2, 
/a /-a = ~ e)2 + 4 (6 + df, 

as well as a linear one = a-H 2c + 6. 
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A quintic {a, b, c, t?, e,/)(ic, yY^ has three, namely, 

(a~10c + 56)2 + (56~10(^+/f, 

/gZ-a— (ci--2o— 3e)- + (36 + 2cZ— /)^, 

/i/_i = (a + 2 r 4- + (6 + 2d+fy\ 

See that those given for the quintic in § 270 are linear func- 
tions of these. 

277. We have here said nothing about skew orthogonal 
transformations. The absolute linear and quadratic invariants 
found as above are unaltered when the signs of a^, a.^, ... 

are changed ; so that these at any rate are invariant for skew 
as well as direct substitutions. 

But we have seen that £= •^-hiy and — t/y are co- 

variants, of factors and respectively, only for direct 
transformations. A skew transformation gives as equal to 
e'^^(cc + ty) not X + lY but X — tF, and similarly as to ?/. Thus 
a skew transformation, when applied to the p-ic in the pre- 
ceding article, gives us, not that is equal to the function 

of the coefficients of the transformed y>-ic, but that it is 
equal to the conjugate of the transformed. 

Thus, while a product 1,^1 -m as above seen, invariant 
and absolute, a product such as which is not sym- 

metrical in positive and negative suffixes, is not invariant at 
all for skew transformations, even when the sum of suffixes is 
zero, and the factor thus made 1. It is ec^ual, in that case, to 
the conjugate function, I^il^ say, of the coefficients in the 
transformed quantic. 

However, a pair of conjugates with zero for sum of suffixes 
in each always produce a pair of invariants for skew as well as 
direct transformations. We have only to take, for instance, 

+ and 

The second of such a pair of absolute orthogonal invariants 
is semi-skew. Notice that t has disappeared, so that they 
have real form. 

Similarly as to covariants. Take for instance the direct 
orthogonal co variant {x + iyY\ 

which is absolute. For skew transformations it is not co variant 
at all. But it has a conjugate 

with which it is only interchanged by a skew transformation. 
Half the sum and — times the difference of the two are both 

2i 
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covaiiant for the transformation, the former absolute for it, 
and the latter semi-skew. Both are in real form. 

Wo may reason in the same way as to conjugate linear 
functions of products. 

278. Annihilators. Separation of rational integral func- 
tions into orthogonal invariant parts. In § 271 it was proved 
that ^ ^ 

()^£l + y a:; — 

annihilates any absolute orthogonal covariant. Applying the 
same method to a non-absolute orthogonal covariaiit C of 
factor i.e. to one which has to be multiplied by to 
become equal to the same function of the coefficients and 
variables in the directly transformed quantic, and so by 
1 when the transformation is infinitesimal, we readily 

find that ^ ^ 

In particular, any invariant I of factor satisfies 

= 0 . 

Now any quantic of order ^ in y^ with coefficients of 
degree i in the coefficients of (a^, a^, ...a^,) {x^ yY^ can be 
expressed as one of order w in the linearly independent func- 
tions x±Ly of X and ?/, with coefficients of degree i in the + 1 
linearly independent functions Ip, Ip ^^^ ... I_p of ... Gp. 

In particular any orthogonal covariant can. The two linear 
universal co variants, and the 1 linear invariants, form then 
the complete system of irreducible covariants and invariants 
for di]*ect orthogonal transformations. Note that the j^)-ic 
itself is not one of its own irreducible system, but is reducible 
as 2~^(Ip, Ip^^, ... riY in terms of the system. It be- 

longs of course to its system of irreducible absolute orthogonal 
covariants and invariants, into which system at most one of 
the more fundamental irreducibles enters. 

Now take any absolute orthogonal covariant of degree i and 
order ur, ^ C^x^-hj + . . . + C„y^. 

It can, by the above, be expressed as 

C\'{x + iy)^ + Cj'(x + 12 /)°-^ (x—iy) + ... + C^'{x-iy)’^, 
where (a’+tj/)®", {xA- iy)^~^ (x-—iy), {x--iy)^ are covariants 
of factors ... respectively. Consequently 

^oi C'/, ... which are invariants, are of factors 
... respectively. Thus 

^0 == Cj'-f ... -f Gtbj' 
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is written as a sum of parts annihilated respectively by 
, • 0 — 12 — ttsr, 0 — 12 — 1 (ot— 2), ... 0 — 12-f ttsr, 

there being (presumably) a middle part, annihilated by 0 — 12, 
if m is even, but not if is odd. Every part, and therefore 
the whole Oq, is annihilated by the product of all these 
operators, i. e. by 

{(0-12)2 + tJr2} {(0-12)-+ (^-2)*^} {(0-12)^ + (^-4)2} ..., 

which ends with (0 — 12)‘^+1^, or with the unrepeated 0 — 12, 
according as tn- is odd or even. This is the first theorem of 
§ 275. 

Further, let H be the most general rational integral function 
of degree i throughout in ... It is capable of being 

written as the general rational integral function of degree i 
throughout in ... /-p. It is therefore a sum of 

numerical multiples of orthogonal invariants of factors 

... Consequently it is annihilated by a product 

of i/;+ 1 factors as above, with ip for isr. This is the second 
theorem of § 275. 

By an application of the method of § 128 (J)is) (see Ex. 13 
after that article), we can express IT as a sum of ?’/>+ 1 parts 
each annihilated by one operating factor 0 —12 — t (<'’/>— 2?^), 
r = 0, 1, 2, ... ip^ i. e. as a sum of orthogonal invariants of the 
various possible factors for degree L Each part is general of 
its type. The part composed of the absolute invariants of the 
type, when ip is even, is a numerical multiple of what is 
obtained in § 275, Ex. 7 ; and for every r the corresponding 
part is a numerical multiple of the result of operating on 11 
with the product of all the operating factors except the corre- 
sponding 0 — 12 — t (i/> — 2 7’). 

278 {hib). Systems of irreducible absolute orthogonal con- 
comitants. Writing p for it is clear from what has been 
said that the products which actually present themselves as 
multiplying in the expansion of 

{ (1 - ^pP^) ~ ^P-iP’’'^) ••■(!- I-pP^‘’) } 

constitute a full linearly independent system of direct ortho- 
gonal invariants of factor p"* ; and that the expansion of 

{(1 -7,p") (1 ... (1 (1-M (l-rip)}-^ 

gives in the same way full linearly independent systems of 
covariants and invariants together. 

If from either of these real generating functions we can 
extract another which provides the terms free from p in its 
expansion, we thereby obtain a generating function for a full 
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system of linearly independent absolute orthogonal invariants 
(or covariants and invariants), and the form of the generating 
function will, after the manner of Chapter VIII, give us 
information as to the complete system of irreducible absolute 
orthogonal invariants (or covaidants and invariants) of a j^-ic. 

Eeference is made to Vol. XXXIII of the Proceedings of the 
London Mathematical Society for a good many such generating 
functions. It is there proved, for instance, that 

(1 {(1 ^ J ,/.,) (1 - 1 , 1 ,,) 

jr 

(1 {(1 -I,) (1 {i-ij-i) (1 -hdj 

(1 

are the generating functions for absolute orthogonal invariants 
of a quadratic, of a cubic, and of a quartic, respectively. It 
thus follows that a quadratic has two irreducible absolute 
orthogonal invariants, namely, 

Iq = a + c, 

that a cubic has four, namely, 

/j7_i = (a + c)2 + {b 4- d)^, 

1,1., = (a~ 3f!y^4’(3i— cZ)^ 

\ + = (a + c)(a-3(0 {{a + c)^^3 {b +d)^} 

+ {b4-d) (36— cZ) {3 {a-hGy^—{b + d)-}i 

= (« + c)(3J-c?) {(a + <.)*-3(i + df} 

‘ -{a-3c)ib + cl) {3{a + ef-{b + dy}, 

the last being semi-skew, which are connected by one syzygy 
expressing the product of the second and the cube of the first 
in terms of the others ; and that a quartic has five, namely, 

Lq ~ ct -}■ 2 c “f" 

= (a - e)2 + 4 (6 + d)\ 

= (a — 6 c + 6 ) 2 + 16 (b — d)\ 

^ + /. } = (a - 6 c + 6) { (a. - 6)2 - 4 (6 + d)^ } 

+ 16 {a — e){b^ — d% 

i = {b-d) {(a-ey-^b + d)^} 

— (a — 6 c + 6) (a — e) (6 + dI), 
the last semi-skew, with one syzygy of degree 6 containing 
a term (/4/_4) (/ 2 /_ 2 ) 2 . 

A quintic has 15, and a sextic 14, irreducible absolute 
orthogonal invariants, connected by many syzygies. 
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Besides the universal and the four invariants, a 

cubic has in its complete system of irreducibles eight absolute 
orthogonal covariants, namely, 

A quartic has, besides + and its five invariants, six 
covariants. These are 

(a—e) (x^ —y^) 4 {b + d) xy, 

(b + d) {x^ - y^) ~ (a - e) xij, 

{{a — Qc + e){a — e) + S (b'^ — d^)} (x^-y^) 

4 {{a-Qc + e) {b + d)--2 {a — e) (b - d ) } xy, 
{{a— 6c e) {b + d) — 2 (a — e)(b--d)} {x‘^~y^) 

4- {{a—6c + e) (a--~e) + S ^d^)} xy, 
(a — 6c + e) {x^ — 6x^y^’hy^) + 16 (fo — cZ) xy {x^ — y^)^ 

(b — d) {x^ — 6x^y^ -i- y^) — (a-- 6c + e) xy {x’^ — y^). 

The last but one here may be replaced by the quartic itself, 
being a linear function of the quartic, the first multiplied by 
x^ 4 2/2, and {x^ 4 2/“}^. The second, fourth, and sixth, given 

as — times diflferences between conjugate products, are seini- 

skew, like all covariants and invariants so given. 


Ex. 8. Taking I^p^, I ^ for a, a', use the fact that 

1 _ JL ( 1 1_ 

(1 — a) (1 — a') i — aa' ( 1 — « 1 — a' 

to obtain the real generating function for absolute orthogonal invariants 
of a quadratic. 

Ex. 9. If m, n, ... are positive numbers, prove that the part free 
from p in the expansion of {(1 — (1 (1 —cp^*) is the 

expansion of {(1 — (1 — ca”)...} ; and, using this and the 

formula of Ex. 8, find the real generating functions 

(1) for absolute orthogonal covariants of a quadratic, 

(2) for absolute orthogonal invariants of a cubic, 

(3) for absolute orthogonal invariants of a quartic. 

Ex. 10. Prove that two linear forms have four irreducible absolute 
invariants connected by one syzygy. 

Ex. 11. Prove that a linear form and a quadratic have five, con- 
nected by one syzygy. 

Ex. 12. Two quadratics have six, connected by one syzygy. 




CHAPTEK XVI 


TERNARY QUANTIOS. THE QUADRATIC AND CUBIC. 

279. A single chapter will be added to what has been said 
in Chapters I to IV on the concomitants (invariants, covari- 
ants, contravariants, and mixed concomitants) of quantics in 
more variables than two. The importance of ternary and 
quaternary quantics belongs to geometry of two and three 
dimensions, and the study of them should be pursued with the 
aid of Salmon’s Higher Plane Cuwes^ and Geometry of Three 
Dimensions. 

We remember from Chapter IV that, while in the case of 
binary quantics contravariants are not essentially distinct 
from covariants, they are essentially distinct in the case of 
ternary, &c., quantics. 

The principles will be briefly exhibited here, by means of 
which, from invariants and covariants of systems of binary 
quantics, we may pass on to invariants, covariants, and con- 
travariants of ternary quantics. 

280. Let us consider the ternary p-ic in the form 

+ 2 > + 

+ 

+ (ao*’’+ ^ +...)> 

in which the suffixes (weights) of the various coefficients are 
chosen as in § 27, where we supposed x/z, y/z to be each of 
unit weight. We might equally have adopted suffix notations 
appropriate to cases when y/x^ z/x in the one case, and 
z/y^ x/y in the other, are of unit weight. Any fact as to 
weight of concomitants which may be adduced will have two 
companion facts, arising from it by changes corresponding to 
cyclical interchange of x, y, z. In one sense, indeed, companion 
facts are sixfold, one corresponding to every permutation of 
aj, 2/, 0. 
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In much that follows the notation of the cubic will for 
simplicity of writing be adopted in our work, and the con- 
clusions only indicated in the notation of the general p-ic. 
It is important to have before us three ways in which the 
same cubic may be arranged, namely, 

+ 3 + h^y) 

+ 3 {a^x^ -f- 2 h^xy + z 

+ a^x^ C q xy^ . . . (i) 

+ 3 {h^y + a^z) 

+ 3 + 2 biyz + a^o^) x 

+ dolf + 3 c^ifz + 3 b^yz'^ + d^z^ . . . (ii) 

dolf 

+ 3 {b^z^ +2b^zx + h^x^) y 

■\-a^:^-\-Zau^z^x~\-Za^zx'^+aQX^. ... (iii) 

The corresponding triple arrangement is general for the ternary 
^?-ic. 

281. We first notice that, an invariant or covariant being 
unaltered, except for a power of the modulus as factor, when 
we substitute for the coefficients and variables y, z the new 
coefficients and variables given by any linear transformation 
of X, y, z whatever, the same is true in particular when the 
linear transformation is one affecting x and y only, leaving 0 
unaltered. 

Consider, to begin with, invariants only. We are thus told, 
using the notation of the cubic, that an invariant is a function 


and the coefficients in the quantics 

a^x + b^y, ...( 2 ) 

a^x"^ + 2h~^xy c^y\ ... ( 3 ) 

a^x^ + U^x^y-^r Sc^xy^+d^y^ ... ( 4 ) 


which is unaffected, except by a power of the modulus as 
factor, when these quantics are simultaneously linearly trans- 
formed. From this we gather that it is a rational integral 
function of % and invariants of the system ( 2 ), ( 3 ), ( 4 ). Or, 
regarding as itself a quantic of zero order, which has itself 
for its one invariant, we may say that an invariant of the 
ternary cubic is a rational integral function of invariants of 
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the system (1), (2), (3), (4). It is isobaric on the whole (§ 28), 
and of course homogeneous on the whole (§ 22), but is not to 
be expected to be homogeneous in and the coefficients of 
(2), (3), (4) separately. It is, in fact, a linear function of 
invariants of (1), (2), (3), (4) of one whole weight and one 
whole degree, but different partial weights and degi'ees. 

The invariant has then (§ 247) two annihilators which have 
been hitherto called 212, 20, but will for our present purpose 
be designated differently, viz. 



In the general notation of the p~io we should have 






0 


where only coefficients which actually occur in the ^^-ic are 
present. 


282. In like manner a co variant of the ternary cubic is 
a rational integral function, of constant whole order degree 
and weight throughout, of covariants and invariants of the 
system (1), (2), (3), (4) of § 281. And analogously for the 
ternary j;-ic. A covariant has then (§ 247) the two an- 
nihilators 








and these, it is to be noticed, annihilate the ternary ^-ic 
itself, which is of course to be regarded as one of its own 
covariants. 

This fact has led to the frequent use for the operators 


SI XV of the symbolical notation 
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283. Let us now pay attention to the second and third 
forms (§ 280) in which the cubic or ^-ic may be arranged. 
Attending to the second form we see, just as in §§ 281, 282, 
that an invariant, or covariant, is a rational integral function 
of invariants, or of covariants and invariants, of the system of 
1 binary quantics which for the case of the cubic are 

\y + a^z, 

+ 3 + 3 

that an invariant has two annihilators, which for the case of 
the cubic are 


U., cV)j ia) ’ 

+ 2^2 57 ^ + (2^>, +«2 +«i ; 

and that a covariant has the annihilators 




^ n ^ 


which in particular annihilate the cubic itself. 
For the ^-ic are 


^2, 


+ {••• i (p-2)V. ■^<^-‘*'''-■5^! 


7 ^ 

+ , . . + J 


+ {- + 2V>j“+».-.s^S + -+«.5J;' 


In like manner, regarding the third form in § 280, we see 
that an invariant has two additional annihilators £1^^., 
and a co variant the two additional annihilators 
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where, in the case of the cubic, 



and, in the general case of the p-ic, 


i2„ = \pa„., + - +2«i^- +o,^j 

+ |(p-l)V25^+- + 2^^+?>o,y7j+-- 


284. The facts as to invariants and covariants expressed 
by the existence of their six annihilators thus found are not 
all independent. Information as to the nature of their inter- 
dependence can be obtained by forming the fifteen alternants 
of Sly^, il,y, ily,, IE pairs. Taking the forms 

appropriate to the cubic, we readily obtain first the following 
triad of alternants : 

II. ^ = ^yx^xy ^xy^i/x = (^<^0 "b \ ^ Cq 3cZq ^ ) 


+ (2a,^^_2o,^^) + (a, 




//j = ilgyily.- 




{3d„ 


Mr 








We here see first that the sum ITi -h vanishes 

identically, whatever be the function operated upon. Thus 
any function which is annihilated by two of Hi, H^y Hq, or 
by two independent sums of multiples of them, is also anni- 
hilated by the third, and by any sum of multiples of them. 

Before forming the other alternants we proceed to exhibit 
the information as to invariants of the cubic given by these. 
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285. Any invariant of the cubic is annihilated by II ^ 

and J? 3 . For every one of these is a difference of two parts 
each of which annihilates it, since it has the six annihilatoi*s 
12. Let us consider the fact that — the difference of 
the operators written second and third above, annihilates it. 
We readily see that 




ie. 










+“2v;r 




o \ 


-3 (a, 


A. ^ 


-9 a, 




Hence it follows, by Eulers theorem as to homogeneous 
functions, and the consequent theorem (§ 117) as to isobaric 
functions, that — operating on a function of degree i 
and weight (sum of suffixes) w has the effect of multiplying 

3i-3w. 


Thus since the invariant, which is homogeneous (§ 22), is 
annihilated by it must have a constant weight w 

throughout given by g 


If we had taken the forms of Ho for the ^j-ic instead of 
the cubic, we should have had in like manner 
pi--Zw = 0 . 

The information given by H^--IL^ is then that of § 28. 

In like manner we have, for the cubic, 


a 


aoo 


+ ^o 




+ (^0 


id. 




<)Cj 


i) 


+ ^9 




H-a, 






+ ^2 


^a2 




a 

iba 


+ 





the annihilation of the invariant by which tells us, upon 
observation of the form (ii) of the cubic in § 280, that 
3i—3v/ = 0, 

where w' is the weight of the invariant when we consider 
y/x and z/x as of weight unity. Thus 

w' = 

which would also follow from the fact that the particular 
substitution which replaces aj, y, z by y^ aJ, whose modulus 
1481 B b 
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is unity, does not alter the value of tho invariant while it 
replaces % by a^. 

For the general case of the p-ia we should have had 

2n— Sw' = 0 . 


In exactly the same way 

— = 3 [a, 







the annihilation by which requires that an invariant of the 
cubic have the property 

Si^Sw"' = 0 , 


where is the weight when each a is of weight 0, each h of 
weight 1, each c of weight 2, and cIq of weight 3, i.e. when 
z/y and x/y are regarded as of unit weight. Thus 


For the ^-ic we should have in like manner 
pi-^^w'' = 0 . 

Since the sum of — and — vanishes, 

any function, not necessarily an invariant, which possesses 
two of these properties must also possess the third. 


Ex, 1. From the fact of annihilation by //g, which may be written 



show that if any invariant of a cubic is written as a sum of parts, 
each separately homogeneous in the sets 

Uq , Cq , 

« 2 > hy 

^s> 

and if ?g, are the degrees of any such part in the first, second, 
and third of these sets, then throughout the invariant 
3 tg + 2 ^2 + 1*1 = 2 w. 
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For an invariant of the p-ic the corresponding fact is 

+ + + = 2w, 

See §§ 123, 132. 

Ex. 2. From the fact of annihilation by 11^ show that throughout an 
invariant of the cubic 

3 i/ + 2 + i/ = 2 w, 

where are the partial degrees of any term in the sets 

^0 > ^*1 ) ^2 > ^3 > 

Cq ) > ^2 > 

and state the corresponding fact for the jp-ic. 

Ex. 3. From the fact of annihilation by 11^ show that throughout an 
invariant of the cubic 

3 1.1' + 2 + «/' = 2 

where z/', z/' are the partial degrees of any term in 

and state the corresponding fact for the p-ic. 


286. We now form the other alternants of the six i2’s. They 
occur in cyclical sets of three. Taking the case of the cubic, 
and referring to §§ 281, 283 for the notation, we find 

~ ^zx^yx = ^0 + 2 6 ^ ^ + 2 








^zy^xy ^xy^zy — 
^xz^yz — ^yz^xz ~ 


...(4) 

...( 6 ) 

...( 6 ) 


The same relations hold in the general notation of the ^-ic. 

In like manner we have another triad 

^xy^xz — ^xz^xy = ^5 ••• (^) 

^yz ^yx ^yx ^yz = 0 , ... ( 8 ) 


Ha* 11*1/ ““ Hat# H** — • (^) 


‘'zy 

B b 2 
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Next we have, for the cubic, 

+ 2Co ^ +c^0 ^ + 2^1 

7 ^ 7 ^ ^ 

d 

^ao 


+ 3L 


+2cj 


36,, 




* <)« , 


and similarly 



...(10) 

^yr.^xy ^xy^yz ~ ^xzi 

...(11) 

^rx^yz ^yz^zx = ^yx* 

...(12) 

in like manner 


^yx^xz'-' ^xz^yx = “~I2y .,, 

...(13) 

p 

«s 

1 

H 

P 

III 

1 

P 

« 

...(14) 


...(15) 


All these apply to the general notation of the ^)-ic, as well 
as to that of the cubic. 


287. The fifteen alternants of pairs of il'a introduce then 
no new operators except the //g, of § 284. We com- 
plete the theory of the annihilators by forming the alternants 
of these three with one another and the i2’s. It is quite easy 
to see that = 


and that 


^3 ^yx -^g ~ ^ ^yxi 

^3^xy ^xy ^3 = — 2 , 

^3^xz zz: ^xzi 

Z= 12^*, 


together with two other sets of six, in the first set of which 
Hi occurs and the suffixes x, y, z are interchanged once 
cyclically, and in the other set H 2 occurs and a second cyclical 
interchange is made in the sufiixes. 

Accordingly the nine operators 12,^, il^yi ^yzi 1^2* > 

JSj, iJg, -ETg form a group such that, when we form the alternant 
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of any pair of them, some member of the group with a simple 
numerical multiplier, or else a zero, is produced. 

288. Three cyclical annihilators suffice to define invari- 
ants. We can now see that, if a function of the coefficients 
is such as to have a cyclical set of three annihilators, such as 

or 12^^, it has also the other three, and 

is accordingly, if homogeneous, an invariant. 

Suppose, for instance, that 12^^, 12.,., 12,.^ annihilate a func- 
tion. By § 286 (10), since 12,,. and annihilate it, so does 
£1^, By (11), since 12^^ and £1^^ annihilate it, so does 12,.;,. 
And by (12), since £2^, and £2.^ annihilate it, so does 12^^. 

And again, to repeat from § 285, since 12^, and 12,^ annihilate 
it, so does i/^; and in like manner so do i/g and Thus 
the function has necessarily the degree and weight properties 
expressed in § 285 and the examples which follow that 
article. 

The property of annihilation by 12^^,, 12,;,. and 12^ includes 
then all the facts with regard to invariants of ternary quantics 
except that of homogeneity, just as that of annihilation by 
12 and 0, i. e. by £2^^^ and £2^^, does with regard to invariants 
of binary quantics. 

We shall see later by another method, which might have 
been here applied, that the property of having q cyclical 
annihilators of the 12 form includes all the facts but that of 
homogeneity as to invariants of 5^-ary quantics. 

289. The six annihilators, as well as going in two triads, 
go in three pairs £2^^, £2^^; 12,^, 12^,; £2,,.,, 12,,., It is some- 
times most convenient to use the fact that if two pairs of 
these annihilate a function its annihilation by the third pair 
is necessitated. For instance, if the first four annihilate it, it 
follows from § 286 (14) that 12;,,, annihilates it, and from (11) 
that £2^. does, so that it is an invariant. 

The possession of three annihilators not forming a cyclical 
set does not suffice. 

290. Invariant of the ternary quadratic. Let us exemplify 
some of the above principles by deciding what invariants the 
ternary quadratic 

-f 2 (a^a; + l\y) z + + 2 h^xy + 

can possess. 

Since £2y^ and annihilate it, an invariant of the quadratic 
is an invariant of the system 

a^, + a^x^ + 2boXy + Coy^, 
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and 80 (§ 251) is a rational integi’al function of 

^2. aoV- 26 o®i^i + Coail ...(1) 

Again, since and 12^, annihilate it, it is an invariant of 
the system + a^x^, 

and so is a rational integral function of 

Consider the first fact, and let 

K (^0 ^0 - K V - 2 \ + Co a^y 

be a part of the invariant. By § 285 its weight measured by 
sum of suffixes must be equal to its weight considering a’s, 
6*8, and as respectively of weights 0,1,2. Thus 
2 A.4'2r = 2/x + 2r, 


so that X = /X, and the invariant involves only 

aQh^-~2bQa^\-\- 

Similarly it involves only 

Cq {aQa^ — a^)^ and — 2aJb^b^) + 

Now any function of the first of these pairs which is also 
a function of the second pair must in particular be so when 
Cy = 0. Thus a necessity as to such a function is that the 
said function of 

— and Oo^^i^~2&oaj&j 

is a function of 

0 and auyb^—2ayb-J.)Q-\-a^hy. 

The difference of the two, and its powers, are obviously the 
only functions for which this is the case. 

^PViiia 

«2 {%<^0-K)-{%^l - S^O^l^l + Cottl^) 


and its powers are the only functions which can be invariants, 
and they can be so only if this is also a function of Cq {aQa^'-a^) 
and 2ai6i&o + ao6/, as it is^ viz. the difference of the 

two. 

The ternary quadratic has then only one irreducible invariant 
«o Co <*2 + 2 «! - ao - f 0 ai^ - (*2 V. 

which is, in the more usual notation, 

ahc + 2fgh’-ap — hg^ — r/t^, 

the discriminant. 


291. The ternary cubic. The general ternary cubic can 
(§ 229) be linearly transformed into + 6 mXYZ. 

It cannot then have more than two independent invariants. 
For if it had three it would have two absolute invariants, i.e. 
there would be two functions of the coefficients equal to func- 
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tions of m ; and by elimination of m we could find a relation 
in the coefficients only, which there cannot be as the coefficients 
are all independent. 

Two independent invariants S and T, of degrees 4 and 6, 
will now be found. It will hereafter be seen that not only is 
there no other independent of these, but that there is no other 
which cannot be rationally and integrally expressed in terms 
of them, so that they form the whole system of irreducible 
invariants. 

By § 285, or by § 28, the weight, in either of the three 
senses, of an invariant of the ternary cubic is equal to its 
degree. Thus which we seek, is of degree 4 and weight 4. 

Now suppose that S contains a term or terms of degrees 
m' in (Xg, n in and in and q in 6^, Cq, d^. 

The facts as to degree and weight give us 

wl + jt9 + g' = 4, 

Zwf -\-2n’\-p = 4 , 

and the only positive integral, including zero, values of n, 

q which satisfy these equations are given by the scheme 
wf, n, p, q 

1, 0, 1, 2* 

0 , 2 , 0 , 2 
0 , 1 , 2 , 1 
0, 0, 4, 0 

Thus if it exists, must be of the form 

a3(P02)4-(2202) + (2il20^) + (l"), 
where, for instance, the notation (2^ 1^0^) denotes a function 
of degree 1 in degree 2 in and degree 1 in 

^ 0 ’ ^ 0 * ^ 

Moreover, since = 0 and = 0, the functions (1^ 0^), 
(220^), (2^2 0^), (1^) are invariants of the system 

% + 3 x^y + 3 xy^- -f df^y\ 

Now the invariants of this system are (§ 262) the invariants 
of the quadratic and cubic given in § 260, and the results of 
replacing x and y by and —a^ in the co variants of that 
article. Those of degree and sum of suffixes not exceeding 
4 are given by (2), (4), (6), (9), (10), (13) of the article in 
question, and are 
A. = 

B = {(Iq Cq — ) ^^2^^ — (<^ 0 ^0 ^0 ^ o ) ^2 ^2 (^0 ^0 ““ ^0^) ^2 ^ J 
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D = (aiC„-26j6(, + Ciao)62-(aid(,-26iro + Ci6o)a2> 

E = { — 3 aj 6j C(, + (ttj Cj + 2 bg — b^ Cj } 6^ 

+ — + 2 V)^o-«i^i^o) “2> 

JP = ttj (bgdg-Cg^) - b^{agdg - bgCg) + Cj (agCg-bg^). 

We see then that 

(1* 0^) = \F, 

(2^ 0^) = M A 

(21 l^Qi) = vE, 

where X, jx, r, w are numerical. 

Thus we must have 

8 = Xa3{ai(&oo!o-0-^Kf^o-^o'’o) +Ci(«oi'o- V)} 

+ M { («0 1’o - - K 1^0 - ^0 <^o) ^2 + (^0 1^0 - I’o'O } 

+ V [a,Hgb.^-a^h^{ZCgb^ + d^a^ + {a^c^ + 2 V) (&o^2 + <’ 00 ^ 2 ) 

-^iCMoh + 3600 . 2 ) + Ci 2 aoa 2 } 

+ CT(rtjrj — 6i^)'i. 


To determine X, m, v* ^ we may express that S is annihilated 
by any of the f2’s, except and i\y by which we have 
already secured its annihilation, whatever A, /x, z;, vr be. More 
easily perhaps we may use the fact that S must be exactly 
the same function of / 

) 


<^05 '■V 

6,„ 6,, b.,, 


as of 


^0’ ^^2’ ^3 7 


^1’ ^15 

^0’ ^o> ^0> ^0’ 

since these sets of coefficients are exactly interchanged by the 
linear substitution which interchanges y and z leaving x un- 
altered, whose modulus is — 1, which modulus in the expression 
of invariancy of an invariant of weight 4 is raised to the fourth 
power, thus producing + 1 for the factor. For S to be an 
invariant the above expression must then be the same as 

A (^0^3 - a^o^) + b^ (a^a^ - } 

+ M { {%(^2 ~ - (^0^3 •“ %« 2 ) ^0^1 + r 
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+ V {V«3Cl-^0^(3«2fl+«3<’o) + (^0^2+ 2V) KCi+(»2Co) 

-bA («ofi + 3 ttif-o) + V«o<’o} 

+ 0 {bA-hY- 

We at once see that the two forms are identical if 


With these values the expression will have 12-,,, and 12^, for 
annihilators, because of its second form, as well as and 
because of its first form. It is then an invariant by § 289. 
Thus the invariant S looked for is, adopting the second form 
of writing it, 

8 = (rt„a2-ai2)Cj2-(a^a.3-aiff2)CoCi + ((fift3-«2*)'’()* 

+ - Kh ( 3 " 2 ‘‘i + <^3<'o) + iKK + 2 ^ 1 ^) 

-hA (“n^i + 3«i<'o) + 

-Ah-hY- 

292. The cubic can (§ 229) be linearly transformed to the 
canonical form + &mXYZ. 

By a substitution of modulus unity it can consequently bo given 
the form ^ ^3 ^ 2 ?^) -f 6 rn! xyz. 

Let us consider it in the less particularized form 
+ d^'y^ + + 6 h/xyz, 

in which the names of non-vanishing coefficients accord with 
the notation used in general. The modulus of the transforma- 
tion which produces this from the general cubic is taken to be 
unity. 

For this form we have, by the above, 

8 = a„'dAiW-W* = WiAAO's'-W^)- 

For the canonical form itself the value is 

m (1 — m^), 

which is of course equal not to the S of the untransformed 
^ubic but to that S multiplied by the fourth power of the 
modulus, which is no longer unity. 

Ex. 4. Show that aS = 0 is the condition for the cubic to be capable 
of expression as a sum of three cubes. 


293. The second invariant T of degree 6, and therefore, 
since = 3 w, also of weight 6, can be found as S has been. 
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For our purposes, however, the labour may be avoided by 
use of a covariant, the Hessian, which it is already known 
from § 11 that the cubic possesses. 

For the semi-canonized form 

%'x^ + d^'y^ -f- -f 6 b^^xyz, 

the Hessian, with the numerical factor 6^ rejected, is 
a^'x, h(z, b^y 

. 

^I'y, b(x, a^z 

i. e. (ag'cZ/ag' + 2 xfyz — + d^y"^ + 

The Hessian is then a covariant of the tlhrd degree and order. 
For the canonical form itself the Hessian is 


(1 + 2 m3) XYZ-~7n? (X^ + + Z^), 

i, e. this is equal to the Hessian of the untransformed quantic 
multiplied by the square of the modulus of the fully canonizing 
substitution. 

Now an invariant of a quantic and a covariant is an in- 
variant of the quantic alone. Also (§ 19) if a^c3+... and 
Aa;3 + ... are two quantics of the same order, we may derive 
an invariant of the two from one of the first only by operation 

with A — + . . . . Applying this principle to the cubic and its 

Hessian, both of order 3, we derive from the invariant S 
another invariant of the sixth degree. This is T', or rather 
a numerical multiple of T. 

We can at once derive the expression for T that goes with 
the semi- canonized form 


+ do y^ + + 6 h^'xyz, 

whose Hessian is as above 

- - b{‘hlQif ~ b^^a^z^ + {a^'d^'a^ + 2 b{^) xyz, 

by operating with 

- ' + h(«o'<C«3'+ 5^ 


on S, which is 


' 6 ' 






The reason for this lawfulness of working with the reduced 
number of coefficients is that the full expression for S con- 
tains, besides the terms involving 

coefficients which vanish for the semi-canonized form — indeed 
only powers and products of such coefficients, a fact which 
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will be useful later— and that the terms in the generating 

, „ , . ^ ^ ^ ... 
operator other than those m ^ contain 

^ daQ dd^ ca^ oOj 

as factors coefficients in the Hessian which vanish for the 
semi-canonized form. 

The result of performing the operation above, and multiply- 
ing by 6, is to obtain 

For the canonical form itself this becomes 
1 — 20m^— 8m® ; 

but this is equal, not to the T of the untransformed cubic, but 
to the T multiplied by the sixth power of the canonizing 
modulus. 

There is no difficulty in obtaining the lengthy expression 
for T in the notation of the general cubic, but only tedious- 
ness. It will not be hero written down. Reference may be 
made for it to Salmon’s Higher Plane Curves^ §§ 221, 223. 


Ex. 5. Prove that is given by the quartic in = fS 
1 8 . 9/32 + = 0 , 

and that when h' is found the corresponding product a/ cZ/aj' is 
uniquely determined. 

Ex. 6. The discriminant of this quartic is a perfect square, namely, 
a numerical multiple of the square of 64AS^-f which is a numerical 
multiple of its catalecticant. 

Ex. 7. The discriminant of the ternary cubic is 

Ex. 8. Tho S of the Hessian of a ternary cubic is a numerical 
multiple of 4 8 5^ + 2^'*. 

294. The result of Ex, 5 above leads us to expect that 
there are eight distinct ways of reducing the cubic to the 
form ax^ + bif + cz^ + &mxyz by substitutions of such modulus 
that S and t are absolutely unaltered. (Note that we do not 
reckon as distinct different ways in which the product xyz is 
the same.) If M is the modulus of such a substitution, the 
facts with regard to S and T give us respectively M* = 1 and 
if® = 1. These lead to = 1, i.e. if = + 1. 

It is easy to see that there really are eight ways, and to 
exhibit their connexion. Take, for instance, the cubic 

+ + 6 mxyz. 
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The substitutions of modulus 1 

— Z "sz y — 3 = -iV + 

z*J — 3 ^ X on Z i 

a?-/— 3 = X + 7/v^— 3 = Z+co^F+Z, 

07^-3 =:Z+F+a)2Z, 

aj\/— 3=:Z + 60^F+ 2/-/~3 = Z4-F+<*)^, 

z sj — 3 — Z + F -f" Zj 

produce three forms whose m’s are respectively 

= — (l-~m)/A/ —3, Wg = — (co^ — m)// — 3, 

= — (o) — m)/ — 3, 

so that 

= m(l — m^)/3\/ ~3 = S/Sy/ — 3, 

Also ir = x\ y ^ y\ 2 : = — 2 ', whose modulus is — 1 , gives a 
form with — m for m, those with —mg, —mg, — m^ for m being 
obtained in like manner. The product of the eight m’s is 

which accords with § 293, Ex. 5. 

295. S and T the only irreducible invariants. We may 
prove as follows that any other invariant of the ternary cubic 
is a rational integral function of 8 and T. 

Write the semi-canonized form of the cubic with the notation 
of coefficients ^^3 ^ j^yS ^ ^^3 ^ 0 rrixyz, •••(!) 

so that s = m(abc—m^), 

T = {ahcY — 20 m^ahc — 8 m®, 
and (§ 293, Ex. 6) 

27m®-f- ISSvi ^ = 0. ... (2) 

We notice here, and from the last article, that the product of 
the eight values of m for substitutions which leave 8 and T 
unaltered, modulus + 1 or — I, is a numerical multiple of 8^, 
The product of the four for modulus -i- 1 is a numerical 
multiple of 8. 

Now if an invariant is such as to vanish when an m 
vanishes it must when any of the 'm’s vanishes. For its form 
for (1) has m for a factor, and it is the same thing to say 
that its form for 

a^x^ -f h^y^ + -f 6 m^ocyz 

has m 2 for a factor. An invariant divisible by m is then 
divisible by i.e. by 8; and the quotient as well as 

itself must be an invariant. Equally if divisible by ahC’—m^ 
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a product of three m*s, an invariant is divisible by the fourth, 
and so by S, 

We have then only to consider the reducibility of invariants 
which are not divisible by m or by ahc — m^y which latter call 
k. In this notation we have 

>S = mi, •••(3) 

T = — 277)1® 

= F-18>Sm--27m®. ...(4) 

Consider then an invariant I which is not divisible by m 
or by Ic. Its degree must be a multiple of 3. For k is of 
degi-ee 3, so that, if its term free from m is i”, this is of degree 
3n, and this degree must be preserved throughout. We may 
suppose then that the invariant is 

for it is a function of S and T (§ 291), and consequently of 
the independent k and m, which are all that S and T involve. 
It would not be integral were k or m involved fractionally. 

Now first use (4) to depress 1 to the first degree in fc, or to 
the degree zero in k if no odd powers of k occur in I as already 
exhibited, by substitution for of 27m®. We 

thus get J ^ y, m) + (#. {S, T, m), 

where the functions / and 0 are rational and integral, and 
where the former may or may not actually occui\ 

Firstly, if f{S, T, m) do not occur, we have 
I =z T, m). 

By aid of (2) we may depress this equation below the eighth 
degree in m by successive substitutions such as that of 
— — for m®"**’*, where r is zero or a 

positive integer. We thus get eventually 

/= jBm® + ... +K9 

where A, B, ,,, K, if they do not vanish, are rational integral 
functions of S and T. 

Now there are (§ 294) eight values of m which must satisfy 
this equation of degi’ee 7 at most. It must then be an identity. 
Hence, taking the terms free from m, 

/=Z, 

i.^ / is a rational integral function of S and T, 

Secondly, if f{S, T, m) do occur, let S/m be put for k, by 
(3), in k/(Sj T, m). We have 

/ = F(S, T) 8/m + yif{S, T, m), 
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where F and yjr are rational and integral ; and this again may 
be reduced by (2) to 

Im = 4- jB'm® 4* . . . + H'm + K\ 

where A\ B\.., H\ K\ if non-vanishing, are rational integral 
functions of S and T. This equation of degree 7 must be an 
identity by reasoning as before, and therefore, taking coef- 
ficients of m, j _ 

so that the conclusion as before is that / is a rational integral 
function of S and T. 


296. Covariants of ternary quantics. By §§ 282, 283 a 
covariant has three pairs of annihilators, of which the first pair 

is typical. 

Let a covariant of order ct be arranged according to powers 
of and written 

+ wP„_iS + -- “41 + . . . + + Po^® ... (1) 

L t a 


where Pq involves coefficients only, and P^, ... Pm are of 

orders 1, 2, ... w respectively in x and y. 

c) 

The results of operating on this with 12^^ — 2/ ^ 

must vanish identically. Thus, equating to zero 

u 

the terms going with different powers of 5^, we see that 
^ ••• P TJ 

have all sepai-ately the two annihilators 12^^ “ 2/ ^ ^ ^ ' 

In particular Pq, being free from x and j/, is annihilated by 
and 12^^, i.e. is an invariant of the system 


Ctpy 

ap.iX + bj,.^y, 

+ 2 h^_^ocy + 


As to Pj, Pg, ... Pm they are, in like manner, co variants of 
this system. The coefficients of the highest powers of x which 
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occur in them respectively are then semin variants of the system, 
i.e. are annihilated by 12^^. 

In particular, the coefficient of x'^ in P^, i.e. in the co variant 
(1) itself, is annihilated by 

Now suppose again the co variant to be arranged by powers 
of y instead of by powers of z, and apply like reasoning. The 
coeflScient of in the covariant is thus seen to be annihilated 

It has also been seen that the coefficient P^ of 0® in the 
covariant is annihilated by and By the same 

reasoning the coefficient of x^ is annihilated by 12.^, and ily.. 
Thus the coefficient of x^ in the covariant has the four 
annihilators 0000 

> ^^zy 9 ^^yz • 

In like manner the coefficient of has the four annihilators 

il-y, ^xy9 ^XZ9 ^ZX9 

and the coefficient of has the four annihilators 

^xz9 ^yz9 ^yx9 ^xy 


297 . A covariant is given by an end coefacient. When 
one of these three coefficients is known the whole covariant 
is known. 

Consider the arrangement, (1) of the preceding article, by 
powers of 0. Expressing the fact of annihilation by 12^.. — 
we have, by taking the coefficients of the successive powers 

= 0 , 

f2'3.;jPtrr_i ('SJ' l)icp|j_2= 0, 


—XiP 0 


^xzpQ 


= 0 , 
= 0 , 


which tell us that (1) may be written 

j, + £o..+ ■ '’aj, +...+ ■flQj 

( X 1 .2 x^ 'stIx^ 3 

the terms beyond the last written down vanishing because 
= 0, i.e. 12®^^Pw = 0, and consequently X2j.'‘'^Pc7 = 0, 
for any positive value of the integer r. 

Now this expression for the co variant may be written 




Again consider P,- 
and i2^y-i 


It is by the last article annihilated by 




Hence as above, or as in § 110, if 
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8 is the coefficient of x® in i.e. in the covariant, we have 

Consequently, upon insertion of this value for P^, the co- 
variant is z 

which, since (§ 286) so that 12^^ and are 

commutative, and since they do not operate on x, y, z, may 
without ambiguity be written 




^S. 


In like manner, if S' is the coefficient of in the covariant, 
and S" (the P^^ above) the coefficient of the covariant may 
also be written in either of the forms 


ry-meV 


^S\ 


'J-f 

z^e- 


'S'\ 


Ex. 9. Prove that the covariant may also be written 

X y 

and in two similar forms derived from JS and S', but that since 
and ilgy are not commutative this must 7tot be written 


298. Another method of obtaining the full expression for 
a covariant from the coefficient of the highest power of 2 ; in it 
is analogous to that of § 160. Substitute, in the final coefficient 
S'' or Pq of a covariant of the ternary jp-ic n, 
u for a^, 


1 TiU 

p ’ 

1 


1 p 

- for 

P 

1 


i> ^p-i> 




p(p— 1)^^^ p{p—l)^x^y p{p — l)^y^ 


for €lp^2i ^p-2> ^p-2» 


1 

pi Ix^^ 


1 yiv 

p ! ‘ 


.. for 


> 


and divide through by the power of z which occurs as a factor 
in the result. 
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The proof is easy. We at once see that 

1 ^ '16 1 , 7^**+ r fl*y ^ 

p^x p ' ^ 

j)-! ^*-c+ ^tv 

== ^ 


p Tiy 

1 ^^16 2 7 «**+?«•!/ 

— ^ == Z^~^e - " a- 2 5 

&c., &c. 

Also, if P and Q are two functions of the coeflScients, 


e^""^="“'P(2 = e 


~Of*+jO*y 23 r^»*+?Oij 


' P.e^ ^Q; 


. -J/ V 


by the method of Leibnitz's theorem. Hence the conclusion 
is immediate. 

Since the power of z which divides through is 

where w is the weight of the final coefficient on the 
supposition that z has zero weight, i.e. of the co variant, and 
'sr is the order of the latter. The difference w — ijjis the weight, 
on the same supposition, of the coeflBcient of x^. 


299. The search for covariants of ternary quantics is then, 
as in the case of binary quantics, coextensive with the search 
for their leading or end coefficients, it being equally reasonable 
to consider the coefficient of or or a leader. 

Take >S", the coefficient of z^. It has, as has been seen, the 
four annihilators o o o o 

By § 286 (13) if £1^,^ and annihilate a function, then 12^^ 
nuist. Thus we may say that S'' has the three annihilators 

^zx9 ^yx9 ^xy9 

and, as a consequence, also the fourth 

We proceed to see that any rational integral function /S" 

c c 


1431 
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with these properties is the last coefficient in a covariant, or 
a sura of last coefficients in more covariants than one. (This 
latter will be the state of things when /S'' is a sum of parts for 
which tar in (5) below h6ts different values.) 

Let us adopt the notation of the cubic for simplicity. That 
Xiya; and ai*e annihilators tells us that /S'" is a full invariant 
of the system 

+ 3 h^x^y + 3 c^xy^ + d^y ^ ; 

and that is an annihilator tells us that it is a semin variant 
of the system ^ 

h^z"^ + 2b^zx +hQX^, 

a.^z^ + H- 3^10^15^ 4- a^x^^ 

or, let us say, that it is an anti-serainvariant of the system 

C/q J 

CqX 4 - 

hQX^-\'2h^xz 

-f 3 a-^x^z + 3 a^xz"^ 4* a.z^. 

The consequence that is an annihilator tells us that in 
virtue of having these properties /S" must be also an anti- 
seminvariant of the system 

ao, 

hV 

+2612/^ 

4- 3 Cl 2/20 4- 3 \yz^ + 

Taking for /S" any solution of i2a.,/S"= 0, X2^a./S"= 0, X2a:„/S"= 0, 
let us form from it the function 

remembering that 12,^ and 12^* are commutative. We proceed 
to see that this, made integral by the lowest necessary power 
0^ of 0, is a covariant. 

Because = 0 we can form from /S" a co variant 
0®€*°‘*/S" 
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of the system (2). Call this 

aj®;S + + ... 

1 • A 

+ «ra;3®-i/SVi + 3*’-S" ...(4) 

The order w here is given by 

cr= 3i3 + 2 i 2 + ii-2w, ...(6) 

where w is the sum of the suffixes in aS', or, to express by what 
is known, w-^ts is the sum of the suffixes in S'\ and i^y 
are the degrees of >S" in a’s, in 6’s, and in c's respectively. 
137 is non-negative by the known theory of binary quantics. 
If for different parts of this expression for has different 
values, the present and following reasoning applies to those 
parts separately. By S'' we now mean such a part. 

Now 8, aSj, a§ 2 j ••• seminvariants of the system 

(1), of which S" is an invariant. For, § 286 (4), whatever be 
the function operated on 

whence 

ilpxS.-l = ^yx^,rxS'' = = 0 , 

because 12^^: annihilates S " ; and 

Hyx^w-2 — ^yx * 1 '!Si ““ 

&c., &c. 

Again S, aS\, ... aS^-u annihilated by 12^,,. 

That 8" is so has been seen above. Also it has been seen, 
§ 286 (12), that 

Thus 

I2,,aSV>i = = (I2,,f2,,~X2j 8" = 0, 

because 12^2 and annihilate 8 " ; 

^yz^m’-2 ~ ^yz • i ^ ““ '1^2/*) = 0, 

because 12^^ and 12^^: annihilate ; and so on. 

Thus 8, aS\, aS^ 2 » ••• ^or-i> anti-semin variants of the 

system (3). The first, as we shall presently see, is an invariant 
of the system. p 

All of these when operated on by **' and made inte^al 
by multiplication by just adequate powers of z will then 
produce covariants (invariants a particular case) of the 
system (3). 

Now these covariants are of orders 0, 1, 2, ...«r— 1, w 
respectively. For in the first place S", an invariant of the 
system (1), is unaltered, except at most in sign, when inter- 
changes are made in it equivalent to the interchange of aj and 
y in the system (1). Thus 8" is the same function of the 
coefficients in the system (3), but for sign at most, as of those 

oca 
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in the system (2). It is, as we have seen, an anti-seminvariant 
of both systems. The covariant of the system (3) of which it 
is the last coefficient is then of the same order as that of 
the system (2) of which it is also the last coefficient, and 
which has been written above (4). This proves what is 
wanted as to 8", Now which is obtained from /S'' by 
operation with i. e. with 










a 




is of weight (sum of suffixes) one less than w' the weight of 
8", Also if h' ^he degrees of /S" in the coefficients 

of the cubic, the quadratic and the linear form of the system 
(3), so that OT = 3 4- 2 -f i/ ct) 

= 2w' — — 2i^' — i/, 


the sum 3^3'+ 2^2' + ^/ for or is Sig'q- 1 ; 

for the operation replaces in each term one of the coefficients 
of the cubic by one in the quadratic, or one in the quadratic 
by one in the linear, or, &c. Thus the order of the covariant 
of (3), which 8xs^y 

ot ' = 2 — 3/3'— 2/2^—^/+ 1 

= OT — 1. 


In like manner 6^01-3, ... ^ produce covariants of 

(3) of orders ts- — 2, 'sr—S, ... 2, 1, 0 respectively, the last being 
therefore an invariant of the set (3). 

It hence follows that the covariants of the set (3) in which 
/S, /Sj, ... 8vt^iy coefficients are respectively 




Thus the expression (4), 

x'^S + ‘BTX°~'^zSi + + . . . + 'Brxz^~'^Sa_i + z^S", 

1.2 


i.e. ^*“/S", is the part free from y, and consequently z^8" 
the part free from x and y, in an integral expression 


t 


6"' A 


or z^ 


- Oty-f ” Oxx 


8 " 


which is of the form (§ 297) of a covariant of the ternary 
quantic. 

The notation of the cubic has been used, but the argumeilt 
is general. 

The expression found from /S'" is easily seen to obey all the 
conditions for a covariant. It has been constructed so as to 
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be a function of x and covariants of the system (3), so that it 

is annihilated by and — The symmetry 

of its form in x and y tells us that it is also annihilated by 

and — . Now annihilation by these pairs 

necessitates annihilation by the third pair 12^^ 12^^ — 2/ 

just as in the case (§ 289) when x, y, z did not occur. This 
can be seen by the properties of alternants contained in the 
first example following. 

Ex. 10. Prove from §§ 284, 286 the five triads of facts as to 
alternants of which the types are 

z/ ^ ^ 

~ ^.) ■' ^.) = 0 , 


5 


3y) ay) - ® ay 


Ex. 11. Vary the argument in the preceding article so as to find 
the covariant whose last coefiicient is S" in the form 

/S'". 

Ex. 12. As in § 285 prove the fact already known from Chapter III, 
that throughout a covariant of degree f, order tsr, and weight w 
i2)—3w + 2rff = 0 , 

weight being estimated in either of the three ways. 

Ex. 1 3. The order of any covariant of a ternary cubic is a multiple 
df 3. 

Ex. 14. The excess of weight over degree in the coefficient of 5 ;^ in 
a covariant of a ternary cubic, z being of weight zero, is non-negative 
and even. 



390 THE TERNARY QUADRATIC [SOO 


300. Haa a ternary quadratic any covariants P Let us 
examine for covariants the ternary quadratic 

u = + 2 ioicj/ + + 2 {a^x + h^y) z + 

The coefficient S'' of the highest power of z in any covariant 
is an invariant of the system 


It is consequently a rational integral function of 

say, 

- 2 = /3, say, 

and an. 


It is also annihilated by 




^ ^ 7 ^ 

h 2 aj :r— + 6. 


Now 


12^, a = 2ajCQ — 261^0, 

== 2 a2 (a^O^j 62 6 q) , 

and ^xz (^2 = 

If then it be /(a^, a, 0), 


¥ 


¥. 


¥. 




c)a 


i>/3 


= 2{a,c,-b,b„)(^^+a,^) 




Thus 


^-0 


SO that a and /3 only occur in / in the connexion — 
Consequently 

8" = F{a^, 

where the second argument is the one invariant (§ 290), the 
discriminant D, of u, 

S" is then such an expression as or a sum of such 

terms. It can, in fact, be only one such term. For it has to 
be homogeneous and isobaric, the z^ which it multiplies 
being taken as of weight zero, and these two facts give 
m+37^ = constant and 2m+27i = constant, so that m and 
n are constant. 

Now the covariant .. 
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determined from a final coeflScient S" is unique. Also 
is a covariant of u with for final coefficient. There is 
then no covariant which is not of the form 

In other words, a ternary quadratic has no covariant which 
is not a mere product of powers of its discriminant and itself. 


301. Covarianta of the ternary cubic. The cubic is taken 
as before to be 

+ 3 bQX^y + SCqX'i/ + + 3 (a^x^ +2b^xy + c^y^) z 

+ 3 {a^x + b^y) 

It contains ten coefficients and three variables, together 
thirteen. The general scheme of linear substitution contains 
nine constants. These, eliminated between thirteen equations 
expressive of the identity of old and new forms, leave four 
equations connecting old and new coefficients and variables. 

We mu^ bc“ preptured then to meet with four absolute 
covariant^i and invariants of the cubic, i. e. to meet with five 
quite irvctependent covariants and invariants, including the 
cubic itself. We have already met with four, the cubic itself, 
the invariants S and T, and one covarianb the Hessian. 
Another independent one must be expected. 

Before seeking it let us illustrate the methods of §§ 296-299 
by finding the one covariant which we already know, i.e. the 
Hessian, of degree 3 and order 3, and consequently (§ 299, 
Ex. 12) of whole weight y (9 + 6) = 6. This must also be the 
weight of the coefficient of in it. 

We seek this coefficient of z^, i.e. an invariant of degree 3 
and sum of suffixes 5 of the system 

+ Sb^x^y + Sc^xif -f ^o2/^ ' 
a^x^-^2b^xy ^c^y\ ^ 


which is annihilated by 

= +2a,^ 




= 0.3 A say. 

It must involve Ug. Moreover it cannot involve for the 
\^eight of this exceeds 5. Let it be 

+ Q. 

Here P and Q must be separately invariants of the binary 
system above. P is an invariant of the system whose degree 
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and weight are both 2. It must then be Now, 

expressing the annihilation of 

a8(aiCi~6/) + Q 

by ttgr l- S-, wc have, by taking the terms in 1 

oCl^ 

separately, ^ 


(ajCj — = 0, which is obvious, 


— Q + ^(ai^'i-6/)= 0, 

SQ = 0; 


of which the second gives 

^ao 


■ 2 a^Ci-h 2 


i. e. Q = — c^2% + 2 ^262^1 + -jRj 

where JR is free from a^, and has so to be chosen that Q is 
an invariant of the system (1). It is made one by taking 
JR = for which S Q is seen, as it should, to vanish, 

{ ci3(aiCj - di‘‘) - a/Ci + 2 } a* 

is the last term in a covariant, the whole expression of which 
is obtained by operating on the term with 


e- 


0** 


The coefficient of is correctly 

Ujy &2 , (I 2 

and the whole covariant is, as it should be, 


1 


5 ^’ 






= B. 


ix^y^ 'dy'bz 

b^il b^U 
bxbz^ bybZ^ bz"^ 


Ex. 15. Prove that for the canonical form v? ^ ^mxyz the 
CO variant s — Tu+2i SII and 8 S’^u + 3 TI/ are 

(l+8w®) {(4m®— 1) + IS mxyz} 

and • 

(1 + 8m®) { m^(5 + 4m®) (£c® + t/®-f-i5®)4-3{l — 10 m®) xyz} . (Cayley.) 

302 . We have to seek another covariant of the ternary 
cubic, independent of u, Sy T and the Hessian H. 
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We have seen that there is no other invariant independent 
of S and T. Also the covariant H of order 3 has been found 
as the only one of that order distinct from u itself. 

Now (§ 299, Ex. 13) the order of any covariant of the cubic 
is a multiple of 3. The next possible order is 6. We proceed 
to see that there is a covariant of order 6 and degree in the 
coefficients 8, which is independent of u, S and T. 

We have already two co variants of this order and degree ; 
viz. uHS and We seek a third, by looking for the 

coefficient in it of 

By § 299, Ex. 12 the weight of the co variant is 12, which 
is the weight of uHS and u^T, The weights of the coefficients 
of are equally 12. 

The highest power of which can occur in the coefficient 
sought is then whose weight is 1 2. The coefficient of 
in it must be of weight zero, so that that coefficient is a 
function of being an invariant of 

-f 3 b^x^y + 

a^x^ + 2bixy i Cjy\ ... ( 1 ) 

a^x + b^y, 

must be an invaiiant of the first only, and so, being of degree 
4, must be a numerical multiple of 

Now times this is the corresponding coefficient in 
Thus, after subtracting a numerical multiple of we have 
left in the coefficient of z^ no term involving It suffices 
then to look for a covariant in which the coefficient of z^ is of 
the form ^ ^ 

We have to determine P^, Qj, Pj, Sj, as invariants of the 
system (1), in such a way that this may be annihilated by 

■a*,, i.e. +'9-- 

As in § 301 we must have 


=0, 

...(2) 

= 0, 

...(3) 

±R^ + ^Q^=0, 

...(4) 

^S,+5R,= 0, 

....(6) 

1 

II 

p 

...(6) 
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The first of these tells us that does not involve and 
consequently that it is an invariant of the cubic and quadratic 
in the set (1) only. Its degree is 5 and its weight 3. Now 
(§ 260) the only invariants of the quadratic and cubic of tjiis 
degree and sum of suffixes are 
AF= (aiCi-6/) {a^{b^dQ-Ca^)-b^{aoda-boCa) 


and (§ 261, end) 




G zz (^id^ 

+ 2 (ajCi + 2 6^2) {a^h^d^ + e^a^c^) + {a^c^ + 8 4- 

and of these the first is the coeflScient of the highest power 
of which occurs, in the coefficient of in uHS, We may 
subtract this covaviant, and look for a covariant in which the 
coefficient of has the form 


a^G a^R + >S. 

With some labour, by successive use of (3), (4), (5), (6), we 
can determine Q, P, S as invariants of the system (1). For 
their expression we need, besides G above and A to P of § 291, 
the following other invariants of the system, taken from § 260 
by aid of § 262, 


K = c^a22-2&^a2&2 + «l&2^ [§ 260 (1)], 

L = ao62^~36o^5^2V + 3Coa2^62■~^iQa2^ [§ 260 (3)], 

-f d" ^^1^0 (^1^0 ^ 1 ^ 0 ) [§ 260 (7)]. 

We find that 


Q = 4ulP-3P2_2P^^-8^P+9^^ 

R =: ^DL + ^AM^BK-\-QEK-^llA^K, 
S:=ZAK^^L^^^KM, 


The only point of difficulty which presents itself in proceeding 
by means of (3), (4), (5), (6) is the determination of the coef- 
ficient of A^ in Q. This has to be chosen so that the eventual 
value of 8 shall be annihilated by 

The above found are not of course the only, or probably 
the simplest, expressions for Q, P, 8 in terms of invariants of 
the binary quadratic and cubic, of which there are five besides 
the ten -4, P, ...Z, if, as these are connected by many 
syzygies, 


303. From this coefficient of in the new covariant the 
full expansion of the covariant, which call <1>, may be obtained 
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by either of the methods already detailed, i.e. by operating 

on it either with or with or by sub- 

stituting in it for a^, 61 , Cj, b^, the expressions 

1 \ 'b^U 1 1 1 c)^6 

6 * ^bxby^ 6 by^ ^ 3 bx^ 3 by ’ 

and dividing through by the power of z which occurs as a 
factor in the result, i.e. z^. 

For the canonical form x^ -h y^ + 2 ^^ + 6 mccyz we at once see 
that A = -m^ C= 1,F = — m, while B, Z), F, G, Z, L, M all 
vanish, and ag = 1 . Thus the coefficient of z^^ and therefore 
of + in the co variant 4> of the canonical form is 

— 9 m®. 

For the semi-canonized form ax^ + hy^ -\-^mxyz the 
coefficient of z^ in ^ is in like manner — 9c^m®, so that ^ has 
the three terms —^m^{a^x^-\-h^y^ + c^z^). 

For the canonical form the coefficients of 0 ® in uHS and 
u^T are — m® + m® and 1 — 207?^® — 8 m® respectively. The 
covariant <I> is the ©u of Cayley’s third memoir. The 0 of 
Salmon’s Higher Plane Curves^ § 231, has for its 0 ® coefficient 
3m® + 6 m®, and is — (<I>-f 0 itself might with equal 

reason be taken as fundamental. 

To find the full expression of <I> for the canonical form 

’\-y^ + Q>mxyz we have to put, in the general expression 
for the final coefficient found in the last article, 

x^-\-y^-{-z^ ^r^'ffixyz-, x'^ + 2myz, y^ + 2mzx, z^ + 2mxy) 

X, niz,y\ 1, 0, 0, 1, 

for a^\ 02 , & 2 > ^ 1 ) 

respectively, and divide by z^. The result is that for the 
canonical form 

^ = —9 m® (a;® + 2 /^ + 5 ;®)^ 

— (2m-|- 5m'^ + 20m’^) {x^ + y^ + z^)xyz 

— (15m^4- 78m®— 12m®) x^y^z^ 

-f (1 + 8m®)^ ( 2 /^ 2 ;® + + 03^2/^). 

This is not a quadratic function of a?® + 2 /^ + 2 ?® and xyz. It 
is then irreducible in terms of u, H, 8, T, 

304. The system Hy 8, T, 4> is an algebraically complete 
one of invariants and covariants of the cubic. Any other 
covariant is a function of them. But there is another covariant 
which is irreducible. It was obtained by Brioschi, and is, for 
the semi-canonized form aa? + 62 /^ + ez^ + Qmxyzy 

{abc + 8 m®)® (%® — ez^) {cz^ — ax^) {ax^ — by^) . 



396 


TERNARY COVARIANT SOURCES 


[304 


304 {his). General theory resumed. A generator of all 
ternary covariant sources. For reasons expressed in §§ 297- 
299, and in keeping with a usage (§ 109) as to binary 
covariants, we will give the name ternary covariant sources 
to rational integral functions annihilated by and 

A covariant source in the coefficients of a p-ic is not 
only the coefficient of the highest power of 0 in a co variant 
of that ^)-ic, but also the coefficient of the highest power of z 
in a covariant of any (^-|-r)-ic which has, but for the appro- 
priate multinomial coefficient multipliers, the same coefficients 
as the ^-ic in its terms up to the ^;th order in x and y. 

As in the case of binary quantics, there is convenience in 
allowing the idea that the order p + r may be increased even 
to infinity. 

Let us use a double suffix notation, and write a ternary |;-ic 


rJr»-p 


pi 


r\ si (p — r—s ) ! 




X y 


but let us consider an infinitely continued double system of 

coefficients . 

^'00 


^10 » ^01 

^20 ) ^11 > ^02 

^30 > ^21 » ^12 > ^03 


the first p rows containing those present in a p-ic, for any 
Let us also (in this article only) adapt the four operators to 
this infinitely extended system, writing 




2 r — > 00 f <) ^ 

>• = 1 + ...+TC1.-1 

= 2 —" +(-.)« 


1 


4* . 


+ ^0»’ 


5^!’ 

> I 

!>Cir-ir 


fi.. s 

so that the £2^^, £2^., £2^. appropriate to a p-ic are the 
parts of these which mention no c,., with r + s >p. The alter- 
nant equalities of §§ 284, 286, 287, with infinitely 

extended, hold for the extended operators. Any homogeneous 
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rational integral function of the coefficients which is anni- 
hilated by the extended 12^^, 12^^, 12^,, f2y, will be a covariant 
source for a^-ic and every {p + ?’)-ic if it involves no coefficient 
for which r + s >p. 

We can now prove it possible to find by direct operation all 
covariant sources in the infinite double system of coefficients, 
though not to dissociate from the rest those appertaining to 
a ;p-ic without solving systems of linear equations. 

A rational integral homogeneous function of degree i which 
is annihilated by X2^^ and being an invariant of the binary 

quantics {x, yf, (Cjo, 2/)S (<’ 2 o> <^i\y 2/)^ &c., con- 

sists of terms in each of which the sums of first and of second 
suffixes are equal, and the same for all terms : these are the 
conditions of § 31. Also (§§ 180, 181) every such function is a 

where 6 = 1 — __ , 

wneie <p i.2^3^4+-’ 


and F consists of terms of the degree and equal sums of 
suffixes in question. Conversely every non- vanishing (pF is 
annihilated by and 

If now we take for F a function of the degree and equal 
sums of suffixes which is annihilated by and the 
derived cpF will be itself annihilated by 12^.^ and as well 
as by and 12^.^,. To prove this we will show that if and 
annihilate F, they also annihilate £ly^£l.j^yFy &c. 

We have 


12 . 




and 


H^x ■ 


■ilyx^ys 


0 , 


so that if and 12^^ annihilate F they annihilate ^ly^F, 
Similarly they annihilate Q^^yF. By a succession of uses of 
these two facts it follows that they annihilate every 
12 -12,/12,/...i?^. 

Moreover, conversely, every function with all four annihi- 
lators is a, (pF, being the result of operating with (p on itself. 

It follows that, if we can write down the sum of arbitrary 
multiples of all functions of the degree i and the given equal 
sums of suffixes which are annihilated by 12^^ and 12^^, thus 
obtaining the most general F of its type which has those 
annihilators, and if we derive from it the general <pF, this will 
be a sum of arbitrary multiples of all the functions of the type 
which possess all four annihilators. 

We have then to look for functions F such that 12^^* F = 0 
and ^p,Fsz 0. 
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Now, if 0 is any finite rational integral function of coefli- 
cients chosen from the double system, 


{ ^00 — + ^01 2 2 ^^20 ^ 


which call 






is annihilated by 12^^ and by £ly^. The verification is imme- 
diate when we remember that and that, for 

some finite and all greater values of r, 12^/ and 12^/ must 
annihilate a (? of finite degree in given c’s. 

Conversely, every annihilated by and by ily^ is a yjrO. 
By § 119 it involves ; and we will prove the statement by 
showing that n 

iF=:y\r - — F. 

From 
and 


'b 




^00 

= -r 


V-l* 




%c. 


it follows that, when the operation is on something annihilated 
by Q.^, and 






and 


H.’ 

so that, by r + 8 repetitions of operation, 


ac,, 


: Q.y' - — = ( — !)’■■'■' r — , for every r and s, 


and consequently 


, a a 

ic 


+ C. 


10 


'"OO 


'he., 


he, 


01 


+ +^20^- +^; 


20 


^hc^ 




11 






which simply multiplies a homogeneous function by its degree. 

Accordingly, observing that operation with adds one to 
degree, while it does not alter either sum of suffixes, we have 
proved that is an operator which derives from the most 
general 0, of degree i— 1 and equal sums q of first and of 
second suffixes throughout, the most general covariant source 
of degree i and the same sums of suffixes q. 

It IS not the case that it produces all covariant sources of 
this type for the ^-ic from the most general Q which involves 
only coefficients in the jo-ic, except in the very limited class 
of cases when 2q'^p\ for in general the result of operation 
with i/r on this Q will involve, to the first degree only, more 
advanced coefficients than occur in the p-ic. 
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To obtain all covariant sources appertaining to the p-ic we 
might, after having obtained the general G for a given i and g, 
equate to zero the coedicients in it of those products which 
involve letters not present in the p-ic, thus determining some 
of the arbitraries as linear functions of the rest, and leaving 
the most general limited yj/O which contains only coefficients 
in the p-ic. Operation with <f) on this limited yjfG would give 
what is required. 


305. Contravariants. A contravariant of a ternary quantie 
u is (§ 66) an invariant of the system consisting of u and the 
linear form ix + ny + Cz 

in which the coefficients of the latter are present. 

Now the annihilators of invariants of two ternary quantics 
u, V are 

yxi ^xy ^ xyi ^zy j 

^yz yzi xzi " 1 “ soj j 

where unaccented f2’s are the annihilators of invariants of 
and accented i2’s are the corresponding annihilators of in- 
variants of V, This is proved exactly as in §§ 281, &c. 

A contravariant of u has then the six annihilators 


. ^ c) 

^yx b » ^xy “1” V > ^zy *f" f 


^yz C 9 ^xz ^ ^ ^ * ^zx ^ ^ * 

and all properties of contravariants, except the one fact 
ip + m' = constant, where tar' is the order in r], or the class, 
are consequences of these six facts of annihilation. 

Notice the distinction between corresponding facts of 
annihilation as to covariants and contravariants. In corre- 
sponding annihilators 


a. 




X and y correspond to r? and — and not to £ and rj or ^ 
and —rj. 

It is not hard to see, by proceeding as in § 296, that the 
coefficient of the highest power of C which occurs in any 
conimvariard, is to be determined so as to have the four 
annihilators o o o o 

^ltyx9 ^^xyi ^^ZX9 ^^zy9 

whereas the four annihilators of the last coefficient in a 


covariant are 


^yz9 ^Xy9 ^X. 
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A function of the coefficients which is annihilated by 

is necessarily also annihilated by Sl.y by § 286 (10). Thus 
three facts of annihilation suffice for the coefficient of 

It can also be seen, as in the case of covariants, that, when 
the final coefficient in a contravariant is known, found as any 
homogeneous function annihilated by and the 

whole contravariant is determined in the form 




2, 


where 2 is the coefficient in question. 

In a covariant the last coefficient is the one of greatest 
weight (sum of suffixes). In a contravariant, on the other 
hand, it is the one of least weight. This is reasonable, for, to 


make 




isobaric when we take x, y, 0 of weights 1, 1, 0, we naturally 
take K]i C of weights 0, 0, 1. 


Ex. 16. A ternary />ic (jP>2) cannot have more than, and is to be 
expected to have exactly, •j(p+ 1) (pH-2) — 5 algebraically indepen- 
dent contravariants and invariants together, i. e. the same number as 
of algebraically independent covariants and invariants together. 


306. Contravariant of ternary quadratic. The method of 
evectahts (§ 67) is a fruitful one for the discovery of contra- 
variants. 

The ternary quadratic 

+ 2 \xy H- + 2 (a^aj H- ^^y) 0 H- 
has only one contravariant. It is the evectant of the dis- 
cnminant + 

i. e. is formed by operation on this with 






'dC, 


and is 


<)ai 




(^0^2 + 2 - io ag) ^ + {%a^ - di^) 

+ 2 (6o&i~-^^o«i) ^C+2 (ioai-ao^i) vCi- V) C^- 

Geometrically its vanishing expresses the tangential equation 
of the conic denoted by the quadratic, or the point-coordinate 
equation of a reciprocal conic. Such a contravariant has beeh 
called the reciprocant of a ternary quantic. Thisr word has 
been also used by Sylvester and others in a totally different 
sense of wide application. 
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Ex. 17. The result of substituting 'bu/'bx, 'bu/'byy 'bu/'bz for t|, f 
in the reciprocant of a ternary quadratic u is four times the product 
of u and its discriminant. (Cayley.) 


307. Contravariants of the ternary cubic. The method of 
evectants also gives three contravariants of the cubic, in terms 
of which and the invariants S and T all other contravariants 
can be expressed, not however rationally and integrally. 

We cannot expect more than three contravariants absolutely 
independent of one another and the invariants. For the cubic 

-f 3 h^x^^tj + + 3 -f 2\xy + c^y^) z 

+ 3 (a^x + \y) z^ + 

and 

^xi-i]y-vCz 

contain together thirteen coefficients, and the scheme of linear 
substitution contains nine. Now elimination of nine quantities 
from thirteen equations leaves four only ; and if there were 
more than five independent invariants and contravariants 
there would be more than four independent absolute invariants 
and contravariants, i. e. more than four independent results of 
elimination of the nine constants of substitution from the 
thirteen equations. 

Now the first ovectant of and the first and second 
evectants of 1\ are three independent contravariants. 

We may readily form two of these three contravariants for 
the canonical form of the cubic. 

For the semi-canonized form 

ax^ 4 hy^ + mxyz 

the invariants are (§§ 292, 293) 

>S = m (a6c— m^), 

(a6c)2 — 20 — 8 m® 

Now we know that it is not safe in general to assume that 
we can correctly obtain, by use of canonical or particularized 
forms, concomitants from other concomitants by processes 
which use differentiation with regard to coefficients. For, 
though a part of a concomitant may vanish when coefficients 
which vanish in the case of a particularized foi*m are made 
zero, it is not as a rule the case that the derivatives of that 
function with regard to those coefficients vanish. 

* If, however,#>we regard the expression for /S in § 291, we 
notice that it consists of the part which does 

not involve coefficients that vanish for the semi-canonized 
form, and other terms all of which are of the second or higher 

D d 


143 1 
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degrees in these coefficients. The derivatives with regard to 
all these coefficients will then vanish when the coefficients 
themselves vanish. Moreover, if we regard the process of 
formation of T from 8 by means of the Hessian, we see that 
the full expression for T also involves, besides the terms 
which do not vanish for the semi-canonized form, only terms 
of the second and higher degrees in the coefficients which 
vanish for that form. 

For the semi-canonized form 


+ hy^ + 4* 6 mxyz 

we consequently correctly form the first evectants of 8 and T 
by operation on the expressions above for those invariants with 




Thus the first evectant of 8 is 

P = m (be + car)^ ahC^) + (al)c $rjC, 

and the first evectant of P, divided by 2, is 
Q = (abc — lOm^) (be^ + cay^ + ab C^) — (30a6c4- 24m^) 

To obtain correctly the second evectant of T it would be 
necessary to retain in the full expression for P, not only the 
terms in a, 6, c, m, but those which involve to the second 
degree coefficients which vanish for the semi-canonized form. 

The coefficient of the fulT expression for this second 
evectant of T is 

~ 4 {a^c ^ - b^^) (b ^ ; 

for this is the coefficient of Ua iii The contravariant is 
then 

i V 

Ce ~ - 4 (aoCo - V) - c/) } . 


Another way of finding a contravariant which proves to be 
the same is suggested by geometry. Its vanishing is the 
condition that the line 

^x + rjy + C^ = 0 

should touch the cubic. Thus, to find it for the semi-canonized 
ax^ + by^ + -f 6 mxyz, 
we may express that 

(ax^ + - c (^o; -f- 7j 2/)^ - 6 m a? -f ry 2/) C^xy, 

considered as a binary quantic in x, y, may have a square 
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factor, i, e. take the discriminant of this cubic in y. This 
discriminant, divided by f®, is 

— (2abc + 32 m®) (a r/® + 6 f ^ + c P yf) 

— 2 4 fry f (6c I® + ca + a6 f ^) — 2 4 m {abc + 2 m^) f ^ ry^ 

For the fully canonized form 

x^ + y^ + z^+6 mxyz 
the three contra variants are 
Prr m(f3 + 7y=^ + 0 + (l-4m®)fry{; 

Q = (I - 10m®) (f® + ry®+f®)— m2(30 + 24m®)fryf, 

P = f 6 + ry® + ^ (2 + 32 m®) (ry® C® + C® f ® + f ® ry®) 

“-24m^f?yf(f® + ry® + f®) — (24m + 48m'‘) 

P is called by Cayley (who takes —P) the Pippian, and by 
other writers the Cay ley an. Q is called the Quippian. F is 
the reciprocant. 

308. In terms of P, Q, F and the' invariants /S and P all 
contra variants can be expressed. There is, however, one more 
irreducible contra variant which is not a rational integral 
function of them, obtained by Herraite. For the semi- 
canonized form ax^ + by^ + Smxyz its expression is 

(abc + Sm^)^(cr}^--bC^) (aC^—cf®) (6f®— ary®). 

Ex. 18. Prove that 4:SQ~3TP and TQ + are cubic con- 

travariants whose canonical forms are 

(1 + 8 { m(f ® + ry® + C) “ 3 f ryf} , ( 1 + 8 my { ( 1 + 2 m®) (f ® + ry^ + C) 

+ 18 Ty{ } . (A ronliold.) 

Ex. 19. The result of putting 'bu/'doc, Tiu/'by^ 'bu/'bz for f, ry, f in 
F the reciprocant of a ternary cubic u is the product of u and 
a covariant; and the same is true as to the reciprocant of any 
ternary quantic. (Cayley,) 


309. Mixed concomitants. A mixed concomitant of a 
ternary quantic u may be regarded as a co variant of the 
system consisting of u and the linear form 

faj + ry2/ + C2^. 

It has then the six annihilators 











^xy “h ^ ^ 

^ j 

})y 

~yTz 



D d a 


A 


— X 


'd 
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If a mixed concomitant of a ternary p-ic is of orders tsr, 'Ts/ 
in a;, z and ry, C respectively, or say of order w and class 
«t', it readily follows that the terms of it in have the 
annihilators 




1 

Jx' 






of which the first two and one of the others necessitate the 
fourth. 

If Pf®' denotes the aggregate of these terms, the whole 
concomitant is f v »» /^ d 




If Sz'^ is the highest term in 2 : which occurs in P, then 
8 has the annihilators X2^^, and is consequently an 

invariant of the system 

((Xq, &q, Cq, c? 0, ...) (aj, 2/)^j 

(« 2 » K*--) 

+ 6p„i2/, 


The whole expression for P is z^e - '^8. 

Consequently, if 8z^C^' is the last term in any concomitant, 
tjie whole can be derived from it, and is 






d \ 


z^e ‘ 


~n,*+ f n,; 


8 . 


As to and the former may be taken arbitrarily not 
below a certain limit ; viz. not below m where m is the first 
integer for which + = 0. w' is then deter- 

minate and has a constant difference from «r. If K is the 
concomitant for the lowest value m of tr, the concomitant for 
any higher value of m is merely + In fact 

the whole concomitant, which may be written 




z^e 


-|o„- 


>7 « a 

. Uyt - 


fie*+ 


8 , 


is by Taylor’s theorem 

C”'-'' {^x + ny-^CzYe- ?"*■- f 

where in the square brackets (£aj + 7j2/ + C^)/C is put for z. 

Any invariant of the system of binary quantics writteh 
above, i.e. any gradient annihilated by 11^* and is the 
final coefficient in a concomitant of some kind, i.e. an invariant, 
covariant, contravariant, or mixed concomitant. 
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A valuable authority on this subject is a paper by Forsyth 
entitled * Systems of Ternariants that are Algebraically Com- 
plete ’ {American Journal, Vol. XII). 

Ex. 20. The number of algebraically independent concomitants, 
including the^J-ic itself and + + of a ternary p-ic is 

+ 1) (p + 2) - 2. {Forsyth.) 

Ex. 21. The ternary quadratic has a mixed concomitant whose 
last term is {aQh^-‘2hf,aJ^-{-CQa^)z^Q‘y and in terms of this, the 
quadratic itself, the discriminant, and faj + rjy-f all concomitants 
whatever of the quadratic can be expressed. 

Ex. 22. Any concomitant of the ternary cubic can be algebraically 
expressed in terms of + and seven concomitants whose last 

coefficients are functions of the results of replacing x, y by 

(«o. K «u. <^o) (*> yY> («i- <^i) (*> y)’> («2> &.) (»• y)< 

and their successive derivatives with regard to x. (Cf. § 263.) 

{Forsyth) 

Ex. 23. Forming the xj/G of § 304 {bis), with G general of type 
t — 1, q, q, and observing that \//6r = 0, i.e. 

ilyxflMy{^yx^xy'^^ • 2) (12^^. 12^,^ — 2 . 3) . . . (f2yj.I2^y — < 2 ^ . q -f l)\pG=: 0, 
so that xj/G is separable, as in § 128 {bis), into a sum of g+l parts 
annihilated by tl)e several operating factors 12 ^ 3 . 12 ^.^ — r . r-f- 1, prove 
that the first part {r = 0) is the most general covariant source of 
type i, q, q (§ 304 {bis)), and that the r-th (for r = 1, 2, ... q) is the 
most general gradient of type q, q occurring as the coefficient of 
^ quantic (£, rj, which presents itself as co-factor with 
the highest power of in a mixed concomitant of a ternary quantic of 
high order. {Cambridge International Congress, 1912.) 

Ex. 24. The whole number of the linearly independent gradients 
of type i, q, q that are annihilated by f2a., and by 12^^ is equal to the 
sum of (1) the number of linearly independent covariant sources of 
type q, q, and (2) the aggregate of the numbers of the lineaily 
independent sources of the q possible types i,q + r,q-\‘r{r=z \,2,...q) 
of those mixed concomitants of the q corresponding classes {dimensions 
0 which contain terras free from ^ in their co-factors with 
higliest powers of z. [Mixed concomitants without such terms are 
results of multiplying other concomitants by powers of the universal 
concomitant ^x + qy + ^zl] 

310. The whole system of irreducible, pure and mixed, 
concomitants of the ternary cubic has been found to consist 
oT thiiiy-four forms. This was established by Gordan {Math 
Ann. I). The system was systematically exhibited by 
Gundel finger {Math Ann. VI) ; and calculated for the form 
ax^ cz^ Qmxyz by Cayley {Am. J» IV). 
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811. Quantios in more than three variables. With regard 
to a-ary quantics in general Sylvester has given a theorem 
which includes that of § 288. 

For a homogeneous function of the coefficients in a q-ary 
mic to he an invariant it is necessary ami sufficient that %t 
have a cyclical set of q annihilators of the £1 type. 

Let a?!, aJ 2 > variables, and denote a cyclical 

set of X2’s, whose symbolical forms as in § 282 are 


r ^1 

r hi 

- 

— 1 

cc 

1 

1 

' . . Xq 



by fl 2 , i» '^8, 2 > 

It can be readily proved by the theory of multiplication of 
determinants that the modulus of the resultant substitution 
which is the equivalent of a succession of substitutions is the 
product of their moduli. But this is not essential to the 
argument, in virtue of the theorem of § 23. 

By § 22 a homogeneous function of the coefficients has only 
to be multiplied by a power of U to become the same function 
of the coefficients in the quantic which is obtained by substi- 
tuting toj, ••• j Ibr a?!, 0 ^ 2 , , iCg in the given quantic. 

By Chapter VI, Ilg i/= 0 is the necessary and sufficient 
condition for I to persist in form after the substitution of 


a;i + ma?2,aj2,a;3,...,ir, 
for a; 2 ,aJ 3 ,...,ajg. 

Thus 1 / = 0 is the necessary and sufficient condition for 
persistence of the homogeneous i, but for a power of Z, after 
the substitution of 

Ix^^-lmx^, Zajg, Zajg, ... ,Zajg. 

fig 2 ^ = 0 is in like manner the necessary and sufficient 
condition for persistence after the further substitution of 
Z'ajj, Z'ajg + m'ajg, Z'ajg,..., I'x^, but for a power of Z', i.e. for per- 
sistence, but for a function of the constants as factor, after the 
resultant substitution of 

IV + ImVx^ + Imm'x ^ , IV x^ + Zm'ajg , IV x ^ , . . . , IV x,i . 

Repeat in like manner for £1^ gJ, £1^ ^J, ... 12^ We 

get eventually that there is persistence, but for a function of 
the constants as factor, if and only if 

'^2, 1*^ ~ ^3, 2“^ ~ ••• > q-l^ ~ 

after substitutions of which that for is 

^ 2^2 ” 1 “ • • • *!■ ^q^qi 

where Ag, ... , are arbitrary, each involving an Z or an m 
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not involved in any previous one of them, while the substitu- 
tions for 0^3, though restricted are consistent. 

In like manner, if and only if 

^ 3 , 3 -^ ~ 0 , ... , ~ 0 , ^ = 0 , 
there is like persistence when for 0^2 a genei'al substitution 

“h ^2^2 "h • • • "t” 

is made, and for ccg,.,., restricted but consistent substitu- 
tions. 

Again, similarly, 

^4, 3^ ~ '^6, 4^ = 0, . . . , 122^ j/ = 0 

express that there is like persistence when is generally 
substituted for, and consistently. And so on. 

Repeat this process q times. 

Now the result of this succession of substitutions is the 
general substitution of 

Aj a j -f ^2 ^2 ■b • • • "b Ag Xqy 
Ml “b M2 ^2 ”b . • . 4” Xqf 

Xj^Xi + (*>2^X2 + . . , + Xq'Xq , 

for a?!, ajg, ... 

The possession of the q annihilators 

'^2, 1 » '^3, 2 > ••• > q-l> q 

is then necessary and sufficient for a homogeneous function 
I to persist in form, but for a function of the constants of 
substitution as factor, after the general linear substitution, 
i.e. for it to be an invariant of the g-ary ^-ic. 

In like manner for G, for which ip—w is constant, to be 
a co variant it is necessary and sufficient that C have q cyclical 
annihilators ^ 

X2 2 1 Xn - , &c. 

Also for r, for which ip-f-cr' is constant, to be a contra- 
variant it is necessary and sufficient that it have the q cyclical 
annihilators ^ 

And for A, for which ip + or'—is' is constant, to be a mixed 
concomitant it is necessary and sufficient that it have the 
q cyclical annihilators 
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312. Let us denote the general g'-ary ^-ic by 


[312 


= 2 - 


p\ 


a{r^r^, 


where , . . . , take all positive integral and zero values 
ri + r2+...+r^ = jp. 


such that 


Let J. (r^rg, ... r^) be the coeflScient corresponding to 
‘ th( “ ' ‘ 


a{ri r 2 ,...rj in the transformed |>-ic. 

There are altogether 5 (s' — 1) annihilators ^ of invariants 
I (a) of the 'p-iQ — one corresponding to every choice of an n 
and a different m among 1, 2, ... g'. 

The form of every m be obtained as in § 90 by 
applying the corresponding ‘infinitesimal transformation’ — 
€ tending to zero — 

Xi = X 2 = ^2J • • • ) ^m + i ~ X g. 

We thus get 




/(a) = 0, 


...( 1 ) 




whore ^ v- - m ■ ^ ia (...r^...r„.7:)S 

In addition to the g(g — 1) differential equations (1), all 
invariants I (a) satisfy q others, expressive of the constancy 
throughout them, and the equality, of q weights. These are, 
for n= 1, 2, ... q, 

5 


w„ J (a) = 2 r„ a{i\r^,... r,) 


i»a(ri'r2, ... i\) 


I (a) 




...( 2 ) 


They can be proved by applying infinitesimal transformations, 
of which the Tith replaces by (1 +e)X„ and every other x^ 
by the corresponding 

Mr. T. W. Chaundy has derived all the + 2 = 

differential equations (1) and (2) from the one fact that the 
expression of invariancy of I (a) has the form 




(3) 


where 


if = 


^11 j 
^21 > 


, (cf. § 23). 


The method might with advantage have been used in dealing 
with binaiy and ternary quantics. 
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Use the notation 

— 7^7^ 7 ^ 

^n, m ^ w hm Tl + . . . 4* t'qm > 

where each of m, n is any one of 1, 2, 

With m, 71 the same, we have 

„ if = Jf, and a)„. „ if ^ 

and, with m, different, 

"«,m^= 0, and = 0. 

Thus from (3) we obtain 

<o.„„/(4)=|7(il), ...(4) 

and, with m, n different, 

a,..„J(^) = 0. ...(6) 

Now, the formulae of transformation being 

-STj 4" li2 ^2 "b • • • *1" > 

‘^2 ~ ^21^1 *1“ ^22^2 ■t’ 4"^2(/^<7» 

&c., &c., 

the dimensions of any new coefficient •••'*4) in 

^1.. ^2». ••• > i'he coefficients of X„ in the linear expressions 
for a;,, a;^, ... a;^, are equal throughout to y„, the index of the 
power of which it multiplies. Thus, by Euler’s Theorem, 

„ i4 (rj 7-2 , . . . rj = 4 (I'l r^, . . . r,), 

SO that by (4) 

^HA) = ... ./M) = 2 A 
= l\r.A^HA)\-. 

which is (2) with large letters for small, so that the q weight- 
equations are given. 

To prove equations (1), observe that, from the formulae of 
transformation, 


, in ^2 ' 


&c., &c., 
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[312 


SO that 




C --- 

"hX, 


t V ^ 




-u. 


Now give to u its expression in terms of new coefficients A 
and variables X, remembering that ^ does not operate on 
the latter. The left and right thus become two identical 
polynomials in X^, and, equating coefficients of 

X,^^X;\..X;\ we obtain 






, w (• • • ' * • ) 


= (^™+i)r 


p\ 




1 . G. 0 )^^ m (* • • ^nt * • * • • •} -^ (• • • "f* 1 • • • ^ • • •) > 


so that, by (5), 

0 = = 2|(0 

= the J (a) of (1), with large letters for small. 

Thus the 1) facts of annihilation Q,^^^I{a) = 0 are 

given. 


A 


, summation for all -4's^ 
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Absolute covariants, 45. 

A rational integral a. c. is a power 
of a quantic, 45. 

A fractional one given by two co- 
variants, 45. 

Limit to number of independent, 
46. 

Absolute invariants, 34. 

One given by any two invariants, 
85. 

Limit to number of independent, 
85. 

Absolute orthogonal invariants 
(number of), 348. 

Absolute orthogonal covariants, An- 
nihilator of, 349. 

led by all products of coefficients, 
364. 

Algebraically complete systems, 
for n linear forms, 329. 
for quantics with orders in A. P., 
380 . 

Alternants, delined, 144. 
of n and 0, 144. 
of n and 0*', 145. 
of powers of and 0, 146, 
of and (50)^ 157. 
of ternary annihilators, 868, 871, 
389. 

American Journal, 178. 

Anharmonic ratios, 
are irrational invariants, 88, 94. 
of roots of quartic, 282. 

Annihilation, by 0. interpreted, 108. 
by 0 interpreted, 112. 

Annihilators, of binary invariants, 
108, 112, 116, 121. 
expressed by means of roots, 229, 
283. 

by means of sums of powers of 
roots, 230, 233. 

derive these sums in succession, 
232. 

of covariants, 122, 133. 
of non-unitary parts of invariants, 
217. 

of orthogonal concomitants, 349. 
of Boolian concomitants, 351. 
of all gradients, 242. 
of all rat. int. functions, 356. 
of ternary concomitants, 366, 367, 
*899, 403. 

of end coefficients in the same, 385, 
899, 404. 

of 2-ary concomitants, 406, 407, 410. 

Anti-seminvariants, 126. 

Apolarity, ^66, 284, 286, 290. 
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Aronhold, 68, 108, 403. 

Asyzygetic, or linearly independent, 
invariants, 119. 
seminvariants, 130. 

Boole, 24, 66, 342, 344, 346, 849. 
Boolian invariants, &c., 344. 

Annihilator of, 851. 

Boolian complete systems, 862. 

Booth, 265. 

Brill, 288. 

Brioschi, 159, 395. 

Burnside and Panton, 29, 92, 188, 230. 

Canonical forms, definition of, 264. 
of binary cubic, 255, &c. 
of binary (2n— l)-ic, 260. 
of quintic and septimic, 262, 266. 
of binary 2n-ics, 267, 284, 289. 
of binary quartic, 269, &c. 
of binary sex tic, 285, 287, 
of binary octavic, 288. 

Hammond’s of quintic, 297, 298. 
of two quadratics, 833. 
of ternary cubic, 290, 874, 877. 
Cauonizants, 21, 23, 268. 

with repeated factors, 262, 265. 
Canonizing equations of 2n-ics, 280, 
286, 289, 290. 

Cartesian geometry, Substitutions of, 
348. 

Catalecticants, 21, 22, 268, 269. 
interpreted, 268. 

of ternary &c. quantics, 293, 296. 
Cayley, 16, 33, 44, 54, 66, 67, 90, 94, 
100, 108, 184, 148, 166, 169, 
171, 179, 210, 212, 217, 224, 
241, 248, 260, 276, 281, 296, 
810, 312, 316, 342, 392, 396, 
401, 403, 405. 

Cayleyan, of ternary cubic, 403. 
Chaundy, 408. 

Class, 321, 899, 404. 

Clebsch, 68, 211, 296, 311. 
Coefficients in quantic freed from 
second term are seminvari- 
ants, 203. 

Cogrediency, defined, 65. 
of flj, y with dy, — Ja;, 51, 80. 
of roots with variables, 56. 
Orthogonal the same as contragre- 
diency, 346, 849. 

Combinants, 840. 

Concomitants, defined, 77. 
Contragrediency, defined, 74. 
Geometrical, 76. 

of flc, j/, ... and dx> > 76. 
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Coiitragrediency^ of y and —t/, x, 79. 
Orthogonal the same as cogredi- 
©ncy, 846, 849. 

Oontravariants, defined, 76. 
of binary quantics not distinct from 
covariants, 79. 

of binary quantics found as in- 
variants of linear form and the 
quantics, 78, 819, 821. 
of ternary quantics, 899. 

Convention as to numerical multiples 
of concomitants, 82. 

Correspondence, of semin variants and 
non-unitaries, 286. 
of seminvariants and powder enders, 
243. 

Covariants, defined, 3. 
to be expected to exist, 6. 
of several quantics from those of 
one, 28, 26. 

of one quanticfrom those of several, 
26, 64, &c. 

of cubic quartic &c., see Cubic, &c. 
Absolute, see Absolute, 
of two or more quantics, 48. 
of covariants, 49. 
derived from emanants, 60. 
of second degree in coefficients, 65, 
71, 228. 

as invariants, 80. 

are given by one coefficient, 125, 
126, 383. 

as functions of differences, 94. 

Sum of numerical coefficients in, 97. 
are derivable from sources by sub- 
stitutions, 201, 384. 

Covariancy of factors of a binary 
quantic, 83. 

Cubic, Binary, 

Canonical form of, 14, 255. 
Oubioovariant of, 60, 54. 
has only one invariant, 89, 166, 
190, 221. 

has two covariants besides itself, 
98. 

has no other irreducible covariant, 
132, 168, 213. 

has a syzygy among concomitants, 
169, 213. 268. 

Cubic, Ternary, Canonical form of, 
290, 374, 877. 

The invariant S of, 375. 

The Hessian of, 378, 891. 

The invariant T of, 377. 

The irreducible system of invari- 
ants of, 880. 

The sextic covariant of, 395. 

The oontravariants of, 401. 

Cubic equation, solution of, 14, 257. 

Cubic protomorphs, 209, 

Oubioovariant of cubic, 60, 54. 


Degree, of an invariant, 27. 
of a covariant, 40. 
of an invariant of a binary 
(2n + l)-ic is even, 81. 
of a covariant of odd order of a 
binary quantic is odd, 43. 
of a covariant of even order of a 
binary (2n + l)-ic is even, 48. 
Constancy of, see Homogeneity. 
Differences, Functions of, 101, 103. 
Differentiation of seminvariants to 
produce others, 223, 824, 839. 
Use of to obtain irreducible 
systems, 824. 

Diophantine Equations, 182, &c. 

Simple sets of solutions of, 183. 
Discriminants, are invariants, 15, 18, 
89. 

freed from numerical factors, 90. 
Weight and degree of, 90. 
found in succession, 224. 
of quadratics, 16. 
of binary cubic, 50, 54. 
of binary quartic, 98. 
of binary quintic, 302, 
of ternary cubic, 379. 

D'Ocagne, 248. 

Dual Substitutions, 75. 

Duality in Geometry, 76. 

Durfee, 238. 

Elemental products of differences, 
187. 

Eliminants, are invariants, 16. 
are combinants, 340. 
of linear forms, 9. 

Elliptic integrals, 137. 

Emanants, 56. 
are absolute covariants, 67. 
Geometry of, 58. 

Invariants of, 61, 

Boolian invariants of, 346. 

End coefficients in ternary con- 
comitants, 388, 385, 396. 

Euler, 159. 

Evectants, 26, 77, 401. 

Exactness of Cayley^s number, 148. 
Excess, of a gradient, 141. 
of an invariant vanishes, 116, 144. 
of a seminvariant is not negative, 
129, 146, 157. 

Extent of a gradient, 138. 

Fa^ de Bruno, 18, 136, 159, 201, 238, 
296, 800. 

Factor in expression of covariancy or 
invariancy a power of the mo- 
dulus, 4, 28, 37, 41, 49, 117, 408. 
an integral power for rational in- 
tegral concomitants, 81, 87, 
43, 48. 
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Factors of binary quantic, covariancy 
of, 83. 

of a seminvariant are seminvari- 
ants, 136. 

Ferrers, 154. 

f encers’ diagrams, 154, 158, 241. 
inal coefficients in covariants have 
annihilator 0, 126. 

Finiteness of systems of concomi- 
tants, 72, 189, 192, 193, 197. 
of numbers of solutions of Dio- 
phantine equations, 182, &c. 
Formes-types, 804, 806. 

Forms, defined and classified, 1. 
Forsyth, 838, 340, 405. 

Functional determinants. See Ja- 
cobians. 

Franklin, 158, 159, 173, 178. 


Generating functions, defined, 159. 
for (w ; t, p), 159. 

for numbers of sem invariants, 161, 
164, 238, 240. 

for concomitants of given degree 
and order, 171. 

Reduced, 172, 174, 

Representative, 174, 176. 

Real, 180, 361. 
in case of two quantics, 178. 
for perpetuants, 289, 251. 
for orthogonals, 862. 

Generators of all seminvariants, 224, 
243, 246. 

of all ternary sources, 396. 
Geometry of binary systems, 6, 59. 
of emanants, 58. 
of Hessians, 62. 
of concomitants of cubic, 259. 
of concomitants of quartic, 282. 
of a quintic for which — 0, 808. 
of a sextic for which Jj., = 0, 816. 
of two quadratics, 834. 
of Boolian concomitants, 345, 352. 
Metrical, Chap. XV. 

Gordan, 87, 68, 72, 171, 182, 296, 
811. 

Gordan's Theorem, 182, &c. 

Proof of for invariants of one binary 
quantic, 189, 197. 
for in- and covariants, 192, 197. 
for more quantics than one, 193, 
197. 

Grace, 72, 240, 251, 267. 

Gradients, defined, 138. 

^annihilated by Cl and 0 are in- 
variants, 118. 

of positive excess are of form CIG, 
118, 148, 150. 

always of form CIG when extent of 
Cl is infinite, 243, 245. 


Gradients, all lead pure or mixed 
concomitants, 821. 

Ground forms, see Irreducible sys- 
tems. 

Gundel finger, 405. 

Hammond, 159, 174, 176, 297, 801, 
307, 886, 837. 

Hermite, 68, 78, 112, 155, 157, 296, 
804, 810, 403. 

Hesse, 290. 

Hessians, are covariants, 12. 
are discriminants of second eman- 
ants, 62. 

of quadratics are discriminants, 15. 
of cubic, Roots of, 100. 
of quartic, 279, 284. 
of ternary cubic, 378, 391. 
Geometry of, 62, 283, 284. 

Hilbert, 37, 146, 182, &c., 208, 209,224. 

Hilbert's Theorem, 195. 

Hirsch, Meyer, 238. 

Homogeneity, of an invariant of one 
quantic, 27. 

of a complete system of invariants 
of several quantics, 88. 
in variables of complete systems of 
covariants, 40, 48. 
in coefficients of the same, 40, 48. 

Hyperdeterminants, 66, 181. 
give all in- and co-variants, 107, 
186. 

Independent Covariants, &c.. Limit 
to number of, 46. 

Exact number of, 205. 

Independent invariants. Limit to 
number of, 35. 

Infinite order, Binary quantic of, 
237, &c. 

Intermediate invariants and covari- 
ants, 23, &;c. 

are not combinants, 341. 

Invariants, defined, 3. 
to be expected to exist, 5. 
of several quantics from those of 
one, 24, &c. 

of one quantic from those of several, 
26, 64. 

Homogeneity of, see Homogeneity. 
Isobarism of, see Isobarism. 
Absolute, see Absolute. 
Irreducible, see Irreducible, 
of quadratic, cubic, &c., see Quad- 
ratic, &c. 

Limit to number of independent, 
85. 

of two or more quantics, 87. 
of covariants, 49. 
of second degree, 53. 

Lineo-linear, 54. 
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as functions of differences^ 86, &c., 

100 . 

Sum of numerical coefficients in, 87. 
Irrational, 88. 

Symmetry of, 112. 
of odd weight are skew, 112. 
Formation of by aid of n, 118, 121. 
Number of Asyzygetic, 119. 
involve all coefficients, 141. 
of third degree, 156. 
of fourth degree, 156. 
are transvectants, 247. 
of invariants of Ku-{- fiv are combi- 
nants, 342. 

of ternary quant ics are defined by 
three cyclical or two pairs of 
annihilators, 373. 
of 5 -ary quantics, 406. 

Involution, Criterion of, 22, 342. 
Irreducible concomitants are finite in 
number, 189, 192, 193, 197. 
Irreducible invariants, 36. 
covariants, 47. 
syzygants, 198. 

Irreducible systems, 
for linear form, 164. 
for quadratic, 97, 165. 
for cubic, 134, 166, 167, 212. 
for quartic, 169, 1 73, 213. 
for quintic, 170, 175, 298. 
for sextic, 170, 176, 311. 
for two linear forms, 823. 
for linear form and quadratic, 323. 
for linear form and cubic, 325. 
for linear form and quartic, 828. 
for n linear forms, 106, 329. 
for two quadratics, 330. 
for linear form and two quadratics, 
834. 

for quadratic and cubic, 335. 
of absolute orthogonal concomi- 
tants, 361. 

Isobarism, of invariants, 32, 34, 87, 
369, 408. 

of covariants, 43, 44, 48. 

Triple of invariants of ternary 
quantics, 869. 

Jacobians, are covariants, 10. 

Joubert, 316. 

Kempe, 190, 338. 

Leading coefficients of covariants are 
semi nvari ants, 126. 

Linear covariants, 
of binary (2m + l)-ic, 68, 
of binary quintic, 64, 304, 317. 
of quadratic and cubic, 133, 134. 
Linear form, has no invariant, 164. 
Linear substitution, defined, 2. 


Linear substitution. Modulus of, 3. 
Reversed, 29. 

Cartesian, 343. 

Dual, 75. 

Linear transformation, defined, 2. 

Linearly independent, see Asyzy-I 
getic. 

Lineo-linear invariants, covariants 
and seminvariants, 54, 64, 71, 
121, 134. 

of w, V are transvectants of m, r, 
134. 

MacMahon, 159, 237, 288, 239, 240, 
241, 247, 248. 

Mixed concomitants, defined, 77. 
of binary quantics found as co- 
variants of quantics and linear 
form, 819, 321, 822. 
of ternary quantics, 403. 

Modulus of linear substitution, 3. 
must not vanish, 8. 
irresoluble into lactors, 17. 

Powers of, 19. 

Cartesian, 343. 

Orthogonal, 846. 

Morley, 317. 

Newson, 298. 

Non-absolute orthogonal concomi- 
tants, 356. 

Non-unitary symmetric functions, 
236. 

Correspondence of with semin- 
variants, 236. 

Non-unitary terms, determine a sem- 
in variant, 203, 216. 
in an invariant are given by an 
annihilator, 219, 220, 234. 

Number of asyzygetic invariants of 
given degree, 119. 
of asyzygetic seminvariants of given 
typ, 130, 149, 157. 
of seminvariants and invariants of 
given degree, 163. 
of independent covariants, &c., 46, 
205. 

of independent invariants, 36. 
of independent concomitants of 
ternary p-ic, 400, 406. 

Operation with one quantic on an- 
other, 62, 299. 

with contravariants on covariants, 
77. . 

with covariants on contravariants, 
77. 

Operational symbolism, 69. 

Operators, which effect linear trans- 
formation, 111, 116, 123. 
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Operatoi*s, which derive covariants 
from end coefficients, 126, 188, 
384. 

which derive ternary concomitants 
from end coefficients, 884, 400, 
404. 

which annihilate gradients of posi- 
tive excess, 118, 142, 224. 
which annihilate all gradients, 242, 
366. 

which derive cubic protomorphs 
from quadratic, 209. 
which derive seminvariants from 
non -unitary terms, 217. 
which derive seminvariants from 
others, 210, 220, 223, 249. 
which generate seminvts., 224, 248. 
which derive sums of powers in 
succession, 232. 

which generate orth. invts., 356. 

Order, of a quantic, 1. 
of a covariant, 40. 
of a covariant of a binary 2n“ic is 
even, 48. 

of a covariant of even degree is 
even, 48. 

of a covariant of a binary (2n + l)-ic 
is even or odd together with 
its degree, 43. 

Orthogonal, invariants, &c., 844, 866. 
cogrediency and contragrediency 
identical, 346, 849. 
substitutions direct and skew, 346. 
non-absolute, 856. 

Partitions, 119. 

Conjugate, 164. 

Reciprocal, 164, 158, 162. 

Perpetuants, 239, 250, 251. 

Systems of, 262. 

Pippian. See Cay ley an. 

Polar curves, 68. 

Power ending products, 241. 

One to one correspondence of with 
seminvariants, 244. 

Protomorphs, defined, 206. 

Systems of, 206, 207, 211. 
of lowest degrees, 207, 209. 
for systems of quantics, 211. 

Quadratic, Binary, 

The one invariant of, 89, 166. 
has no co variant but itself, 98, 165. 

Quadratic, Ternary, 

The c ne invariant of, 378, 

Question of covariants of, 390. 
Contravariant of, 400. 

Quadratic protomorphs, 207, 208. 
are irreducible, 215. 

Quantics, defined and classified, 1. 


Quariio, Binary, 

Catalecticant of, 21, 64, 268. 
Quadratic invariant of, 68. 

The two invariants of, 92, 119. 
Discriminant of, 98. 

The equi-anharmonio for which 
I = 0, 94, 278^ 282. 

The harmonic for which J » 0, 94, 
274, 282. 

transformed into itself, 184. 
transformed into its reducing cubic, 
134. 

has only two irreducible invariants, 
134, 169. 

Irreducible system and syzygy for, 
178, 218, 277. 

Canonical form of, 271, 276, 284. 
with square factor, 276. 

Linear factor of, 281. 

Geometry of, 282. 

Quartic, Ternary, 

Catalecticant of, 293. 
not in general a sum of 5 fourth 
powers, 294. 

Quartic equation, Solution of, 280. 

Quartics, Quaternary and quinary, 
not in general sums of 9, 14 
fourth powers, 296. 

Quintic, Binary, 

Canonizant of, 21, 23, 266. 
Invariants of, 50, 73, 132, 299, 300. 
Linear covariants of, 64, 73, 299, 
800, 317. 

Generating function for invariants 
of, 170, 176. 

Representative G. F. for, 174, 
Canonical form of, 262, 265, 297,316. 
freed from two middle coefficients, 
297. 

can only be freed from these and 
another adjacent when iia « 0, 
805. 

List of concomitants of, 298. 

Forms of concomitants of when 
c « 0, d « 0, 801. 

Discriminant of, 802. 

Syzygy among invariants of^ 303. 
expressed with invariant coeffici- 
ents, 804. 
for which 

for which = 0, 807. 
for which Jg = 0, 807. 
for which Ijg = 0, 808, 310. 

Skew invariant of in terms of roots, 
310. 

Quippian, of ternary cubic, 408. 

Rational integral invariants, &e., 
form a complete system, 6. 

Reciprocant, of ternary quadratic, 
400. 
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Reciprocanfc, of ternary cubic^ 403. 

Reciprocity, Hermite’s law of, 137, 
155, 162, 210. 

Resultants. See Eliminants. 

Roberts, M., 125, 132, 231. 

Roberts, S., 248. 

Roots of binary qunntic, 83. 
Anharmonic ratios of, 88. 

Salmon, 24, 55, 67, 2%, 297, 300, 336, 
395. 

Semi-canonical form of quintic, 297, 
301. 
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